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CHAPTER

Fundamental Groups

1.1 Homotopy and Path Homotopy

Definition 1.1 (homotopy and nulhomotopy). Let I = [0, 1] be the closed unit in-
terval and X and Y be topological spaces. If f and f’ are continuous maps from X
to Y, then f is homotopic to f’ if there exists a continuous map F : X x I — Y such
that

F(x,0) = f(x) and F(x,1)=f'(x) forallx€X.
The map F is a homotopy between f and f” and we write f ~ f’. If

f~f where f is a constant map, then f is nulhomotopic.

In Definition think of a homotopy between f and f’ as a continuous deformation
from f to f’.
Example 1.1. Let A be a convex subspace of R" and f and g be two continuous maps

from X to A. Then, f and g are homotopic and the map

F(x,t) =(1—1)f(x)+1g(x) isahomotopy between them.

Remark 1.1 (Chinese remainder theorem). It is a well-known result in Ring theory
that Z/10Z = 7 /27 x 7./5Z, i.e. there exists an isomorphism between the rings
Z./10Z and Z /27 x 7./ 57— this is merely an application of the Chinese remainder
theorem. Actually, it would be better if one can construct an isomorphism between

the two rings. In particular, we can define
0 :7Z/10Z — Z)2Z X Z./5Z where ¢ : [n]1o— ([n]2,[n]s).

Here, [n]; denotes the equivalence class of n modulo .
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Lemma 1.1. Suppose f : I — X is a path, then it is homotopic to some constant
map. In fact, the constant map can be chosen to be the map that maps / to x, where
x is some point in f ([0, 1]).

Proof. Consider the map
F:IxI—X givenby F(s,t)=f((1—1)s).

Then, F is continuous, and F (s,0) = f (s) and F (s,1) = £ (0). given by F(s,t) = f((1 —
t)s). Hence, F is a desired homotopy. O

I Lemma 1.2. If X is path-connected, then for any paths f,g € X, f ~ g.

Note that if X is path-connected, then by definition, there exists a path in X from xg to x1,
i.e. there exists a continuous map f : [0, 1] — X such that f(0) = xp and f(1) = x;. We
say that

Xo 1s the initial point and x; is the final point of the path f.

Definition 1.2 (path homotopy). Two paths f, f’ : I — X are path homotopic if
they have the same initial point xp and final point x;
and if there exists a continuous map F : I X I — X such that

F(s,0) = f(s) and F(s,1) = f'(s)
F(O,t) = xp and F(l,l‘) = X1

for all 5,7 € I. We say that F is a path homotopy between f and f’ and we write

ez i (Figure.

Figure 1.1: Homotopy of paths f and f’

Definition 1.3 (homotopy equivalence class). If f is a path, we denote its path
homotopy equivalence class by [f].

So, [f] is the set of all paths that are path homotopic to f. In other words, this set (or
equivalence class) consists of all paths that can be continuously deformed into f while
keeping the endpoints fixed. Also, to jump the gun, when we encounter the fundamental

group in due course, we would be particularly interested in paths that are based at a
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specific point xo and share the same initial point and final point. These would be grouped
into (no pun intended) path homotopy equivalence classes. For any topological space X,
the fundamental group 7; (X, x¢) would then be defined as

the set of equivalence classes under the operation of path concatenation.
I Lemma 1.3. The relations ~ and ~~, are equivalence relations.

Proof. We will prove the results concurrently. First, we prove reflexivity. Let f be a
path. Then, it is homotopic to itself, i.e. f ~ f. Note that F(x,t) = f(x) is the desired
homotopy. To see why, at = 0, the homotopy F(x,0) = f(x) is exactly the original path;
at time ¢ = 1, the homotopy F(x, 1) = f(x) is still the original path.

As for symmetry, suppose f ~ f’, i.e. f is homotopic to f'. Let F be a homotopy
between f to f’. Define G(x,t) = F(x,1 —1t). Then, G is a homotopy between f’ and f.

To see why,
G(x,0)=F(x,1) and G(x,1)=F(x,0)

which describe the situations at t = 0 and # = 1 respectively. Hence, if F is a path homo-
topy, so is G.

Lastly, we prove transitivity. Suppose f ~ f’ and f’ ~ f”. We wish to prove that f ~ f”.
Let

F be a homotopy between f and f/ and F’ be a homotopy between f" and f”.
Define G: X xI —Y via

F(x,2t) for0 <x<1/2;
G(x,t) =
Fl(x,2t—1) for1/2<x<1.

Then, G is well-defined, continuous by the pasting lemma, and is indeed a homotopy

between f and f”. Lastly, if F and F’ are path homotopies, then so is G. O
Lemma 1.4 (Munkres p. 330 Question 1). If
h,h : X — Y are homotopic and k,k’ : Y — Z are homotopic,
then ko h and k' o &’ are homotopic.
Proof. Let
F be a homotopy between 7 and #/  and G be a homotopy between k and k',

Then,

H(x,t) = G(F(x,t),t) is a homotopy between koh and k' o /.
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To see why, we need to verify that
H(x,0) = (koh)(x) and H(x,1)=(K'oh')(x) forallxeX.

This is trivial to see. ]

Definition 1.4 (contractible space). A space X is contractible if the identity map
ix : X — X is nulhomotopic.

Lemma 1.5 (Munkres p. 330 Question 3). Every contractible space is path-

connected.

Proof. Let X be a contractible space. Define
cy:X —X where c¢yixey

be a constant map such that iy is homotopic to, and F be the homotopy between ix and
cy. It suffices to show that for every x € X, there exists a path between x and y. Since F' is
a homotopy between ix and ¢y, then F(x,0) =x and F(x,1) =y. Define g : [0,1] — X via
g(s) =F(x,s). Then, g(0) =xand g(1) =y. So, g is the composition of F and s — (x,s),

which is continuous.

Hence, given x,y € X, we can find a continuous path g(s) connecting them, making X

path-connected. [

Definition 1.5 (homotopy classes). Let X and Y be spaces. Let
[X,Y] denote the set of homotopy classes of maps of X into Y.

Geometrically, this is the set of different ways that the space X can be continuously
mapped into the space Y, where two maps are said to be the same (or homotopic to

be precise) if they can be continuously deformed into each other.

Lemma 1.6 (Munkres p. 366 Question 3). Let C be a collection of spaces. Then,

the relation of homotopy equivalence is an equivalence relation on C.

Proof. We need to check the three properties of an equivalence relation. We first prove
reflexivity, i.e. need to show that a space X € C is homotopy equivalent to itself, i.e.
there exists a continuous map f : X — X such that f is homotopic to the identity map
on X, denoted by idy. To see why, consider the identity map idy : X — X, for which

idy oidy = idy, and idy is trivially homotopic to itself via the constant homotopy.

We then prove symmetry, i.e. show that

if X € C is homotopy equivalentto Y € C then Y is homotopy equivalent to X.
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Since X is homotopy equivalent to Y, then by definition, there exist continuous maps
f:X—Yandg:Y —-X suchthat gof~idy and fog ~idy.

Recall that ~ means homotopic. We showed that ~ is an equivalence relation in the proof
of Lemma [[.3] Hence, ~ is symmetric, i.e. the roles of f and g can be reversed. We
conclude that homotopy equivalence is symmetric. Lastly, we prove transitivity, i.e.

if X € C is homotopy equivalentto Y € C and Y € C is homotopy equivalent to Z € C,

then X is homotopy equivalent to Z. Since X is homotopy equivalent to Y, then by defini-

tion, there exist continuous maps
f:X—=Yandg:Y —-X suchthat gof~idyx and fog~idy.
Similarly, since Y is homotopy equivalent to Z, then there exist continuous maps
h:Y —wZandk:Z—Y suchthat koh~idy and hok ~idy.
We need to construct maps f’: X — Z and g’ : Z — X, for which we use composition, i.e.
fl=hof:X—Z and g =gok:Z—X.
One checks that g’ o f ~idy and f’ o g’ ~ idz. The result follows. 0

Proposition 1.1 (Munkres p. 330 Question 3). Let X and Y be spaces. Then, the
following hold:

(i) If Y is contractible, then for any X, [X,Y] has a single element.

(ii) If X is contractible and Y is path-connected, then [X,Y] has a single element.

Proof. We will only prove (i) as (ii) follows by joining several homotopies. To prove (i),
say f : X — Y and suppose iy is nulhomotopic to the map ¢, : ¥ — Y given by g — y,
where y € Y is a fixed element. It suffices to prove that f is homotopic to

the constant mapc: X —Y where c:p+—y.

Let F be the homotopy between iy and c¢y,. Then, F(q,0) =g and F(gq,1) =y. Then,
consider the map G : X x I — Y given by G(p,t) = F(f(p),t). Note that G is continuous,
G(p,0) = f(p) and G(p,1) =y. So, G(p,t) is a homotopy between f and the constant
map c. ]

Example 1.2 (Munkres p. 330 Question 2). Prove the following results:

(a) for any set X, the set [X,/] has a single element;

(b) if Y is path-connected, then the set [/, Y] has a single element

Solution.
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(a) [X,1] denotes the set of homotopy classes of maps of X into the unit interval I =
[0, 1]. Tt suffices to prove that I is contractible, i.e. we can continuously deform it
to a singleton. We need to define a continuous family of maps (also known as a
homotopy) that continuously shrinks every point ¢ € / to O over time. In particular,

this homotopy H can be written as
H(s,t) = (1 —s)t whichimplies H(0,t) =t and H(1,¢)=0.

We see that H(0,7) is the identity map, and H(1,¢) is the constant map sending
everything to 0.

(b) Similarly, [7,Y] denotes the set of homotopy classes of maps of the unit interval
I into a path-connected set Y. Our goal is to prove that any map f: I — Y is

homotopic to a constant map. This can be done by considering the homotopy
F(s,t) = f((1 —s)t) whichimplies F(0,¢) = f(¢) and F(1,7) = f(0) is constant.

So, f1 is homotopic to the constant map equal to f1(0) and f> is homotopic to the
constant map equal to f>(0). Since Y is path-connected, then

any two points in Y can be joined by a single path.

So, there exists a path y: I — Y such that y(0) = f1(0) and y; = f>(0). Let F(s,t) =
Y(s), which is a homotopy between the constant maps ¢ — f1(0) and ¢ — f>(0).

Since ~ is an equivalence relation, i.e.
Ji~ (6= f1(0) ~ (£ = f2(0)) ~ f2,
we obtain a homotopy between f; and f>. ]

I Theorem 1.1 (Munkres p. 330 Question 3). I is contractible.

Proof. To prove that [ is contractible, we need to construct a homotopy between the

identity map on / and a constant map. Define the homotopy H : I x I — I by the formula
H(x,t)=(1—t)x so H(x,0)=xand H (x,1)=0.

As such, H (x,0) is the identity map on 7 and H (x, 1) is the constant map that sends every
x € 1to 0. Hence, H continuously deforms the identity map on / to a constant map. [

I Theorem 1.2 (Munkres p. 330 Question 3). R is contractible.

Proof. Similar to our proof that I is constructible, we can consider the homotopy H :
I x I — Idefined by H (x,t) = (1 —1)x. O

1.2 Fundamental Group
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Definition 1.6. Let f be a path in X from xq to x; and g be a path in X from x; to
x>. We define the product f x g of f and g to be the path A given by the following

equations:

f(2s) for0 <s<1/2;

h(s) =
g(2s—1) forl1/2<s<1.

h = f x g is well-defined and continuous by the pasting lemma. Moreover, it is a path in
X from xg to x,. We can think of 4 as the path whose first half is the path f and whose
second half is the path g.

Proposition 1.2. The product operation on paths induces a well-defined operation

on path homotopy classes, which is still denoted by *. This is defined by the oper-
ation [f] + [¢] = [+ g].

Proof. We shall prove that the product operation on paths, denoted by x, is well-defined.
That is, if

fopflandg~,g then fxg~, fxg.
Let
F be a path homotopy between f and f/ and G be a path homotopy between g and g’.

Then, the map H, defined by

Hx) F(2x,1) if0<x<1/2,0<r<1;
x,t) =
G(2x—1,1) if1/2<x<1,0<1<1

is a path homotopy between f* g and f’ x g’. O

Definition 1.7 (constant path). Let X be a topological space. Given x € X, let e,

denote the constant path at x, i.e.
the path e, : I — X which carries all of I to the point x.

Then, [e,] is the path homotopy equivalence class of e,.

Definition 1.8 (reverse path). Let f be a path in X from x to xj, then we define

f to be the reverse of f  where  f(s) = f(1 —s).

Proposition 1.3. The reverse operation on paths induces a well-defined operation
(inverse) on path homotopy classes defined by the equation [f]~! = [f].
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Proof. Let f ~, g. Then, it suffices to prove that f ~, g. Let F be a path homotopy
between f and g. Then, we define G via G(x,7) = F(1 —x,t), which is a path homotopy
between f’ and g’. O

Definition 1.9 (fundamental group). Let X be a topological space and xp € X be a
point. We say that (X, xp) is a pointed topological space.

(i) A path in X that begins and ends at x is called a loop based at xg

(ii) The set of path homotopy class of loops based at xy with the operation
is called the fundamental group of X relative to the base point xg, which is
denoted by 7 (X, xp)

The elements of 7} (X, xp) are the path homotopy equivalence classes and the group

operation is defined by [f] * [g] = [f * g], the identity element is [e,,| and the inverse
of [f] is [f].

Sometimes, 71 (X,x) is called the first homotopy group of X, which term implies that
there is a second homotopy group, and so on. There are indeed groups 7; (X,xq) for all
positive integers n, but we shall not study them here. They are part of the general subject
called Homotopy Theory.

Remark 1.2. The composite function f o g involves applying g first, then f. Unlike
function composition, for path homotopy equivalence classes, the concatenation

[f] * [¢] implies that we apply [f] first, then [g].

Example 1.3 (fundamental group of R” and convex subsets of R"). Let R” denote the
Euclidean n-space. Then, 7 (R", xp) is the trivial group. More generally, more any convex

subset of R”, 71 (X,xp) is the trivial group. In particular, the unit ball
B"' = {x : x% +... —|—x,% < 1} has trivial fundamental group.

To see why, let f be a loop based at x, then the straight-line homotopy is a path homotopy

between f and the constant path at xo.

Since 71 (X, xp) depends on the path component of X containing xo, it is usual to deal with
only path-connected spaces when studying the fundamental group. Also, by constructing
the path homotopy explicitly, we can derive the following theorem:

Theorem 1.3 (fundamental group is a group).

o Associativity: If f, g, h are paths for which f(1) = g(0) and g(1) = h(0),
then

1 ([g]* [A]) = ([f] [8]) * [A]
o Right and left identities: If f is a path in X from xj to x|, then
[f1*lex] =[f] and [ex]*[f] = [f].
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e Inverse: If f is a path in X from xg to x1, then

(1% 1f] =lex,] and  [f]*[f] = [ex].

Definition 1.10 (conjugation map). Let ¢ be a path in X from xj to x;. We define

the conjugation map
o: ﬁl(X,xO) — ﬂl(X,xl) via &([f]) = [ﬁ] * [f] * [OC]

The map

~

a:m(X,x) — 7 (X,x;) definedby a(y)=[o] 'xy*[o]

depends only on the path homotopy class of & and the map is well-defined (Figure

2.

Refer to Figure[1.2] Suppose we have two base points xo and x; and a loop 7y at xo. We
can turn this into a loop based at x; easily. To do this, pick a path & in X from x¢ to xi.

Then, we can produce a new loop at x; by going along o~ ! to xo, take the path 7, then

1 1

return to xo by o™, i.e. consider &~ ' x Y (.

X0 x|

Figure 1.2

I Theorem 1.4. @ is a group isomorphism.

Proof. Note that & is a group homomorphism. It is easy to construct the inverse of ,

which implies @ is invertible, and hence, a bijective map. ]

Example 1.4 (Munkres p. 334 Question 2). Let o be a path in X from xg to x;; let B be
a path in X from x to x. Show that if

Solution. Since « is a path in X from x to x| and f is a path in X from x; to x;, then
y = o+ B is a path in X from x to x,. The conjugation map 7 is defined as follows:

Y:m(X,x0) = m(X,x2) via Y([f]) = [V *[f]*[V]
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Here, f is a loop based at x( and [7] is the homotopy class of the reverse of the path y. Let
g and h be loops based at x; and x, respectively. Writing ¥ as a * 3, we have

Y([f]) =M=[f]*[y] by definition
= [ox B+ [f]+ [0+ B] by writing y = a
— ({1« [@]) «[f] % [o+B] since a«B = [B] «[]
= [B]* ([@] #[f] * [e]) % [B] by associativity
= [B]* [a]  [n] =[] + [B]
=B@(f)
The result follows. O

Corollary 1.1. If X is path-connected and x(, x| are two points of X, then
4| (XJXO) =T (X,X])-

In particular, if X is path-connected, for any x € X, all the groups in 7 (X,x) are

isomorphic.

Proposition 1.4. Let xg,x; be points of a path-connected space X. Then,

71(X,xp) is Abelian if and only if for all paths from x( to x; denoted by «, 8, we have @ = E :

Proof. We first prove the forward direction. Suppose 7 (X,x) is Abelian. Then, for any
paths ¢ and B, note that o * 8 is a loop at xo. So,

[Bxa]*[oexB] =e which shows that & and E are inverses of each other.
The reverse direction is easy to see, i.e. need to prove [f] *[g] = [g] * [f]- []

Definition 1.11 (simply-connected). A space X is

simply-connected if and only if X is a path-connected space and 7; (X, xp) is trivial for all x € X.

Example 1.5. Any convex subset of R" is simply-connected. A connected open subset
U of C = R? is simply-connected if and only if its complement C\ U in C = C U {0}
is connected. This requires the Riemann mapping theorem. Here, C denotes the set of
extended complex numbers.

Definition 1.12 (star convex). A subset A C R" is star convex if

for some ap € A, all the line segments joining ag to other points of A lie in A.

Example 1.6 (Munkres p. 334 Question 1). Find a star convex set that is not convex.
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Solution. We shall consider a star S (literally). Consider the centre of the star s € S. Then,
for any other point z € §, all the line segments joining s to z lie in S.

iy =

However, S is not a convex as there exists s’ € S such that the line segment from s’ to z
lies in S. U

Lemma 1.7 (Munkres p. 334 Question 334). If A is a star convex set, then A is
simply-connected.

Proof. Let p(s) be a loop in A, where 0 < s < 1. Then, we can construct a straight-line

homotopy
H(s,t)=ta+ (1—1)p(s) with H(s,0) = p(s)and H(s,1) =a.

This implies p is homotopic to a point, so A is simply-connected. O]

Lemma 1.8. Let X be a simply-connected space. Then, any two paths having the

same initial and final points are path homotopic.

Proof. Let o and B be two paths from xg to x;. Then, o * f is defined and is a loop on
X based at xgp. Since X is simply-connected, this loop is path homotopic to the constant

loop at xg. Thus implies

o B]+ [B] = [ex ] * [B]
for which it follows that [a] = [B]. O

Example 1.7 (Munkres p. 335 Question 3). Let xg and x; be points of the path-connected
space X. Show that

~

71(X,x0) is Abelian if and only if for every pair o, 8 of paths from x to x|, we have @ = .

Solution. Suppose 7;(X,xp) is Abelian. Then, for any loops [f], [¢] based at xp, we have

[f]*[g] = [g] * [f]- Say a and f are paths from x( to x;. Then, [& % ] is the homotopy
class of loops based at xp. Recall that by Definition [I.10] it suffices to prove that

(o]« [f]+ [a] = [B]  [f]+[B].
Replacing g with o 8, we have
(/][] « [B] = [a] % [B] = [/].

I believe that the result follows obviously from here. The reverse direction can be proven
similarly. U
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1.3 Functorial Property

Lemma 1.9. If k: X — Y is a continuous map and
F is a path homotopy in X between f and f/,
then

ko F is a path homotopy in X  between ko f and ko f'.

Lemma 1.10. Let k: X — Y be a continuous map and f and g be paths in X with
f(1) =g(0). Then,

ko(fxg)=(kof)*(kog).

that carries xp € X to yg € Y. We denote this by writing /4 : (X,x0) — (Y,y0). Then,

define the induced homomorphism on fundamental groups, /., to be

hi: (X, x0) = m(Y,y0) by hu([f]) =[hof].

Note that &, (7y) is well-defined, i.e. if F is a path homotopy between the paths f
and f’, then ho F is a path homotopy between the paths ho f = ho f'.

Remark 1.3. The induced homomorphism 4. depends not only on the map /4 : X —
Y but also on the choice of the base point xo. To see why, if xy and x; are two
different points of X, we cannot use the same symbol %, to denote two different
homomorphisms, with one having domain 7; (X,xp) and the other having domain
7 (X,x1). Even if X is path-connected (which implies the groups are isomorphic),
they are still not the same group. In such a case, we use the notation

(hyy)« = 71 (X,x0) = m1(Y,y0) for the first homomorphism and

(hy, )« for the second (defined similarly)

Lemma 1.11. Ay : m (X, x0) — 71 (Y,y0) is a group homomorphism.

Theorem 1.5 (functiorial property of ;). The following hold:

() Ifh:(X,xo) = (Y,y0) and k : (Y,y0) — (Z,z0) are continuous, then (koh), =
ko h,.

(i) If i : (X,x0) — (X,x0) is the identity map, then i, is the identity homomor-

| Definition 1.13 (induced homomorphism). Suppose & : X — Y is a continuous map

phism.
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Proof. (ii) is easy to prove — we have i..([f]) = [io f] = [f]. To prove (i), we have

(koh).([f]) = [(koh)o f]
(ks 0 1) ([f]) = ki (R ([f1)) = k([0 f]) = [k o (R0 f)]

and these two expressions are equivalent by associativity. ]

Corollary 1.2. Ifh: (X,x0) — (Y,y0) is a homeomorphism of X and with Y, then A,
is an isomorphism of 7} (X, xo) with 7, (Y, o).

Proof. Let
k:(Y,yo) = X,x0) be the inverse of n  where h: (X,x0) = (¥,y0)-

Then, k, o h, = (koh), = i,, where i is the identity map of (X,xp). Similarly, we have
hy ok, = j., where j is the identity map of (¥,yp). Since i, and j, are the identity homo-
morphism of their respective groups, then k, is the inverse of /.. O]

Theorem 1.6. Let h: X — Y be continuous with i(xg) = yo and h(x;) = y;. Also,
let o be a path in X from xg to x;. Define B = ho «. Then,

~

B o (hy)« = (hy, )« 0@, i.e. the following diagram commutes:

(hxy )«
m (X, x0) —— m (Y, y0)

. G
(hx, )+

7 (X, x1) — T (Y,y1)

Example 1.8 (Munkres p. 335 Question 7). Let G be a topological group - and identity

element xp. Let
Q(G,x9) denote the set of all loops in G based at xg.

If f,g € Q(G,xp), then we define a loop f ® g by the formula (f ®g) (s) = f(s) - g (s)-
(a) Prove that this operation makes the set Q (G, xp) into a group.
(b) Prove that this operation induces a group operation ® on 7} (G,x).
(¢) By computing

(f*exo) ®(€x0 *g),

prove that the two group operations * and ® on 7; (G,xp) are the same.

(d) Prove that 7y (G,xp) is Abelian.

Solution.
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(a)

(b)
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We first prove that Q contains the identity element, i.e. there exists ey, € Q(G,xo)
such that

fRe,=f=e,@f forall fecQ(G,xp).

We shall define the constant loop ey, : I — G such that ey, (s) = xo for all s € I.
Then,

(f ®ex,) (s) = f(s) ex, (5) = £ (5)-x0 = f (5)

and the proof that e,y ® f = f is similar.

We then prove that Q has an inverse element. That is,
for every f € Q(G,xo), thereexists ' € Q(G,xy) suchthat f®f ' =ey.

Define /! (s) = (f(s)) ", where the inverse operation on the RHS is with respect
to the group G. Hence,

(Fof NG =16 () =F6)(f(5) " =x

so it follows that f®@ f~! = €xp-

Lastly, we prove that Q is associative under ®, i.e.
(f@g)@h)(s) = (f@(g®h))(s).
This is in fact equivalent to

(f(s)-g(s))-h(s)=f(s)-(g(s)-h(s)) which is true since G is associative under - .

By definition, the fundamental group 7; (G,x) denotes the set of homotopy classes
of loops based at xyg. We have [f] ® [¢g] = [f ® g], so ® is a well-defined operation.
We need to prove that

f~fandg~g implies fRg~f ®d.

Let Hy : I x I — G be a homotopy between f and f’ and Hy : I x I — G be a
homotopy between g and g’. Define

H(s,t) = Hy(s,t)-Hy(s,1).
Then,
H(s,0) :Hf(svo) ~Hg(s,0) = f(s)-g(s) and H(s,1) :Hf(s71) 'Hg(sv 1) :f/(s) ~g/(S).

So, H is indeed a homotopy between f ® g and f' ® g’. Combining the result in (a),
(b) follows.
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(c) We have
((f*exy) @ (exyx8))(s) = (fxexy)(s) - (ex, *8)(s)
Recall that
(Freg)s)= ¢T3 TOSTSUZ g e = ™ FOSssUZ
X0 if1/2<s<1 g(2s—1) if1/2<s<1.

By the pasting lemma,

f(2s)-x0 = f(2s) if0<s<1/2

(f*ex,)(s) - (exy*8)(s) = X-g(2s—1)=g(2s—1) if1/2<s<1.

This is precisely the definition of f x g, so the result follows.
(d) Consider [f],[g] € 71 (G,x0). Then,

[f]*[gl = [fl®[g] by (c)
= [exo*f]®[g*exo]
= [g* f]

which is equivalent to [g] * [f], implying that the fundamental group is Abelian. [

1.4 Covering Spaces

Definition 1.14 (B-space). A B-space or a space over a topological space of interest

B consists of
a topological space E and a continuous map p : E — B (known as a structural map).
Suppose

p1:Ei — Band p: E;, — B are B-spaces.

Definition 1.15 (B-space map). A B-space map from E; to E is a continuous map
f : E1 — E5 such that p o f = py, i.e. the following diagram commutes:

Furthermore, a B-space map f : E; — E; is an isomorphism of B-spaces if there
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exists a B-space map g : E; — E; such that
gof=1idg, and fog=idg,.

Example 1.9 (projection map). For any topological space F, the projection map p : B X
F — B, where (b,a) — b makes B x F into a B-space (by convention, the projection map
is denoted by 7 instead of p).

Example 1.10 (restriction map). Let p : E — B be a B-space. For any B’ C B, define
E' = p~!(B') C E and the restriction map p|gz : E' — B'. Then, E’ becomes a space over
B’, called the restriction of p over B'.
Example 1.11 (identity map). If p: E — B is a B-space, the identity map idg : E — E is
a B-space map.
Example 1.12. Let E| and E; be topological spaces. If

f:Ey —Eyand g: E; — E3 are B-spaces maps,
the composite map go f : E; — E3 is a B-space map. This is obvious since Ej and E; are

topological spaces and the maps f and g are continuous (since they are B-spaces maps).

Definition 1.16 (even cover). Let p: E — B be a B-space. An open set U C B is
evenly covered by p if there exists a non-empty discrete space F such that

plu=U X F as U-spaces.
That is to say,

p! (U) CE can be written as a non-empty disjoint union of open sets in E, i.e. |_| V.
oack

such that ply, is a homomorphism of Vi, onto U. We say that the collection {V} is

a partition of p~!(U) into slices.

Remark 1.4. If U is evenly covered by p and W C U is open, then W is evenly
covered by p.

Definition 1.17 (covering map). A covering space of B is a B-space p : E — B
which is locally trivial (p is a covering map), i.e. for all b € B, there exists an open
neighbourhood U of b that is evenly covered by p. If this is the case,

pisacoveringmap and F is a covering space of B.

Remark 1.5. If p: E — B is a covering map, then the following hold:

(i) for all b € B, the fiber p~!(b) C E given by the subspace topology from E
has the discrete topology. To see why, based on the definition of a covering
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map , each point e = p~!(b) lies in some open set of E that is mapped home-
omorphically onto some neighbourhood of B. So, each point in the fiber can
be separated using disjoint open sets, giving the fiber the discrete topology.

(ii) p: E — Bis an open map and surjective

(iii) p is alocal homomorphism of E with B, i.e. for all e € E, there exists an open
neighbourhood V of e such that p|y : V — p(V) is a homeomorphism

Example 1.13. The identity map idp : B — B is a covering map.
Example 1.14 (Munkres p. 341 Question 1). For any non-empty discrete space F, the

projection map p : B X F — B such that (b,a) — b is a covering map. To see why, note

that p is continuous and surjective, and

p~ (B)= U Bx{f}.

fer

where each slice B x {f} is open in B x F (as F is discrete) and homeomorphic to B.

Example 1.15. If
p:E—Bandp :E' — E are finite covering maps,
then po p’ : E' — B is a finite covering map.
Theorem 1.7. The exponential map p : R — S! C C\ {0} given by the equation

p(x) = (cos2mx,sin27mx) or equivalently p(x) = exp(2mix) is a covering map.

Proof. Note that the map p is continuous and surjective. We now prove that p is locally
trivial. Consider some point yg = exp(27xy) € S!. We can choose an open interval I C R

around yq such that p|; is injectiveﬂ

Now, consider p~!(V), where V = p(I) C S!. Note that p(x+ 1) = p(x) since cos27mx
and sin27x are periodic with period 1. Hence, p~!(V) consists of a disjoint union of
intervals of the form I, = I + k for all k € Z. Each I; is mapped homeomorphically onto
V by the map p, so we conclude that p is locally trivial. ]

Example 1.16. The map p : R* — S! given by x — exp(27ix) is surjective and a local
homeomorphism, but it is not a covering map. This is because the point S! > b = (1,0)
has no neighbourhood U that is not evenly covered by p. To see why, the boundary
of RT at x = 0 disrupts the ability to create disjoint preimages that evenly cover the
neighbourhoods of S!.

Example 1.17 (Munkres p. 341 Question 5). The map p : S! — S! given by 7+ 7% is a
covering map. More generally, for any n € Z\ {0}, the map p : S! — S given by 7+ 7"

"Here is a YouTube video/ which shows how one can visualise a covering space of S! via the exponential
map p: R — S!


https://youtu.be/pmce8ykBu1k?si=cVJ91NykcchUTup7
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is a covering map.

To see why, for the general case, suppose p(z) = w. Consider w € C\ {0}, which has
a small neighbourhood U around C\ {0} which avoids the branch cut of the complex

logarithm. So, the pre-image p~! (w) consists of # distinct points, i.e.
2km
2 = [w|"exp (—z) such that p(z) =w.
n

Proposition 1.5. Let p : E — B be a covering map. If By is a subspace of B and
Eo = p~'(By), then the map py : Eg — By by restricting p is a covering map.

Proof. Consider the following commutative diagram:
Ey —— E
plE p

Bp——— B
Given bg € By, let
U be an open set in B containing by that is evenly covered by p.

Also, let {Vy} be a partition of p~! (U) into slices. So, U N By is a neighbourhood of by
in By, and the sets V; N Ey are disjoint open sets in £ such that

p~ (UNBy) = JVa N Eo,
(04
and p : Vo NEy — U N By is a homeomorphism. L]
Proposition 1.6. If p: E — B and p’ : E’ — B’ are covering maps, then

pxp :ExXE — BxB' isacovering map.

Proof. Consider the following commutative diagram:

ExE'
ph BxB hp'
B \B’

Givenb € Band b’ € B', let U and U’ be neighbourhoods of b and b’ respectively which are
evenly covered by p and p'. Let {Vy} and {V/,} be partitions of p~!(U) and (p')~1(U’)
into slices. Then, the inverse image under p x p’ of the open set U x U’ is the union
of all the sets Vi x V). These are disjoint open sets of E x E’, and each is mapped

homeomorphically onto U x U’ by p x p’. [
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Proposition 1.7. Let
g:X—Yandr:Y —Z be covering maps.

Define p = roq. If r~!(z) is finite for all z € Z, then p is a covering map.

Example 1.18 (covering map of torus). Let T =S! x S! denote the torus. The product

map
pxp:RxR—S'"xS'CC*xC* isacovering of the torus by the plane R>.

Here, C* = C\ {0}. Also, p maps (x,y) € R x R to (e*™,¢*™) € S! x S!. Geometri-
cally, think of having an infinite grid in R? and first wrap it with respect to the vertical
axis to obtain a hollow cylinder. Thereafter, wrap it with respect to the horizontal axis to

obtain the torus T.

(0.t

P#(o

Figure 1.3: Covering space of the torus T
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Example 1.19 (figure-eight space). Let by denote the point p(0) € S! and By denote the
figure-eight space, i.e.

By = (S" x {bo}) U ({bo} xS")  which s the union of S' and S'  that have a point in common.

This is an example of a space that is not simply-connected; it is the wedge sum of two
circles, so By does not contain any contractible looks that can be continuously shrunk to

a point. The space Ey = p~!(B) is the infinite grid
Ey=(RxZ)U(ZxR) for which the grids intersect at Z X Z.
The map pg : Eg — Bg obtained by restricting p X p is a covering map.

(01

Figure 1.4: Covering space of the figure-eight space B
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Example 1.20 (punctured plane). Consider the covering map of the punctured plane by
the open upper-half plane H = R x R™ as follows:

For the map (x,y) — (ezmx , r) , we see that the first coordinate x € R is mapped onto the

2mix

unit circle S via the complex exponential function e>™, which wraps the real line onto

the circle. r = y/x% + y? measures the distance this point makes with the origin.

LI L (H

Figure 1.5: Covering space of the punctured plane

Proposition 1.8. Let p: E — B be a covering map. Suppose U is an open set of
B that is evenly covered by p. If U is connected, then the partition of p~!(U) into
slices is unique.

Proof. Suppose {Vy} and {Wﬁ} are distinct partitions of p~!(U). Fix an arbitrary o and
let e € V. Then, there exists a unique 3 such that e € Wg. We will prove that Vo, = Wp.
Suppose on the contrary that Vi, # Wg. Then, Vo \ Wg # 0 and Vo, N W5 # 0. So, Ve NWp

is open (intersection of two open sets is open), and
Let x € Vi \ Wg (which is open), then there exists 8 # f3 such that x € Wp . Notice that

Vo \Wg = Vo N U Wg,, which is open.
era\Wﬁ

Since U is connected and p~!(U) is homeomorphic to U through each slice, V,, must be
connected as well, i.e. it cannot be decomposed into two disjoint open subsets, as would
happen if Vi, \ Wg were non-empty and open. This results in a contradiction. ]
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Lemma 1.12. Let p : E — B be a covering map, where B is connected. If
‘pil(b0)| = k for some by € B, then ‘p’l(b)| =k for all b € B.
In such a case, we say that E is a k-fold covering of B.

Proof By the local triviality property, the set of elements b € B such that ] p‘l(b)| =
|p~"(bo)| is both open and closed. O

Proposition 1.9. Let p : E — B be a covering map. If B is Hausdorff, then E is
also Hausdorff. The same applies if B is T3, T 1, 01 locally compact Hausdorff. In

addition, if B is compact and p~!(b) is finite for all b € B, then E is compact.

1.5 Homotopy Lifting Property of Covering Maps

Definition 1.18. Let p: E — B be a B-space and f : X — B be a continuous map.
A lifting of f to E over p is a continuous map ]7: X — E such that po ]7: f.

Example 1.21. Let p: R — S! be a covering map. The path f(s) = (cos 7s, sin 7s) lifts to
the path f(s) = 5/2 beginning at 0 and ending at 1/2. To verify this statement, consider

(pof)(s)=p(s/2) so p(s)=f(2s) = (cos2ms,sin27s)

which wraps around the unit circle anticlockwise once from (1,0) to (—1,0) as s increases
from 0 to 1/2.

R

/ Oﬁo} |
R Sl ‘F(II*’

f(s) = (cosms,sinTs)

Example 1.22. Let p: R — S! be a covering map. The path f (s) = (cos &ts, — sin 7s) lifts
to the path g (s) = —s/2 beginning at 0 and ending at —1/2. Again, we shall verify this

statement. Note that

(pog)(s)=p(—=s/2) so p(s)=f(—2s)= (cos2ms,sin2s)
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which wraps around the unit circle from (1,0) to (—1,0) clockwise as s decreases from 0
to —1/2.

— PN

R
g(s) = (cosms, —sins)

Example 1.23. Let p: R — S! be a covering map. The path / (s) = (cos47s, sin47xs) lifts
to the path h (s) = 2s beginning at 0 and ending at 2. Again, we shall verify this statement.
Note that

(po’ﬁ) (s)=p(2s) so p(s)=h(s/2) = (cos2ms,sin2rs)

which wraps around the unit circle from (1,0) to itself in an anticlockwise manner as s

increases from 0 to 2.

ho)=hlY = |

R

h(s) = (cos4ms,sin4ms)

Lemma 1.13. Let p: E — B be a covering map and f : X — B be a continuous map.

Suppose

(i) there exists an open subset U C B with f(X) C U such that U is evenly cov-
ered by p;

(ii) there exists a connected subset Xy C X such that there exists a lifting ﬁ) :
Xo— E of flx, to E

Then, there exists a lifting f: X — E of f to E such that f| Xo = ﬁ).
Theorem 1.8 (unique path lifting property). Let p : E — B be a covering map and

f :1— B be any path in B beginning at by = f (0). For any choice eg € p~! (b) in
the fiber over by, there exists

a unique lifting f: I — E to apath E beginning at e.
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{0}

Theorem 1.9 (unique path-homotopy lifting property). Let p: E — B be a covering
map and F : I x I — B be a continuous map such that F (0,0) = by. For any choice
eo € p~ ! (bo) in the fiber over by, there exists

a unique lifting F : I x I — E  with F (0,0) = ey.

Moreover, if F' is a path homotopy, then Fisa path homotopy.

from by to by. Let eg € p~! (by) be a point in the fiber over by. Let £ and 2 be their
respective listings to paths in E beginning at eg. If f and g are path homotopic in B,
then fand g end at the same point e; € p~! (b1) and are path homotopic.

Lemma 1.14. Let p: E — Bbe a covering map. Let o and 3 be paths in B such that
a (1) =B (0). Suppose & and f are lifting of them such that & (1) = 8 (0). Then,
a x B is alifting of o * 3.

Definition 1.19 (the lifting correspondence). Let p: E — B be a covering map. Let
by € Band e € p~! (by). For any path-homotopy class o of paths in B beginning
at by, there exists a unique path-homotopy class @, of paths in E beginning at e
lifting c.

Definition 1.20 (the monodromy action). Let p : E — B be a covering map. Let
bo € B. For any o € m (B,by), the lifting correspondence induced by o is a map
from p~!(bp) to itself, i.e.

—sa:p Yby) = p b)), egeqxa
The monodromy action of 7 (B, bg) on p~!(bg) is the map
«: p Ybo) x m(B,bg) = p~ ' (bo), (eo,qt) — ep*ar.

This is a well-defined right action of 7 (B, bg) on p~1(by).

| Proposition 1.10. Let p : E — B be a covering map and f and g be two paths in B
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Theorem 1.10. Let p: E — B be a covering map and by € B. Consider the mon-
odromy action of 71 (B,bg) on p~!(by).
(i) If E is path-connected, the action is transitive;

(ii) If E is simply-connected, the action is simply transitive

Corollary 1.3 (Munkres p. 348 Question 8). Let p : E — B be a covering map,

where E is path-connected. If B is simply-connected, then p is a homeomorphism.

Proof. Since E is path-connected, then
®: H\ m(B,by) — p~(by) isbijective for all by € B.

Since B is simply-connected, then 7 (B, bg) is trivial, so p~!(by) contains exactly one

1

element. Hence, p is a bijection. Lastly, as p is open, then p~" is a continuous map, and

it follows that p is a homeomorphism. O]

1.6 The Fundamental Group of the Circle

Theorem 1.11 (fundamental group of S'). The fundamental group of S! is isomor-

phic to Z. More precisely, consider the exponential covering map
p:R—S! givenby p(x) = (cos2mx,sin2mx).

Since R is simply-connected, the monodromy action of 7; (S, 1) on 771(1) = Z is

simply transitive. Hence, we obtain a bijection

¢:m(S',1) = 2Z where o— Oxa.

Proof. We claim that ¢ is a group isomorphism, and hence an isomorphism of groups.
Suppose a,B € m(S',1). Then, we choose loops f € & and g € B in S! based at 1
representing o and 8 respectively. By the unique path lifting property, we obtain the
liftings

fof fand gof g to paths in R beginning at 0.
Letn=f(1)andm=g(1)in p~'(1) =Z. So, 0% = n and 0 B = m by definition.
Let g be the path n+ g(s) in R beginning at n. By the properties of the exponential

map p : R — S! (namely a group homomorphism with kernel Z), it follows that ?is the

unique lifting of g beginning at n.

Then, the product path f*? is defined, and it is the unique lifting of f * g beginning
at 0. The endpoint of this path is g(1) = n+m. Since f * g represents o * f3, it follows
that Ox (axB) =n+m. O
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Example 1.24 (Munkres p. 347 Question 3). Let p: E — B be a covering map. Suppose
a and f are paths in B with a(1) = B(0); let & and B be liftings of them such that
a(1) = B(0). Prove that &« f is a lifting of o 3.
Solution. Recall the following definition: if p: E — B is a covering map and f : X — B
be a continuous map. A lifting of f to E over p is a continuous map f: X — E such that
pof=1.

E

P

X — B

f

As such, it suffices to prove that there exists a continuous map @ * 8 : X — E such that
po (56*[5> = a 3. We are given that

pod=0o and pof =p.

Since Oc ﬁ , we can concatenate the paths a and ﬁ Since
if0<r<1/2; = o(21) if0<r<1/2;
(axp)(t , we can define (a*ﬁ>: ~
(2t—1) if1/2<r<1 B(2t—1) if1/2<r<1.
Hence,
po<a*§>:po&(2t):(a*ﬁ)(r) for0<r<1/2 and
po(a*ﬁ):poﬁ(zz—n:(a*ﬁ)@) for1/2<t<1.
Hence,po(&*ﬁ):a*ﬁforallogtgl. O

Example 1.25 (Munkres p. 348 Question 6). Consider the maps
g h:S' =St givenby g(z) =7"and h(z) =1/7".

Here, S' = { € C: |z| = 1}. Compute the induced homomorphisms g, 4, of the infinite
cyclic group 71 (S', by) into itself.

Solution. We have
g*,h* . El(Sl,bo) — ﬂl(Sl,bo).

Recall that any loop around S! can be represented by y(z) = ¢?™ for 0 <t < 1. This
corresponds to a generator of 71 (S',b), say 1 € Z. So,

g(v(1) = ™,

for which the loop runs n times around the origin as ¢ goes from O to 1. Under the in-
duced homomorphism g., the generator 1 of 71 (S!,b) is mapped to n, i.e. g.(1) =n.
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Since 7 (S!,by) = Z, then g, : Z — 7Z is multiplication by n, i.e. for any k € Z, we have
g«(k) = nk.

In a similar fashion, A, : Z — 7Z is multiplication by —n, i.e. for any k € Z, we have
h(k) = —nk. Ul

1.7 Retractions

We now establish some classical results of Topology that follow from our knowledge of
m (S, 1)~ Z.

Definition 1.21 (retraction and retract). Let X be a topological space and A C X

be a subspace. We have the canonical continuous inclusion map j : A — X.

* A retraction of X onto A is a continuous map

r:X —A suchthat roj=idy

* Ais aretract of X if and only if there exists a retraction of X onto A

Example 1.26. A singleton {xo} is a retract of the unit disc B>. In particular, we can
consider the retraction p (xp) = xo for all xy € B;.

Example 1.27. The unit circle S! is a retract of the annulus. To see why, consider the
following retraction: the inner ring of the annulus being pushed outwards such that it
coincides with the outer ring. Alternatively, the outer ring can be pushed inwards such

that it coincides with the inner ring. In either case, we would obtain st
Example 1.28. The unit circle S! is a retract of the punctured disc.

Example 1.29. The unit circle S! is a retract of the punctured plane R?\ {0}E| via the

retraction

r:R2\ {0} = S! via r(x)=x/|x|.
I Lemma 1.15. If A is a retract of X, then j, : m1(A,a) — m;(X,a) is injective.

Proof. We have

r«o jx = (roj). by functoriality
= (id4). since there exists a retraction of X onto A

=idg (a,q) by functoriality

This means that for any [a| € (A, a) (recall that [¢] is a homotopy class of loops based at
a in A), applying j, to [e] first and then applying r, returns [o(]. Also, note that , : X — A

2Here is an animation in Desmos


https://www.desmos.com/calculator/rrq8roqs3z
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18 a retraction.

Hence, given any [a],[B] € w1 (A,a), if j.([a]) = j«([B]), then applying r, to both sides
yields [a] = [B]. O

I Theorem 1.12 (no-retraction theorem). There is no retraction of B onto S.

Proof. Suppose on the contrary that the unit circle S! were a retract of the unit disc B.
Then, there exists j, : 71 (S',1) — (B2, 1) is injective. However,

the fundamental group of S is Z but  the fundamental group of B is trivial.

By considering group isomorphism, we see that there is no injection j, from Z to the

trivial group, which is a contradiction. ]
Corollary 1.4. The following hold:

the identity map i : S' — S!  is not nulhomotopic in S'  and

the inclusion map j : S' — R?\ {0} is not nulhomotopic in R?\ {0}

Lemma 1.16. Let 4:S! — X be a continuous map. Then, the following are equiv-
alent:

(1) A is nulhomotopic in X
(2) h extends to a continuous map k : B> — X, i.e. ko j = h where j: S! — B?

(3) h, is the trivial homomorphism of fundamental groups, i.e. 7m(S!,1) —
m (X, k(1))

Proof. We first prove (1) implies (2). Let H : S' x I — X be a homotopy between % and
a constant map. Let 77 : S! x I — B? be the map 7(x,¢) = (1 —¢)x. Then, 7 is a quotient
map as it collapses S! x 1 to the point 0 and is otherwise injective. Since H is constant on
S' x 1, it induces a continuous map k : B> — X that is an extension of & via the quotient

map 7.

Figure 1.6: Visual proof that (1) implies (2)

We then prove (2) implies (3). Suppose j : S! < B? is the inclusion map. Then, & = ko j.



1.7. RETRACTIONS 29
However,
e (St bg) = m (B, bo) =1 is trivial.

This is because the fundamental group of S! is Z whereas the fundamental group of B is

trivial. Hence, h, = k, o j, is trivial by functoriality.

Lastly, we prove (3) implies (1). We refer to the following figure:

Figure 1.7: Visual proof that (3) implies (1)

Let pg: I — S! be aloop in S! such that [pg] generates 7 (S!, 1). Since h, is trivial, the
loop f = ho pg in X represents 1 in 7; (X, xo). Hence, there exists a path homotopy F in
X between f and the constant path at xo. The map

poxid:IxI—S'xI isaquotientmap foreachie .

It maps 0 x ¢ and 1 x ¢ to by X ¢ but is otherwise injective. The path homotopy F maps 0 x [
and 1 x I and I x 1 to the point xo € X, which induces a continuous map H : S! x I — X

that is a homotopy between 4 and a constant map at xo. O

Example 1.30 (Munkres p. 366 Question 6). Show that a retract of a contractible space
is contractible.

Solution. Intuitively, this is obvious. Let X be a contractible space and f : X X I — X be
the homotopy that continuously deforms X to a point, say xo € X. Suppose r: X — Y isa
retract of X, i.e. roi =1idy, where i : ¥ — X is the inclusion map. Hence, Y is a subspace
of X and r restricts to the identity on Y. We wish to prove that Y is also contractible, so

we shall construct a homotopy on Y using the given homotopy F on X.

Define the map g : Y X I — Y by setting
gy,t) =r(F(i(y),t)) forallyeY andzel.

This map is well-defined. We shall also check the boundary conditions. At =0, we
see that g(y,0) = r(F(i(y),0)) = r(i(y)) =y so g(y,0) =y forally € Y. Also, att = 1,
we have g(y,1) = r(F(i(y), 1)) = r(xo), where we recall that xy € X is the point that X

contracts to. Hence,the image of r(xp) is some fixed pointin Y, say ¥ > yg = r(xp).
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Hence, g defines a homotopy between the identity map on Y and the constant map that

sends every point in Y to yg, showing that Y is contractible. U

Theorem 1.13 (Munkres p. 366 Question 7). Let A be a subspace of X; let j: A —
X be the inclusion map, and let f : X — A be a continuous map. Suppose there is a
homotopy H : X x I — X between the map jo f and the identity map of X. Then,
the following hold:

(a) If f is aretraction, then j, is an isomorphism.

(b) If H maps A x I into A, then j, is an isomorphism.

1.8 Fixed Points

Definition 1.22. A vector field on B? is a continuous map v : B> — R?. v is said to
be non-vanishing if and only if v(x) # 0 for all x. In such a case, v is a continuous
map v : B> — R?\ {0}.

NN e

/
\

pointed outwards

Figure 1.8: The radial vector field v : B> — R? where v (x) = x, wich vanishes at (0,0)
(left); The non-vanishing vector field v : B — R? where v (x) = (1,0) (right)

I Theorem 1.14. Given a non-vanishing vector field on B, i.e. v: B> — R?\ {0},



1.8. FIXED POINTS 31

there exists

a point of S!  where the vector field points directly inward

and a point of S'  where the vector field points directly outward
That is to say,

there exists p € S such that v(p) € —Rwq-p
and there exists ¢ € S!  such that v(g) € R~g - ¢

Proof. Suppose for any p € S', one has v(p) € —R~o-p. Let w: S! — R?\ {0} be the
restriction of v to S!. Since w extends to a map of B? into R?\ {0}, it is nulhomotopic in
R?\ {0} (recall the difference between S' and B> — the former denotes the unit circle,

whereas the latter denotes the closed unit disc).

On the other hand,
F:S'xI—=R? givenby F(x,t)=1tx+(1—t)w(x)
is
a homotopy in R?>  from the inclusion map j : S' — R?\ {0} to the map w: S' — R?\ {0}.

We claim that for each ¢ € I and x € S!, we have F(x,t) # 0. This is clear for t = 0 and
t = 1 by substituting these values into the formula for F(x,7). We argue by contradiction
that F(x,r) # 0 for all + € (0,1). Suppose on the contrary that F(x,7) = 0 for some
t € (0,1). Then,

tx+ (1 —1)w(x) =0 which implies v(x) =w(x) € —R5¢-x
which is a contradiction to the hypothesis on v (not clear to me yet). Hence,
F is a homotopy in R?\ {0} from j:S! = R?\ {0} tow:S' = R?\ {0}.
So, j is nulhomotopic in R?\ {0}, which is a contradiction (explain further). Continue

the proof at home. O

Theorem 1.15 (Brouwer fixed-point theorem for the disc). If f: B> — B? is con-

tinuous,

there exists a point x € B> such that f(x) = x.

Proof. Suppose on the contrary that f(x) # x for all x € B>. Then,
v:B> = R?\ {0} givenby v(x) = f(x)—x is a non-vanishing vector field on B>.

So, there exists x € S! such that v(x) € R~ - x points directly outward, i.e. there exists
a € R such that f(x) —x = ax, so f(x) = (1 +a)x would lie outside B> which is a
contradiction. ]
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Remark 1.6. Here is a funny remark by Prof. Chin. If you place a map of Singapore
on a table in our room such that the map is a scaled-down version of the area it
represents, there exists a point on the map that corresponds exactly to the point in

the room directly below it.
Note that B" C R”".

Theorem 1.16 (Brouwer fixed-point theorem for B"). Let f : B* — B" be a contin-

uous map. Then,

there exists a point x € B"  such that f(x) = x.

Corollary 1.5 (Perron-Frobenius theorem). Let A € M3,3(R"). Then, A has a

positive real eigenvalue.

In fact, the Perron-Frobenius theorem holds for n x n matrices with positive real entries.

Proof. Let T : R? — R3 be the linear transformation which represents multiplication by
A. Also, let

B =S?>N{(x1,x2,x3) 1 x1,x2,x3 > 0}  which is homeomorphic to the ball B>,
If x = (x1,x2,x3) € B, then
T(x) is a vector with all components being positive.

This is because all entries of A are positive and at least one component of X is positive

(since x lies on the sphere S? so x # 0). Hence, the map
T(x
— L is a continuous map of B to itself.
1T (x)]|
By the Brouwer fixed-point theorem, for B =2 B2, B has a fixed point xo. Then, T (xq) =
IIT (x0)]|| X0, so T has the positive real eigenvalue ||7(Xg)|| with the corresponding eigen-

vector being X. [

1.9 Deformation Retracts and Homotopy Type

Let X be a topological space and A C X be a subspace. Then, we have the canonical
continuous inclusion map j: A — X.
Recall that a retraction of X onto A is a continuous map

r:X —A suchthat roj=idy.

In other words, r|4 is the identity map of A. We say that A is a retract of X if and only if
there exists a retraction of X onto A.
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Definition 1.23 (deformation retraction). A deformation retraction of X onto A is
a continuous map H : X X I — X such that
forallx € X wehave H(x,0) =xand H(x,1) €A

and for all 7 € I and a € A, one has H(a,t) = a, i.e. H fixes a throughout all time
tel.

Equivalently, a deformation retraction is such that the map
the map r : X — A defined by r(x) = H(x,1) is a retraction of X onto A

and H is a homotopy between the identity map of X and the map j o r such that
each point of A remains fixed during the homotopy.

Hence,

A is a deformation retract of X if and only if there exists a deformation retraction of X onto A.

Example 1.31. A singleton is a deformation retract of I = [0, 1], the unit disc B> and R?.

Example 1.32. §" is a deformation retract of X = R"+!\ {0}. To see why, we have a

continuous map
H:X xI—X suchthat H(x,r)=(1—1)x+tx/|x||

Example 1.33. A singleton is a retract, but not a deformation retract, of two distinct

singletons. To see why, use connectedness.
Example 1.34. A singleton is a retract, but not a deformation retract, of a circle.

Example 1.35 (Munkres p. 366 Question 1). Show that if A is a deformation retract of
X and B is a deformation retract of A, then B is a deformation retract of X.

Solution. By definition, there exist continuous maps G: X xI - X and H:AXI — A
such that

forallx € X we have G(x,0) =xand G(x,1) €A and
foralla € A we have H(a,0) =a and H(a,1) € B

Moreover, forallt €1, a € A, and b € B, we have
G(a,t)=a and H(a,t)=>b.
We need to construct a continuous map F : X x I — X such that

forallx € X we have F(x,0) =xand F(x,1) € B.
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Also, for all 1 € I and b € B, we must have F(b,t) = b. The required continuous map is

Fixd) G(x,2t) if0<r<1/2;
X,t) =
H(G(x,1),2t—1) if1/2<t<1.

We proceed with a verification — when ¢ = 1/2, the first piece-wise component implies
F(x,1/2) = G(x,1) € A whereas the second piece-wise component implies F(x,1/2) =
H(G(x,1),0). By the hypothesis, it was mentioned that G(x, 1) € A, so there exists ag € A
such that G(x,1) = ag. Hence, H(G(x,1),0) = H(ap,0) = ap € A, which corresponds
with what we had earlier.

Moreover, when ¢t = 1, we have F(x,1) = H(G(x,1),1) = H(ap,1) € B, which corre-
sponds to the hypothesis as we require F(x, 1) € B. O

Lemma 1.17. Let h,k : (X,x9) — (Y,y0) be continuous maps. If 4 and k are ho-
motopic and the image of the base point xo of X remains fixed at yy during the

homotopy, then the homomorphism

hiks : (X, x0) — m(Y,y0) where [f]— [ho f],[ko f] are equal.

Proof. By assumption, there is a homotopy H : X x I — Y between & and k such that
H(xg,t) = yg for all t. If f is a loop in X based at x, the composite

id )
IfoL>X xI 2y s a path homotopy between ko f and ko f.

This is because H maps xg X I to yy. [l

Theorem 1.17. If A is a deformation retract of X and xg € A, the inclusion map
J:(A,x9) — (X,xp) induces

an isomorphism  j, : m(A,x9) = 7 (X, x0) of fundamental groups.

Corollary 1.6. The inclusion map
j:S" = R"1\ {0} induces anisomorphism j, : 7 (S, bg) — m (R*T1\ {0},b)

of fundamental groups.

Example 1.36. The punctured xy-plane (R?\ {0}) x 0 is a deformation retract of the space
R3\ B, where B is the z-axis in R? via

H:(R3\B)xI— (R*\B), where H(x,y,z1)=(x,y,(1—1)z).
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]
/T T
=

Figure 1.9: The punctured xy-plane is a deformation retract of R?\ B

As shown in the figure above, we have 7 (R?\ {0} ,b¢) = 71 (R \ B,by). Whent = 0, we
have H (x,y,z,0) = (x,y,z), which means H starts with the identity map on R?\ B; when
t =1, we have H(x,y,z,1) = (x,y,0), which collapses every point (x,y,z) € R*\ B onto
the plane z = 0.

Example 1.37 (figure-eight space). The figure-eight space is a deformation retract of the
doubly punctured plane R?\ {p, g} via a three-stage deformation.

i

o o —_—
P q

AT | {1y

D-ce

Figure 1.10: The figure eight space is a deformation retract of the doubly punctured plane

Example 1.38 (theta space). The theta space 8 = S' U (0 x [—1,1]) is a deformation
retract of the doubly punctured plane R?\ {p,¢}. Intuitively, think of the theta space as

the circle S' with a vertical line through its centre.

Remark 1.7. We infer that the figure-eight space and the theta space have isomor-
phic fundamental groups even though neither is a deformation retract of the other.

Definition 1.24 (homotopy inverse). A homotopy inverse of a continuous map f :
X —=Yis

acontinuousmap g: ¥ — X
such that

go f:X — X is homotopic to the identity map of X and
fog:Y —Y is homotopic to the identity map of Y.

Then, f is a homotopy inverse of g.
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Definition 1.25 (homotopy equivalence). A homotopy equivalence from X to Y is
a continuous map f : X — Y for which
there eixsts a homotopy inverse g: ¥ — X.

X and Y are homotopy equivalent if and only if there exists a homotopy equivalence
fromX toY.

Example 1.39. A homeomorphism is a homotopy equivalence.

Remark 1.8 (homotopy type). Homotopy equivalence is an equivalence relation
among topological spaces. Reflexivity and symmetry are obvious. To see why

homotopy equivalence is transitive, suppose

f:X — Y is a homotopy equivalence from X toY and

h:Y — Z is a homotopy equivalence from Y to Z,

then ho f : X — Z is a homotopy equivalence from X to Z. An equivalence class

for this equivalence relation is a homotopy type.

Example 1.40. Let X be a topological space and A C X be a deformation retract of X.
Then, the canonical inclusion j : A — X is a homotopy equivalence from A to X.

Example 1.41. The figure eight space and the theta space are deformation retracts of the
doubly punctured plane R?\ {p, g} so they have the same homotopy type (or that they are

homotopy equivalent spaces) even though neither is a deformation retract of the other.

Theorem 1.18. Let f: X — Y be a homotopy equivalence with f(xp) = yo. Then,
frim(X,x0) = m(Y,yo) isanisomorphism.

In other words, 7; (X, xp) is a homotopy type invariant of (X,xo).

Proof. Let g:Y — X be a homotopy inverse for f. Consider the maps and the induced

homomorphism.
(va()) E— (YayO) ﬂl(X,X()) M 7751(Y,y0)
gOfl / lfog (gof)*l % l(fog)*
(X,x1) T (¥.y1) m (X, x1) —— m(Y,y1)
By the hypothesis,

gof:(X,x0) = (X,x;) isisomorphic to idy : (X,x9) = (X,x0).
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So, there exists a path o in X such that
(g0 f)x = o (idx): =@

50 g+ © (fy,)+ = (g0 f)« is an isomorphism. Similarly, (fy, )« o g« = (f ©g)« is an isomor-
phism. Therefore, g, is an isomorphism, and so is (fy,)« = (g*)_l od. O]

Theorem 1.19 (Fuch’s theorem). Two spaces X and Y have the same homotopy type if

and only if there exists a single space Z such that

X and Y are homeomorphic to deformation retracts of Z.

Definition 1.26 (degree of continuous map). Let 4 : S! — S! be a continuous map.
We define the degree of h as follows: let by = (1,0) € S'. Choose a generator y
for the infinite cyclic group 71 (S', bg). If xq is any point of S', choose a path o in
S! from by to xo and define y(xg) = &(y). Then, y(xo) generates 7;(S!,x). The
element y(xg) is independent of the choice of the path o since the fundamental

group of S! is Abelian.

Choose x € S! and let /(xo) = x1. Consider the homomorphism
hy (St x0) = my (SY,x0)
Since both groups are infinite cyclic, we have
h(y(x0)) =dy(x;) forsomed € Z.

We say that d is the degree of / and it is denoted by degh.

Note that the degree of 4 is independent of the choice of the generator ¥; choosing the
other generator would merely change the sign of both sides of the equation &, (y(xp)) =

dy(x1).
Example 1.42 (Munkres p. 366 Question 9). The following properties hold:

(a) The degree d is independent of the choice of xg.

(b) If

h,k:S' — S! are homotopic, then they have the same degree.

(c) We have deg(hok) = (degh) - (degk).

(d) The degree of the constant map is 0, the degree of the identity map is 1, the degree
of the reflection map p(x1,x3) = (x1,—x) is —1, and the degree of the n™ power

map h(z) = 7", where z € C, is n.

(e) If h,k:S' — S! have the same degree, they are homotopic.
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1.10 Fundamental Group of a Union (Seifert-van Kam-
pen Theorem)
Theorem 1.20 (Seifert-van Kampen theorem). Suppose X = U UV, where U and V

are open and path-connected sets of X, with U NV non-empty and path-connected.
Suppose xg € U NV, and let

i:U—X and j:V —X beinclusion mappings.
Then, m; (X,xp) is generated by the images of
ix 1 T (U,X()) — (X,X()) and Jx 1T (V,XQ) — (X,X()).

That is, for any loop f in X based at x, there exist loops g; in U or in V based at x
such that f is path homotopic in X to (g1 * (g2* (... *gn))).

Remark 1.9. The assumption that U NV is path-connected in Theorem is an impor-

tant assumption.

Proof. Let f: 1 — X be aloop in X based at xo. Since {U,V} is an open covering of X,

apply the Lebesgue number lemma to choose finite subdivisions of /
0=agp<a; <...<a,=1 fine enough such that

for each i, we have f(|a;—1,a;]) is contained in either U or V. If for any index i, we
have f(a;) U NV, theni# 0 and i # n since f(ap) = f(an) = xp is in U NV, and both
f(lai—1,a;]) and f([ai,ait+1]) are contained in either U or V. Hence,

fla;)) eU\VorV\U implies f([aj_1,a;+1]) is contained in U or V.

For each index 1 <i < n, define f; to be the path in X given by the positive linear map of
I onto [a;_1,a;] followed by f. We then choose a path a; in U NV from xg to f(a;) (this
1s possible since U NV is path-connected) with o and o, being the constant path at x.

By setting g; = (@;_1 * f;) * @;. Then, g; is a loop in U or in V based at xy and

[g1]*[ga] .. [gn] = [l [fa] - [fa] = f-

Remember to include the figure from CCW’s notes/Munkres ]

Corollary 1.7. Suppose X = U UV, where U and V are open sets of X with U NV # () and

path-connected. If U and V' are simply-connected, then X is simply-connected.

Remark 1.10. Break up S! into its upper half and lower half, so the union of these two
halves yields S!. However, their intersection yields two singletons, so this is not con-

nected. Hence, the previous corollary is not applicable.

Theorem 1.21. If n > 2, the n-sphere S” is simply-connected.
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Proof. Let
p=1(0,...,0,1) and g = (0,...,0,—1) denote the north pole and south pole of S" respectively.

Let U =S"\ {p} and V =S"\ {¢} be punctured planes. Define
1

the stereographic projection f: S"\ {p} — R" suchthat f(x)=f(x1,...,%41) = T
— An+1

f is a homomorphism with inverse given by

g:R"— (S"\{p}) where g(y)=gi,.--svn) =) V1,---:1(y) -y, 1 —1(y)) .

Here,

B 2

=—s.
1+ lyll

t(y)

Thus, U and V are homeomorphic in R” and simply-connected. Now, U NV = S\
{p,q} # 0, homeomorphic to R"\ {0} under stereographic projection, and hence path-
connected for n > 2.

This implies every point of R”\ {0} can be joined to a point of S"~! via a straight-line
path and S~ is path-connected for n > 2. ]

1.11 Fundamental Groups of Some Surfaces

Theorem 1.22 (fundamental group of product). m(X X Y,xo X yo) =
1 (X, x0) x 71 (¥, y0)

To be precise, let
p:XxY—=X and ¢g:XxY —=Y be projection mappings.
Then, the homomorphisms
i (X XY, x0 X yo) — m (X,x0) and g :m (X xXY,x0 xy9) = m (Y, y0)
induce the homomorphism
D (X xY,x9 X yo) = m(X,x0) X 7 (Y, ¥0),
where

[f1= @([f]) = p«([f]) x g«([f]) = [po f1 x [g o f].

Then, & is an isomorphism.

Corollary 1.8 (fundamental group of torus). The fundamental group of the torus T =
S!' x S! is isomorphic to Z x Z.

(xl,...



40 CHAPTER 1. FUNDAMENTAL GROUPS

Example 1.43 (Munkres p. 375 Question 1). Compute the fundamental groups of the
solid torus S' x B* and the product space S! x S2.

Solution. We first compute the fundamental group of the solid torus. Suppose xg € S'
and yo € B%. Then,

7 (St x B?,x0 X yo) = my (SY,x0) X 71 (B%,y0) 2 Z x {e} =7 where {e} denotes the trivial group.

We then compute the fundamental group of the product space S' x S?, which is isomor-
phicto Z x {e} = Z. O

Corollary 1.9. my (S x ... x S!,x9) = Z®"; this is the fundamental group of the n-dimensional

torus.

Example 1.44 (Munkres p. 366 Question 2). For each of the following spaces, the
fundamental group is either trivial, infinite cyclic, or isomorphic to the fundamental group
of the figure eight. Determine for each space which of the three alternatives holds.

(a) The solid torus B> x S'. (d) The infinite cylinder S' xR
(b) The torus T with a point removed (e) R3 with non-negative x, y, and z axes

(¢) The cylinder S! x I deleted
The following subsets of R?:

() {x:fxfl >1} G {x: I <13 ) STURE xR) - (vii) R*\ (R4 x0)
) {x:|x]|>1} @v) S'UR, x0) (vi) S'TU(R x0)

Solution. We first discuss (a) to (e).

(a) The fundamental group is Z, which is infinite cyclic.

(b) The fundamental group of T with a point removed is isomorphic to that of the figure
eight

(¢) We can retract the cylinder onto one of its circular boundaries without altering its
fundamental group, hence the fundamental group of the cylinder is isomorphic to
that of the circle, which is Z

(d) Same argument as (d); the fundamental group is Z

(e) The space retracts onto S*\ {p,q,r} = R?\ {s,¢}
We then discuss (i) to (vii).

(i) The fundamental group is isomorphic to Z
(ii) Same explanation as (ii)
(iii) Trivial group
(iv) The fundamental group is isomorphic to Z since R™ x 0 can be retracted to (1,0)

(v) The fundamental group is isomorphic to Z
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(vi) The fundamental group is isomorphic to the figure eight as R x 0 can be retracted
to the line segment from (—1,0) to (1,0) which is homotopic to the figure eight

(vii) Trivial group O]

Definition 1.27 (real projective space). The real projective n-space RP" is the quo-
tient space obtained from S"” by identifying each point x € S"” with its antipode
—x € S". That is,

RP" = §"/ {1}

Definition 1.28 (topological n-manifold). Let X be a topological space. We say that
X is an n-manifold if

(i) X is locally homeomorphic to R”, i.e. for any x € X, there exists an open
neighbourhood U C X of x such that U is homeomorphic to R”
(ii) X is Hausdorff

(iii) X is second-countable (countable basis for its topology)

Theorem 1.23 (covering map from sphere to real projective space). RP" is a com-

pact topological n-manifold. The quotient map p : S” — RP" is a covering map.

Example 1.45. A surface is a connected topological 2-manifold.

Example 1.46 (fundamental group of projective space). m;(RP?,y) is a group of order 2.

To see why, consider the projection p : S> — RIP? which is a covering map. Since S?
is simply-connected, then there exists a bijective correspondence between 7; (]RIP’z, y) and
p~1(y). Since this is a two-element set, then 7 (RP?,y) is a group of order 2. Any group
of integers is isomorphic to Z/2, i.e. the integers modulo 2.

Example 1.47 (Munkres p. 375 Question 2). Let X be the quotient space obtained from
B? by identifying each point x € S! with its antipode —x. Show that X is homeomorphic
to the projective plane RP2.

Solution. Consider X as constructed from B identified with the closed upper hemisphere
of S?. Let

p:S* 5> RP? and q: B> X be quotient maps

and 7 : S — B? be such that
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This is a quotient map as U C S? implies 7(U) is open and V C B? is open implies
n~'(V) =V U(-V) is open. We construct the following commutative diagram:

2 P, Rrp?

TL'\L lr

B 1 x
As go T is a quotient map, then r : RP?> — X is also a quotient map. Since for every
x € X, we have (gom)~!(x) = {x,—x} € RP? and every equivalence class {x, —x} can
be regarded as the inverse image of this type, then r is a bijection. This implies RP? =
{(gom)~!(x) : x € X }. We conclude that r is a homeomorphism. O

Example 1.48 (Munkres p. 375 Question 4). The space RP! and the covering map
p:S! — RP! are familiar ones. What are they?

Solution. Think of the space RP! as the set of lines through the origin in R?. In other
words, this is the space of equivalence classes of points on the circle S!, where two points
on S! are equivalent if and only if they are antipodal (will formally define this when
discussing the Borsuk-Ulam theorem). As such, the covering map p gives a natural way
to relate points on the circle S' to lines through the origin in R U

Lemma 1.18 (fundamental group of figure eight). The fundamental group of the

figure eight space is not abelian.

Proof. Let X denote the union of two circles A and B in R? whose intersection is the

single point xo. We shall describe a certain covering space E of X.

The space E is the subspace of the plane consisting of the x-axis and the y-axis, along

with tiny circles tangent to these axes,

one circle tangent to the x-axis  at each non-zero integer point
and

one circle tangent to the y-axis  at each non-zero integer point

As shown in Figure[I.T1] the projection map p : E — X wraps the x-axis around the circle
A and wraps the y-axis around the other circle B; in each case, the integer points are
mapped by p onto the base point xg. Each circle tangent to an integer point on the x-axis
is mapped homeomorphcially by p onto B while each circle tangent to an integer point
on the y-axis is mapped homeomorphically onto A; in each case, the point of tangency is

mapped onto the point xo. Note that each p is a covering map.
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Figure 1.11: Fundamental group of figure eight

To express the above in terms of equations, we can do so as follows: let

f:1— E be the path f(s) =sx0 going along the x-axis from (0,0) to 1 x 0.
Similarly, let

g:1— Ebethepath g(s) =0xs going along the y-axis from (0,0) to 0 x 1.

Let f=p ofand g =pog,then f and g are loops in the figure eight based at xy going
around the circles A and B respectively. It suffices to prove that

f*gand gx f are not path homotopic.

To see why, we shall lift each of these to a path in E beginning at the origin. The path
S * g lifts to a path that goes along the x-axis from the origin to 1 x 0 and then goes once
around the circle tangent to the x-axis at 1 x 0. On the other hand, the path g * f lifts to a
path in E that goes along the y-axis from the origin to 0 X 1, and then goes once around
the circle tangent to the y-axis at 0 x 1. Since the lifted paths do not end at the same point,

then f * g and g * f are not path homotopic. [

Example 1.49 (fundamental group of figure eight). We shall compute the fundamental
group of the figure eight space X, which can be regarded as the wedge sum of two circles
S'AS. Let U,V = S! which intersect at a single point xo. So, X = U UV = S'US! and
unv = {XO}.

Since it is a well-known fact that the fundamental group of a circle based at xg is the
integers Z, then 7, (U, xp) = w1 (V,x0) = Z. Also, the fundamental group of a singleton is
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the trivial group {e}. So, m (U NV,xy) = {e}. By the Seifert-Van Kampen theorem, we
have the isomorphism

T (X,X()) = 4 (U,X()) * TT| (V,XO)/N.

Recall that N is the least normal subgroup of the free product that contains all elements
represented by words of the form (i1(g))'i2(g), where g € (U NV,xg). Since 7(U N
V,xo) = {e}, then any normal subgroup of this fundamental group is also trivial, for which
it follows that 7 (X,x0) = Z*Z = {(a,b) = F>. Here,

(a,b) denotes the free group generated by @ and b, or equivalently, the free group on two letters = F

So, the fundamental group of the figure eight space X is F>.

Example 1.50 (Munkres p. 375 Question 3). Let X be the union of two circles A and B
in R? (figure eight space). Define p : E — X to be the map which wraps the x-axis around
circle A and wraps the y-axis around the other circle B. Let E’ be the subspace of E that

is the union of the x-axis and the y-axis. Show that p|gs is not a covering map.

Solution. Consider the base point xp, which is the centre of the figure eight space. A
neighbourhood xy € U contains the union V of open intervals in A and B whose intersec-

tion is exactly {xo}.

So, (p|gr)~!(V) is equal to the union of open intervals around integers on the x-axis
and the union of open intervals around integers on the y-axis. However, none of these
intervals is homeomorphic to V since removing an integer in an interval gives two con-
nected components, while removing its image in V gives four connected components. It
follows that p|gs is not a covering map. U

Definition 1.29 (double torus). The double torus T#T is the surface obtained by taking
two copies of the torus T, deleting a small open disc from each of them, and pasting the

remaining pieces together along their edges.

Theorem 1.24. The fundamental group of the double torus T#T is non-abelian.

Proof. The figure eight is a retract of T#T.

Figure 1.12: Fundamental group of double torus
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1.12 The Borsuk-Ulam Theorem

Definition 1.30 (antipode-preserving map). A map i :S" — S™ between spheres is antipode-

preserving if and only if
h(—x) = —h(x) forall x € S".

Theorem 1.25. For any n € Z*, if h: S" — S" (i.e. map from n-sphere to itself) is
continuous and antipode-preserving, then 4 is of odd degree and hence not nulhomotopic.

Theorem 1.26. If S' — S! is continuous and antipode-preserving, then A, : 7 (S!,1) —

n(S!, 1) is non-trivial, and hence 4 is not nulhomotopic.

Proof. We shall regard S' < C*. First, assume that 4(1) = 1. Let p : S' — S! be any
rotation of S! sending /(1) € S! to 1 € S!. Note that p is antipode-preserving, hence p o &

is also antipode-preserving and p o/ fixes 1 € S!.

Also, if H is a homotopy between & and a constant map, then p o H is a homotopy be-
tween p o h and a constant map. Hence, p o H is not nulhomotopic, which implies /% is not

nulhomotopic.

Let g : S! — S! be the squaring map defined by ¢(z) = z>. Note the following properties:
* g is a 2-fold covering map since every non-zero complex number has two distinct
square roots
* g is a quotient map with ¢~ !(z) = {£z}, i.e. ¢ identifies S'/ {£1} = RP' with S!

« Since & is continuous and antipode-preserving, it induces a continuous map k : S' —

S! such that kog = goh, i.e. the following diagram commutes:

st sl

| o

st £ st
Next, we prove that
ke :m (S',1) = 7 (S',1) is non-trivial.

If fis a path in S! from 1 to —1, then f = quis a loop in S! based at 1. Also, hOJ7
is also a path in S from 1 to —1 as i(1) = 1 and 4 is antipode-preserving. Also, [f] is a
non-trivial element of 7 (Sl, 1) as fis a lifting of f over the covering map ¢ that begins

at 1 but does not end at 1.

Hence,

ki[f] =lko(qof)]=[go(hof)] isanon-trivial element of 7171(81 ,1)
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because ho fis a lifting of go (ho f) over the covering map ¢ that begins at 1 but does
not end at 1.

We then claim that
hy :my (ST, 1) — m(S', 1) is non-trivial.
This follows from the fact that the following square commutes (due to functoriality):

nl(Sl,l) _ nl(Sl,l)

| I

ms )=z 55 ms1)=2

k. 1s injective because it is a non-trivial homomorphism from Z to Z. Also, g. 1s injective

as ¢ is a covering map. The result follows. ]

Theorem 1.27. For any positive integers m and n such that m > n, there does not exist a

continuous and antipode-preserving map

g:S" —S" from the m-sphere to the n-sphere.

Corollary 1.10. There does not exist a continuous and antipode-preserving map

g:S?> —S!'  from the 2-sphere to the 1-sphere.

Proof. Suppose on the contrary that g : S> — S! is a continuous and antipode-preserving
map. Let j: S! — S? be the inclusion map of the equator, which is also continuous and
antipode-preserving.

Then, h = go j is a continuous and antipode-preserving map S' — S'. So, # is not nulho-
motopic. Define E to be the upper hemisphere of S?. Then, g|g is a continuous extension
of hto EX B2, so his nulhomotopic, which is a contradiction. As such, such a g cannot
exist. O

Theorem 1.28 (Borsuk-Ulam theorem). For any n € Z>( and any continuous map f :
S R there exists x € S" such that f(x) = f(—x) in R"*1,

Corollary 1.11. Any continuous map f : "t — R"*! is not injective.

Theorem 1.29 (Borsuk-Ulam theorem for S?). For any continuous map f : S> — R2,
there exists x € S? such that f(x) = f(—x) in R?.
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Proof. Suppose on the contrary that f : S> — R? is a continuous map such that f(x) =
f(—x) for all x € S2. Then, the trick is to define S*> — S! given by

)~ f()
17— 7l

is a continuous and antipode-preserving map, which contradicts an earlier theorem (or

g(x)

rather, corollary) that there does not exist a continuous and antipode-preserving map from
the 2-sphere to the 1-sphere. ]

‘We then introduce the Lusternik-Schnirelmann theorenﬂ

Theorem 1.30 (Lusternik-Schnirelmann theorem). For n > 1, suppose S" is covered
by n+ 1 many closed subsets. Then, at least one of them contains a pair of antipodal
points.

Proof. Suppose Ag,Aq,...,A, CS" are n+ 1 closed subsets and

n

Jai=s"

i=0
Consider the map f : S" — R” given by

f(x)=(d(x,A1),...,d(x,A,)) forallxeS".
Here,
d(x,A;) =inf{d(x,y) e R>p:y € A;}.

Note that f is a continuous real-valued function of x € S" and

d(x,A;) =0 ifandonlyif x € A; since A; is closed.

By the Borsuk-Ulam theorem, there exists a pair of antipodal points x, —x € S" such that
f(x) = f(—x) inR", ie. forall I <i<n, we have d(x,A;) =d(—x,A;).

If there exists 1 < i < n such that the above holds, then we have x,—x € A; and we
are done. Suppose otherwise, then for all 1 <i <n, we have x ¢ A; and —x & A;. So,
0 =x+ (—x) € Ap and the result follows as well. O

Theorem 1.31 (bisection theorem in R"). For any n € Z>¢, given n many bounded
Jordan-measurable sets (boundary has Lebesgue measure) in R”, there exists a hy-
perplane of dimension n — 1 in R” that bisects them all.

3When I audited this class back in AY24/25 Semester 1, Prof. Chin Chee Whye mentioned that it
is kind of cute — this is the nature of topological results when relating the Borsuk-Ulam theorem to the
following theorem by Lusternik and Schnirelmann.
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Theorem 1.32 (bisection theorem in R?). For any two bounded polygonal regions

in R?, there exists a line that bisects each of them.

A A

Y

Figure 1.13: Bisection theorem in R?

Proof. We take two bounded polygonal regions A; and A; in the plane and show that
there exists a line L in this plane that bisects each of them. Given a point u € S?, we shall
consider the plane P in R? passing through the origin that has « has its unit normal vector.
This plane divides R? into two half-spaces. Let f; (u) be the area of the portion of A; that
lies on the same side of P as does the vector u.

If u is the unit vector k, then f; () is the area of A;; if u = —K, then f; (u) = 0. Otherwise,
the plane P intersects the plane R? x 1 in a line L that splits R? x 1 into two half-planes,
and f;(u) is the area of that part of A; that lies on one side of this line. Replacing u by —u
gives us the same plane, but the other half-space, so that f;(—u) is the area of that part of
A; that lies on the other side of P from u. It follows that

fi(u) + fi(—u) = area of A;.
Now, consider the map
F:S* 5 R? definedby F(u)=(fi(u), fr(u)).

The Borsak-Ulam theorem (Theorem [1.29) gives us a point u € S? for which F(u) =
F(—u). Then, f(u) = fi(—u) for i = 1,2 so that f;(u) is 5 - area A; as desired. O
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The Cauchy Integral Formula

2.1 The Winding Number of a Simple Closed Curve

Recall the definition of an induced homomorphism on fundamental groups, i.e.
hy . m (X,.X()) — T (Y,)’O)

This is defined to be the map that takes a loop in X based at xy and applies & to produce a
loop in Y based at yy.

Definition 2.1 (winding number). Let #:S! — R?\ {(0,0)} be a continuous map.
Suppose the induced homomorphism £, carries a generator of the fundamental
group of S' to some integral power of a generator of the fundamental group of
R?\ {(0,0)}. Then, the integral power  is called

the winding number of / with respect to the origin (0,0).

Geometrically, one can think of the winding number of a continuous map 4 as the number
of times /& wraps the circle S! around the origin (0,0); its sign depends on the choice of

generators.

Example 2.1 (winding numbers of some closed curves). Consider the following curves
in R? as shown in Figure Recall some basic topology from MA2104 and/or MA3209
that these curves are simple as they loop back onto themselves, forming continuous shapes
with no open ends. However, they are not simple because they intersect themselves at

multiple points.

One can easily check that the winding numbers of these closed curves are £2 and 0

respectively.

49
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oo dy
v @

Figure 2.1: Winding numbers of some closed curves in R?

Now, we ask the question: what can one say about the winding number of 4 if & is

injective, 1.e.

h is a homeomorphism of S!  with a simple closed curve C in R?\ {(0,0)}?

A R
NS=% b

Figure 2.2: Winding numbers of some simple closed curves in R?

)

Figure suggests that if (0,0) belongs to the unbounded component of R?\ C, then
n = 0; if (0,0) belongs to the bounded component of R?\ C, then n = +1. The first
property is quite easy to prove but the second is deep and difficult. However, we will

prove neither result here. The main result needed to prove it is as follows.

Theorem 2.1. Let C be a simple closed curve in S? and suppose p, ¢ lie in different

components of S?\ C. Then, the inclusion map

j:C=S*\{p,q} induces an isomorphism of fundamental groups.

This theorem is a special case of a rather deep theorem of Algebraic Topology, concerning
with what is called the linking number of two disjoint subspaces of S”"!, one home-
omorphic to an m-sphere and the other homeomorphic to an n-sphere. This is related to
the Alexander duality theorem. The special case of our theorem is that of a O-sphere (a
two-point space) and a 1-sphere (a simple closed curve) in S?.

2.2 The Cauchy Integral Formula

One of the central theorems in the study of functions of a complex variable is the one
concerning the Cauchy integral formula for analytic functions. For the classical version

of this theorem, we need to assume two things, which are the

Jordan curve theorem and the winding number theorem (Theorem [2.1]).
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We begin our discussion with a more formal introduction of winding numbers.
Definition 2.2 (winding number). Let f be a loop in R? and a be a point not in the
image of f. Set

fls)—a
[1f(s) —all

Let p: R — S! be the standard covering map and g be the lifting of g to S!. Since

g(s) = so gisaloopinS'.

g is a loop, the difference g(1) — g(0), which is an integer, is known as the winding
number of f with respect to a, denoted by n(f,a).

R
4

SITSI

The lift g tracks how g winds around the circle. Since g is a loop, it makes sense that
g(1) —g(0) is an integer, which tells one how many times g winds around S'. Also, note
that n(f,a) is independent of the choice of the lifting of g, i.e. if g is one lifting of g, then
uniqueness of lifting implies that any other lifting of g has the form g(s) + m for some
m € 7.

Definition 2.3 (free homotopy). Let F : I x I — X be a continuous map such that
F(0,t) =F(1,t) forallz.

Then, for each 7, the map f;(s) = F(s,t) is a loop in X. The map F is called a free
homotopy between the loops fy and f. It is a homotopy of loops in which the base
point of the loop is allowed to move during the homotopy.

Lemma 2.1. Let f be aloop in R?\ {a}. Then, the following hold:

(a) If f is the reverse of f, then n (f,a) = —n(f,a).

(b) If f is freely homotopic to f’ through loops lying in R?\ {a}, then n(f,a) =
n(f',a).
(¢) If a and b lie in the same component of R?\ f(I), then n(f,a) = n(f,b).

Proof. We first prove (a). Recall that
n(f,a) =g(1)—g(0) where g(s) is the lifting of g(s) =

By replacing s with 1 —s, we can compute n (f,a). Consequently, this changes g(1) —
2(0) by a sign.
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To prove (b), suppose F is a free homotopy between f and f’. Define

F(s,t)—
G:IxI—S' by theequation G(s,7)= M.
|F(s,1) —al
Let G be a lifting of G to R, so G(1,1) — G(0,7) is an integer for all 7. Since G is continu-

ous, then it is a constant.

Lastly, we prove (c). Let o be a path in R?\ f(I) from a to b. By definition of winding

number, we have

n(fva) = n(f—a, (070))

This is obvious since 7 is invariant under translations, so the winding number of f around
a 1s the same as the winding number of the translated map f — a around the origin. Since
f(s)—a(t) is a free homotopy in R?\ {(0,0)} between f —a and f — b, the result follows.

[]

Definition 2.4 (simple loop). Let f be a loop in X. We say that f is a simple loop
if f is injective, i.e. f(s) = f(s") implies s = §', or if one of the points s,s” is 0 and
the other is 1.

Proposition 2.1. If f : X — X is a simple loop, then its image set is a simple closed

curve in X.

0  ifa lies in the unbounded component of R?\ f(I);
n(f,a) =

+1 otherwise.

Definition 2.5 (counterclockwise and clockwise loops). Let f be a simple loop in
R2. f is a counterclockwise loop if n(f,a) = 1 for some a (hence, for every a) in
the bounded component of R?\ f(I). On the other hand, f is a clockwise loop if

| Theorem 2.2. Let f be a simple loop in R2. We have
| n(fra) =—1

Example 2.2. The standard loop p(s) = (cos2s,sin27xs) is a counterclockwise loop.

entiable curve in the complex plane. Let B be the bounded component of R?\ C. If
f(z) is analytic (can be expressed as a Taylor series) in an open set  that contains
B and C, then for every a € B, we have
1 2z
fla) = — 1) dz.

Theorem 2.3 (Cauchy integral formula). Let C be a simple closed piecewise differ-
- 2miJcz—a
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I The sign 1s positive if C is oriented counterclockwise, and negative otherwise.
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CHAPTER

Group Theory

3.1 Generation of Modules

Recall from MA3201 Algebra II the following: if we have an R-module M and let
{N; },.ca be any collection of R-submodules of M, then

ﬂ N, 1is also an R-submodule of M.
AeA

In other words, the arbitrary intersection of R-submodules of M is also an R-submodule
of M. In fact, the intersection is the largest R-submodule contained in every N .

Every Abelian group can be regarded as a Z-module. So, we have the following fact:

{Abelian groups} C {R-modules}

Definition 3.1 (submodule generated by a subset). Let M be an R-module. For
every A C M, let

m
RA = {Z riagi:ri €RaieAforalll <i<m,me Z+} be the submodule of M generated by A.
i=1

Alternatively, Definition @ can be interpreted as follows. For any A C M, consider the
collection of all R-submodules N of M containing A, i.e. A C N. Then, the intersection
over this collection is thus also an R-submodule of M. It is called the R-submodule of
M generated by A, denoted by RA or (A) (this shares a similar notion with ideals). As

mentioned, this intersection is the smallest submodule of M which contains A.

For any A C M, we can also interpret RA as follows:

Proposition 3.1. RA can be interpreted as the set of finite sums in M of the form
rioq +...+r0, where ry,...,r € Rand ay,...,0 € A.

55
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If A={ay,...,a,} C M is a finite set, we shall write

Rai+ ...+ Ra, todenote RA, whichisequivalentto Zaj+ ...+ Za,.

Theorem 3.1 (universal property of free modules). The subset A C M corresponds
to the set-map @ : A < M. By the universal property of the free R-module R¥4,
there exists a unique R-module homomorphism such that the following diagram

commutes:

R@ALM

A

Then, RA = @ (R%*) is the image submodule of this homomorphism.

Definition 3.2 (generating set of a module). If N is a submodule of M (possibly
N = M) and N = RA for some A C M, we say that A is a set of generators or
generating set for N, and we say N is generated by A.

This is equivalent to saying that N is generated by the subset A C M if and
only if the image module & (REBA) in M is equal to N.

is finitely generated if there exists some finite subset A C M such that N = RA, i.e.
if N is generated by some finite subset.

Equivalently, there exists a finite subset A C M such that N is equal to the
image module ® (R@A) in M if and only if there exists n € N such that N is
isomorphic to a quotient of the free module R” of rank n.

Definition 3.4 (cyclic submodule). A submoule N of M (possibly N = M) is cyclic
if there exists an element a € M such that N = Ra, that is, if N is generated by one
element, 1.e.

N=Ra={ra:r€R}.

Equivalently, there exists a € M such that N is equal to the image module ®(R) =
{ra€ M :r € R} in M if and only if N = R/I for some ideal I of R.

Definition 3.5. Let M be an R-module and let {N },., be any collection of R-
submodules of M. Take

A= M.
AeA

| Definition 3.3 (finitely generated module). A submodule N of M (possibly N = M)
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The sum of the R-submodules N, is equal to

Z N, = {finite sums x;, +.txy, AL A € Aand xy, EN,.}.
AeA

It is the smallest submodule of M containing every N, .

Definition 3.6 (direct product). Let M,N be R-modules. The direct product of M
and N is the R-module M x N which can be regarded as the product of the additive
groups (M, +,0y,—) and (N, +,0x,—) and the properties of scalar multiplication

are satisfied.

In general, let {Mqy},-4 be a family of R-modules (indexed by A). The
direct product of the family {My} ., is the R-module

[1 M

aEA

with an underlying additive group and the properties of scalar multiplication are
satisfied.

Lemma 3.1. The canonical projection maps
7y : M x N — M where (m,n) —m and 7wy : M x N — N where (m,n) —n
are surjective R-module homomorphisms with

ker(my) = {0y} x N and ker(my) =M x {Oy}.

Definition 3.7 (direct sum). Let M,N be R-modules. The direct sum of M and N
is the R-module M x N, denoted by M & N.

In general, if {Mg},c4 is a family of R-modules (indexed by A), the direct
sum of the family {My} 4 is the R-module

D Mo
acA

which is defined to be the R-submodule of

H M, consisting of elements which are zero in almost all components.
aEA

Example 3.1 (Munkres p. 411 Question 1). Suppose that G = Y Gy. Show this sum is
direct if and only if the equation
xdl+"‘+xdn :O

implies that each xq; equals 0. Here xq, € G, and the indices ¢; are distinct.
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Solution. We first prove the forward direction. Suppose the sum is direct. Given the
uniqueness of the representation and that 0 = 0+ ...+ 0 regardless of which groups are

considered in the sum, it follows that xo, =0 forall 1 <i <n.

We then prove the reverse direction. Suppose for some x € G, we have two decompo-

sitions as follows:
X=X t+...+Xeq, =Yp, t+---TVB,-

Then, xq, +...+Xq, =Yg, —---—yp, = 0. If there exist i and j such that o; = 3;, then

1
Xo; = YB;» and for all other indices ; and 3;, we must have x¢, = Yg; = 0, implying that

the sum 1is direct. O

Example 3.2 (Munkres p. 411 Question 2). Show that if G, is a subgroup of G, there
may be no subgroup G; of G such that G = G| & G».
Hint: Set G = Z and G| = 27Z.

Solution. Take G = Z and G| = 27Z. One checks that G; < G. Suppose on the contrary
that there exists G, < G such that G = G| & G;. Then, G, must be the set of odd integers
(since the sum G + G is direct and they must generate the group of integers Z). However,
the closure property in the set of odd integers 2Z + 1 fails since the sum of two odd

integers is not odd. U

Lemma 3.2. The canonical inclusion maps
iyMy:M— M&N where m— (m,0y) and iy: N — M@ N where n — (Op,n)
are injective R-module homomorphism with

iM(M) =M x {ON} and iN(N) = {OM} X N.

3.2 Free Modules

Definition 3.8 (free module). For any set A, the free R-module on the set A is the
R-module
F(A)=R"* =W =(.
ocA
In other words, the free R-module is the direct sum of the family of R-modules
indexed by A, with each member being a copy of the regular R-module R.

Definition 3.9 (free module). An R-module F is said to be free if and only if there
exists a set A such that F = F(A) as R-modules, i.e. there exists an R-module
isomorphism f: F — F(A).
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Lemma 3.3. If two sets A and B have the same cardinality, then F(A) = F(B) as
R-modules.

Proposition 3.2. Suppose R # 0. If two sets A and B are such that F(A) = F(B) as
R-modules, then they have the same cardinality.

Corollary 3.1 (rank of free module). Suppose R # 0. If F is a free R-module, then
the cardinality of A is well-defined and it is called the rank of F' as a free R-module.

Example 3.3. Foreachn € N, the set R* = {(ry,...,r,) : r; € R for all i} is a free module

of rank n over R.

3.3 Free Products of Groups

Definition 3.10 (free product and its universal property). Let {Gy},c; be an in-
dexed family of groups. The free product of the groups G is a group G given with
a family iy : G, — G of homomorphism satisfying the following universal prop-
erty: for any group and any family of homomorphism Ay : Go — H, there exists a
unique homomorphism 4 : G — H such that for each a € J, the following diagram
commutes:

i
Gy ————— G

ho
H

Theorem 3.2 (existence of free products). Let {Gq},e; be a family of groups.
Then, there exists a free product of the groups G, i.e. there exists a group G with a
family iy : G — G of homomorphism satisfying the universal property (Definition

B.10).

Theorem 3.3 (uniqueness of free products). Let {Gq},c; be a family of groups.
Suppose

G withiq : Gy — G and G withil : Gy — G

are both free products of the groups G, in the sense of having the universal property
(Definition [3.10). Then, there exist canonical isomorphism

0:G—G and yv:G =G
such that for each o € J, we have

Gpoig=1i, and Woiy, =ig.



60

CHAPTER 3. GROUP THEORY

In other words, the following diagram commutes:

Thus, the free product of groups G exists, and it is unique up to a canonical isomorphism.
It is denoted by

G= HGa = **@Ga or in the finite case, G =Gy *...xG,,.

ac) acJ

Lemma 3.4. Let {Gq} 4y be a family of groups. Suppose G with ig, : Go — G is a
free product of the groups G4. Then, the following hold:
(a) each iy : Go — G is injective

(b) the family {iq(Gg)} e, Of subgroups of G generate G.

Corollary 3.2. Let G = G| * G, be a free product of groups, where
G| is the free product of {Hg},c;, and G; is the free product of {Hg} ek

If JNK = 0, then G is the free product of the subgroups {Hy} In particular,

yeJUK"

Gl*(GQ*Gg):GI*GQ*G3:(Gl*Gz)*Gg.

Definition 3.11 (least normal subgroup). If S is a subset of a group G, the normal
subgroup of G generated by S is the intersection of all normal subgroups of G that
contain S. It is the least normal subgroup of G that contains S. Moreover, it is the
subgroup of G generated by all conjugates of elements of S.

Theorem 3.4. Let N; <G, fori=1,2and N <(G| * G,) is generated by Nj and N,.
Then,
(G1 * Gz)/N = (Gl/Nl) * (Gz/N2) canonically.

3.4 Free Groups

Definition 3.12 (free group). Let {ay} be a family of elements of a group G. Sup-
pose each ag, generates an infinite cyclic subgroup G of G. If G is the free product
of the groups {Gy}, then G is said to be a free group and the family {ay} is a
system of free generators for G.
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Proposition 3.3. Let G be a group; let {aq },; be a family of elements of G. If G
is a free group with system of free generators {ag }, then G satisfies the following

condition:

given any group H and any family {yy} of elements of H,

there exists a homomorphism 4 : G — H such that h(aq) = yq for each o

Corollary 3.3. Let
G = G G, be the free product of two free groups.

Here, G and G, are free groups with {aq } 4., and {aq} ek as respective systems
of free generators. If JN K = 0, then

Gis afree group with {aq},cs x as asystem of free generators.

Example 3.4 (Munkres p. 412 Question 3). If G is free abelian with basis {x,y}, show
that {2x+ 3y,x — y} is also a basis for G.

Solution. G being free Abelian simply means that it is Abelian with a basis. In particular,
any element in G can be uniquely expressed as a linear combination of x and y with integer

coefficients. Analogous to concepts in MA2001, it suffices to show that the matrix

2 3
is invertible,
1 —1

which is easy to verify. 4

Example 3.5 (Munkres p. 412 Question 4). The order of an element a of an abelian
group G is the smallest positive integer m such that ma = 0, if such exists; otherwise,
the order of a is said to be infinite. The order of a thus equals the order of the subgroup
generated by a.

(a) Show the elements of finite order in G form a subgroup of G, called its torsion
subgroup.
(b) Show that if G is free abelian, it has no elements of finite order.

(¢) Show the additive group of rationals has no elements of finite order, but is not free
abelian.

Hint: If {aq} is a basis, express 1aq in terms of this basis.
Solution.

(a) Let G be an Abelian group and a;,a; € G be of finite order, i.e. there exist smallest
my,my € Z* such that mya; = 0 and mpap = 0. Then, lem (my,my) (a; +az) =0,

satisfying the closure property. The other three group axioms are easy to verify.
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(b) Suppose G is free Abelian. Then, G is Abelian with a basis. Let

a—= Z Mmgde SO given that ma = Z mmgag =0,
act act
we must have mmy = 0. This forces mmga = 0 for all &. As such, a = 0. Since
we are only interested in elements which are non-zero, it follows that G has no

non-zero element of finite order.

(c) Consider G = (Q,+). Suppose on the contrary that there exists a non-zero element
x € G of finite order, i.e. there exists m € ZT such that mx = 0. Then, m = 0 or
x = 0, which yields a contradiction.

Given that
1 .. )
Eaﬁ = Z mgde  this implies  ag = Z 2mgdg-
acl acl
As such, 2m/3 =1, which is a contradiction. O

Example 3.6 (Munkres p. 412 Question 5). Give an example of a free abelian group G

of rank n having a subgroup H of rank n for which H # G.

Solution. Note that Z is free Abelian of rank 1 since it is generated by the element 1, i.e.
G = (1). Consider G = Z and we note that H = 27 < 7 = G, where H is of rank 1 since
H is generated by the element 2, i.e. 2Z = (2). However, H # G. O

Recall the following fact from MA2202.

Definition 3.13 (commutator). For any x,y € G, the commutator of x and y is the
element

eyl =xx 'yt of G.
Definition 3.14 (commutator subgroup). The commutator subgroup of G is the
subgroup of G generated by all commutators in G, i.e.

[G,G] = {[x,] : x5,y € G).
Proposition 3.4 (commutator subgroup is normal subgroup). [G,G] <G

Lemma 3.5. G/[G,G] is the maximal Abelian quotient of G with the following

universal property: for any homomorphism
h:G— H from G to an Abelian group H,

there exists a unique homomorphism & : G/[G,G] — H such that the following
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diagram commutes:

h
G———H

G/[G,G]

Theorem 3.5. If G is the free group on the set J, then G/[G, G| is the free Abelian
group on the set J.

Definition 3.15 (presentation of a group). A presentation of a group G, denoted by
G = (S| R), consists of

a subset S C G comprising the generators and

a subset R C F(S) comprising a complete set of relations

such that the canonical homomorphism F(S) % G which mapsac Stoac Gis

surjective.

Definition 3.16 (finitely generated and finitely presented group). The group G is
finitely generated if and only if

there exists a presentation G = (S |R)  with S finite.
The group G is finitely presented if and only if

there exists a presentation G = (S | R)  with both S and R finite.

Say G is finitely presented with
S={s1,...,s,} and R={wy,...,w}.

Then, we write

G={(51,...,8p:wi=...=wr=1)
and if w is the word wlwz_l, we write w; = wy instead of w = 1.
Example 3.7 (finite group has finite presentation). Every finite group G = {g1,...,8n}
is finitely presented. To see why, take S = G and R to be the set of words g;g jg,:1 where
gigj =&k in G.
Example 3.8 (presentation of Z). We have Z = F({a} = (a). In fact, this is a trivial
result that was covered in MA2202.

To see why this is true, no relations are imposed on a so a can be interpreted as the

generator of Z, where powers of a correspond to integers. Specifically, a” corresponds to
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the integer n and a™" corresponds to the integer —n. Hence, Z is isomorphic to a group
generated by a single element with no further relations.

Example 3.9 (presentation of Z x Z). We have
ZXZ={a,b|la,b]=1).

The only relation here is that a and b commute, i.e. [a,b] = 1. This means that ab = ba.
Note that Z x Z consists of ordered pairs of integers, and in terms of generators, each

generator a and b corresponds to a copy of Z, with the two copies commuting.

Example 3.10 (presentation of Z" x Z™). We have
L X Loy =2 (" = b"™ = [a,b] = 1).

Example 3.11 (presentation of quaternion group Qg). Let Qg be the quaternion group,
which is a non-Abelian group of order 8, consisting of elements that are closely related

to the quaternions. The quaternion group (g is defined by the following set of elements:
Os = {17_17i7_i7j7_j7k: _k}

with multiplication rules given as follows:

1. 2=2=k>=—-1 3. jk=iand kj = —i

2. ij=kand ji=—k 4. ki=jand ik=—j
We note that

Os=(i,jli'=1,77=2j""ij=i").

Example 3.12 (presentation of dihedral group D>, ). Recall that the group D5, is the dihe-
dral group of order 2n and it represents the symmetries of a regular n-gon, including both

rotations r and reflections s. Here, r represents a rotation by 27t/n in the anticlockwise

direction; s represents a reflection symmetry.
We have

Dy, = <r,s M=s=1,5rs= r_1>.
Example 3.13 (presentation of symmetric group S,,). We have

S, & <t1,...,tn_1 |tl~2 = 1,(ti,t,-+1)3 =1,[t;,tj] = 1 whenever |i—j| >2,1<i,j<n— 1>.

There is an interesting problem in Group Theory known as the Group Isomorphism Prob-
lem, which states that given two finite presentations of groups, determine whether or not

the groups are isomorphic. There is no effective procedure for solving this problem.
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Classification of Covering Spaces

4.1 Equivalence of Covering Spaces

Throughout, unless stated otherwise, all topological spaces are assumed to be path-connected
and locally path-connected. Let B be a topological space, i.e. a base space of interest.

Recall that a B-space is a topological space E equipped with a continuous map p : E — B.

Definition 4.1 (equivalence of covering maps/covering spaces). Let
p:E—B and p' :E — B be covering spaces of B.

An isomorphism of B-spaces i : E — E’ is an equivalence of covering maps/cov-
ering spaces. If there exists such an equivalence, then p and p’ are equivalent as
covering maps of B (alternatively, E and E’ are equivalent as covering spaces of B).

Theorem 4.1. Let p: E — Band p’ : E' — B be covering spaces of B and let by € B.
Let e € p~!(bo) and e}y € (p’)~!(bo) be in the fiber over by. Then, the following
hold:

(i) There exists an equivalence h : E — E’ of covering spaces with /(eq) = ¢ if

and only if
p«(m(E,ep)) and p, (7 (E’,e)) are equal as subgroups of 7y (B, by).

If such an equivalence # exists, it is unique.

(ii) There exists an equivalence h : E — E' of covering spaces if and only if

p«(m1(E,ep)) and p,(m1(E',e)) are conjugate as subgroups of 71 (B, by).

Lemma 4.1 (the general lifting lemma). Let p : E — B be a covering map and let
by € B. Let ey € p_1 (bp) be in the fiber over by. Suppose Y is path-connected and

65
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locally path-connected. Let f : Y — B be a continuous map and let yg € Y be such
that f(yo) = bp. Then, there exists a lifting f:Y — E of f with f(yo) = ¢ if and
only if fi(m (Y,y0)) C p«(m (E,ep)) as subgroups of m(B,bg). If such a lifting

exists, it is unique.
E

p

X — B

Corollary 4.1. The map

{equivalence classes of path-connected covering spaces of B}

— {conjugacy classes of subgroups of m;(B,bo)}
given by

[p: E — B]— [p.(m(E,ep)) for any choice of eg € p~'(bg)] is well-defined and injective.

Remark 4.1. If (B, by) is Abelian, then

{conjugacy classes of subgroups of 7; (B, bg)} = {subgroups of 7 (B,bg)} .

Example 4.1 (Munkres p. 483 Question 1). Use the lifting lemma to show that forn > 1,
every continuous map f : S" — st is nulhomotopic.

Solution. Recall that if f and f’ are paths such that f ~ f’ and f’ is the constant map,

then f is said to be nulhomotopic. Consider the following commutative diagram:

R
P

' ———— !

Suppose
p:R—S! definedby p(x) =™ isa covering map.

As a side remark, one should already perceive the above-mentioned trick as second na-
ture at this point. Since 7y (S") is the trivial group for n > 2, then for any continuous map
f:S"—S!, we see that f, : m(S") — m(S!) is trivial, so it is a subgroup of 7y (S').
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As such, the lifting ]7: S" — R is a map from a compact space to R, so f is homo-
topic to a constant map. Since f = po f, it follows that f is also homotopic to a constant
map. U

Example 4.2. Recall the monodromy action of the exponential covering map, which
refers to how the fibers of the covering space transform as we go around loops in the

base space. We have

m(S!,1) = Z (in fact it is an isomorphism) where a — 0%«
via the monodromy action of the exponential covering map p : R — S!, where x — ™,
Since R is simply-connected, then p. (7 (R,0)) = 0in 7t (S',1) 2 Z.

By Corollary the map

~Y

{equivalence classes of path-connected covering spaces of S'} — {subgroups of m; (S',1) = Z}
given by
[P E'— S [p.(m(E,e)) for any choice of ef € (p')~'(1)] is well-defined and injective.
Example 4.3. Also, as another example, for any non-zero integer n,

the n'™ power map  p, :S! — S! with z+— 2" is a covering map.

Then, (pn)*(m (Sl, 1)) =n-m (SIJ) >~ uZ.

Recall the following basic fact from Group Theory, which states that the map Z>¢ —
{subgroups of Z} is bijective, where n — nZ. Applying Corollary we see that the
map

Y

{equivalence classes of path-connected covering spaces of Sl} — {subgroups of m; (Sl, 1) = Z}

is bijective. Moreover, the equivalence classes of path-connected covering spaces of S!
is precisely the exponential map p : R — S', which is also equal to the set of n" power
maps py : S! — S! with n € Z~.

In particular, for any n € Z~, p, and p_, are equivalent as covering maps (this is closely
related to Example[I.25|from one of the exercises in Munkres’ textbook), i.e. the follow-

ing diagram commutes:
z — 7!

~J

st ———s!

S

Example 4.4 (Munkres p. 483 Question 2).
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(a) Show that every continuous map f : P> — S! is nullhomotopic.
(b) Find a continuous map of the torus into S! that is not nullhomotopic.
Solution.

(a) The idea here is to use the fundamental groups of P? and S!. The fundamental group
of the real projective plane IP? is isomorphic to Z/27Z, whereas the fundamental

group of the circle S! is isomorphic to Z. So,
for any continuous map f : P?> —S! itinduces a homomorphism on fundamental groups f; : T (

So, any homomorphism from Z /27 to Z must map the entire group Z /27 to the
identity in Z as there are no non-trivial homomorphisms from a finite group to an
infinite group. As such, the induced map on the fundamental group is trivial, so any
map f can be continuously deformed to a constant map.

(b) We wish to find
a continuous map f: T — S!  which is not nulhomotopic.
Note that T = S! x S!. Say we define a projection map
p:T—S! where p(x,y)=x.

By definition of the projection map, p is continuous. However, the homomorphism
from the fundamental group of the torus to the fundamental group of the circle is
surjective, and hence, non-trivial. As such, 7 is not nulhomotopic. ]

Example 4.5 (Munkres p. 483 Question 3). Let p: E — B be a covering map; let p(eg) =
bo. Show that Hy = p.(m (E,ep)) is a normal subgroup of 7; (B, by) if and only if for every
pair of points e, e, of p~!(by), there is an equivalence & : E — E with h(e;) = e.

Solution. We first prove the forward direction. Suppose
p«(m(E,ep)) <mi(B,by).
Take
any loop v € m(B,by) and any element @ € 7 (E,e).
Then, the conjugate yay~! is also contained in p, (71 (E,ep)). As such, any loop in B can

be lifted to a path in E that maps one point in p~!(b) to another.

Take e1,es € p~'(bo). By the covering space property, for any path ¥ in B from by to itself
(essentially a loop), each point in the fiber p~!(by) lifts this path uniquely to a path in E
starting at that point in p~!(bg). Since p, is normal in 7, (B, by), for any ey, e; € p~!(bg),
we can construct a homeomorphism 4 : E — E by lifting appropriate loops in B. This
homeomorphism can be chosen to map e; to e;.

Proof of reverse direction is omitted. O
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Example 4.6 (Munkres p. 483 Question 4). Let T = S' x S!, the torus. There is an
isomorphism of 7, (T, by X bg) with Z x Z induced by projections of T onto its two factors.

(a) Find a covering space of T corresponding to the subgroup of Z x Z generated by

the element m x 0, where m is a positive integer.
(b) Find a covering space of T corresponding to the trivial subgroup of Z x Z.

(¢) Find a covering space of T corresponding to the subgroup of Z x Z generated by

m x 0 and O X n, where m and n are positive integers.
Solution.
(a) The subgroup generated by (m,0) is
I'={(km,0):keZ}=mZx{0}.

Since I' acts by translations along the x-axis with period m, the quotient space
R? /T identifies points that differ by multiples of (m,0), i.e. along the x-direction,
the space is wrapped every m units; along the y-direction, the space remains un-

wrapped. So,
R? /T is homeomorphic to a cylinder.

This implies that the covering map p : R?/T" — T is induced by the inclusion I" C
7. Explicitly, what the covering action does is that the cylinder wraps around the

torus m times in the x-direction and infinitely in the y-direction. Hence,

p: RZ/F where  p([x,y]) = ([x (mod 1)],[y (mod1)]).

(b) Since the subgroup I is trivial, then R?/T" = R?. So, the covering space is simply

the universal cover of T, which is RZ.

As such, the covering map is given as follows:

p:R* T where p([x,y]) = (jx (mod1)],[y (mod1)]).

(c) LetI" denote the subgroup. Then, I' is generated by (m,0) and (0,n), so
I' =mZ x nZ.

Since T is a lattice generated by (m,0) and (0,n), the covering space R?/T"is a

torus, where the respective periods along the x- and y-directions are m and y.

Again, the covering map is the same as the preceding subparts, but in order to visu-
alise the covering space, it is in fact a torus that covers 7 m times in one direction

and » times in the other. ]
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4.2 The Universal Covering Space

By convention, throughout unless otherwise stated, all topological spaces are assumed to
be

path-connected and locally path-connected.

Recall from MA3209 (I assume they cover this definition with no pun intended) that a
locally path-connected topological space X is defined as follows: for all x € X and for all
open neighbourhoods V C X of x, there exists an open neighbourhood U C V of x such
that U is path-connected.

Definition 4.2 (universal covering space). Let B be a topological space, i.e. a base
space of interest. A universal covering space of B is a covering space p: E — B

such that E is simply-connected.

Remark 4.2. There are examples of topological spaces B that have no universal

covering space. Take the infinite earring/Hawaiian earring for instance.

Theorem 4.2 (universal property of a universal covering space). Let p: E — B be

a universal covering space of B. Suppose
bpeB and eycp! (bo) be in the fiber over by.
Then, for any covering space p’ : E' — B and any e{, € (p/)~!(by),
there exists a unique B-space map i : E — E’ such that h(eg) = e|,.
Proof. Since E is simply-connected, its fundamental group is trivial, so

p«(m(E e0)) =1C pl(m (E',e()) as subgroups of 7y (B, by).

We then apply the general lifting lemma to the covering map p’ : E' — B and the contin-
uous map p : E — B to obtain this universal property. ]

Lemma 4.2. Let
p:E—B and p':E — B be covering maps of B.

Then, any B-space map h : E — E’ is also a covering map.

We will not discuss the proof in detail. Briefly, construct a commutative diagram which
involves p’ o h = p. Then, one needs to show that for every point x € E, there exists an
open neighbourhood V C E’ of x which is evenly covered by 4. In other words, one needs
to show that

his surjective and E'is locally evenly covered by A.
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Lemma 4.3 (Munkres p. 487 Question 1). Let
q:X—=Y and r:Y—=Z bemaps and p=rogq.

If g and r are covering maps and Z has a universal covering space, prove that p is a

covering map.

Proof. Since Z has a universal covering space, say Z, then there exists a covering map
n:Z — Z such that Z is simply-connected. We wish to prove that p = roq is a covering
map, i.e. for every z € Z, there exists an open neighbourhood V C Z such that p~1(V) is
a disjoint union of open sets in X, each of which is mapped homeomorphically onto V.

Since r : Y — Z is a covering map, then for every z € Z, there exists an open set V, C Z
such that

AT |_| U; suchthat r|y, : U; — V; is homeomorphic.

icl,

Similarly, for every y € ¥~ (V,), as ¢ : X — Y is a covering map, then there exists an open
set Wy, C Y such that

g '(Wy)=| |U; suchthat gqly,:U; — W, is homeomorphic.
J€J)y

As p~ (V) =¢7! (r_' (Vz)), we see that this is a disjoint union of open sets in X, each

of which maps homeomorphically onto V; under p. [l

However, the composition of covering maps is not necessarily a covering map. As pointed
out in the same exercise in Munkres, we need Z to be a universal covering space for
p: X — Z to be a covering map. As an example of a topological space that does not
have a universal covering space, consider the Hawaiian earring (will be discussed in due

course).

Definition 4.3 (semi-locally simply-connected space). A space B is semi-locally
simply-connected if and only if for any b € B, there exists an open neighbourhood
U C B of b such that

the homomorphism i, : 7, (U,b) — m;(B,b) induced by the inclusion i : U < B is trivial.

In other words, any loop in U at b is nulhomotopic in B.

Remark 4.3. If U C B is a semi-locally simply-connected space, then so is any

smaller neighbourhood of b, i.e. we can shrink U if necessary.

Example 4.7 (simply-connected implies semi-locally simply-connected). Let B be simply-

connected. Then, it is semi-locally simply-connected.
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We provide some examples of the aforementioned result.

Example 4.8. Note that convex subsets of R” are simply-connected. Hence, they are
semi-locally simply-connected. To see why, consider a point b € B, where B C R". Then,
there exists an open neighbourhood U of b such that any loop in U based at b is nulho-
motopic in B. Here, we have exploited the convexity of subsets of R”.

Hence, i, : 1 (U,b) — m(B,b) induced by the inclusion map i : U < B is trivial.
Example 4.9. Spheres S", where n > 1 are simply-connected. Hence, they are semi-

locally simply-connected.

Example 4.10. Let B be a locally simply-connected space, i.e. for all by € B and open
neighbourhoods V C B of by, there exists an open neighbourhood U C V of by such that

U is simply-connected. Take for example,
B = an arbitrary topological manifold.
Then, B is semi-locally simply-connected.

Theorem 4.3. Let B be a path-connected and locally-path connected space, with
by € B. Then, B is semi-locally simply-connected if and only if for any H <
71 (B, by), there exists a covering space p : E — B and eg € p~'(bg) such that
H = p.(m(E,ep)) as subgroups of 7, (B,by).

Corollary 4.2. Let B be a path-connected and locally path-connected space. Then,
there exists a universal covering space of B if and only if B is semi-locally simply-

connected.

Example 4.11 (infinite earring/Hawaiian earring). Let C, be the circle of radius 1/n in

R? with centre at the point (1/n,0). Let X be the union of these circles as a subspace of

R? (Figure[7.3), i.e.
= 1\? 1\*
{(x,y)eRzz( ——) +y2=(—> }
- n n

X =

n

Figure 4.1: Hawaiian earring

Then, X is path-connected and locally path-connected, but not semi-locally simply-connected.
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As such, X does not have a universal covering space. More precisely, if U is any neigh-
bourhood of by = 0, then

ix : m(U,bg) — m1(X,bg) is non-trivial.

Given n, there exists a retraction r : X — C,, obtained by letting r map each circle C; to
the point by, where i # n. Then, for n sufficiently large such that C, lies in U, we see that
in the following diagram homomorphism induced by inclusion, j, is injective. Hence, i,

is non-trivial.

Cn,bo —> 7'L'1 X b()

N A

1(U,bo)
Theorem 4.4. Let B be a path-connected and locally path-connected semilocally
simply-connected space. Suppose by € B. Then, the map from
{equivalence classes of path-ctd. covering spaces of B} — {conjugacy classes of subgroups of 7| (B, by

sending [p : E — B] to the equivalence class of p.(m(E,ep)) for any choice of

eo € p~!(bo) is a well-defined order-reversing bijection.

We compare the above theorem with the Galois correspondence. Briefly recall the defini-
tion of Gal(L/K) from MA4203.

Theorem 4.5 (The Galois correspondence). Let k be a field and k* be a separable
algebraic closure of k. The map sending the set of k-isomorphism classes of al-
gebraic separable extensions of k to conjugacy classes of subgroups of Gal(k*/k),

where
[k — L] — [Gal(k’/i(L)) for any choice of k-embedding i : L < k]

is a well-defined order-reversing bijection.

4.3 Covering Transformations

Definition 4.4 (covering transformation/deck transformation). Let p: E — Bbe a
covering space of B. A covering transformation, also known as a deck transforma-

tion, is an equivalence of p : E — B with itself, i.e. an isomorphism of B-spaces.

I Definition 4.5 (covering transformation action). Let C(E, p,B) be the group of all
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covering transformations of p. This is in fact equal to
Aut(E/B) = Aut(P) which acts from the left on the space E.
Let bB. Then, Aut(p) acts from the left on the fiber p~!(bg) over by, i.e.
Aut(p) x p~L(bg) = p~'(by) givenby (h,eq) — h(eg) is the covering transformation action.
Lemma 4.4. Let p: E — B be a covering map, with by € B and ¢y € p~!(bp). The
covering transformation Aut(p) on p~!(by) is fixed-point free, i.e.
v :Aut(p) = p'(by) suchthat ks h(ey) is injective.
Let H = p.(m(E,e0)) C m (B,by). Define
N(H)={g: gHg ' = H} tobe the normaliser of H in 71 (B, by).

Then, the w-image of Aut(p) in p~!(bg) is equal to the ®-image of H/N(H) in
—|
p~ (bo).

Proof. Since h € Aut(p) is a lifting of p : E — B over itself, by the general lifting lemma,
h is uniquely determined by h(ep). As such, v : Aut(p) — p~!(bp) is injective.

Now, we need to prove that
the y-image of Aut(p) in p~!(bo) = ®-image of H/N(H) in p~! (by).

We first prove the forward inclusion C. Suppose i € Aut(p) and e; = h(eg) in p~!(by).
Then, h~!(ey), so by the general lifting lemma, we have p. (71 (E,eq)) = p+(m (E,e1)).
Choose a path y in E from e to e;. We can do so since E is path-connected. Also, let

o = po7yand aloop in B at by. Then,
[a] % pu(m1 (E,e1)) *[a] ! = pa(71(E,e)). as subgroups of m; (B, by).
Then,
[@] € N(H) in m(B,by),
SO
Y(h) =h(ep) =e; =7y(1) =P(H|a]) lies in the P-image of H/N(H).

We briefly explain a couple of the equality signs. Note that e; = y(1) because of the
choice of y — it is a path in E from e to e;. As for y(1) = ®(H[«]), it follows by the
monodromy action. We have thus proven C.

We then prove the reverse inclusion D. Suppose [@] € N(H), represented by a loop o
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in B based at by. Let ¥y be the unique path lifting of & over p beginning at ey. Let
e1 = Y(1). Then, one has

(o] % po (T (E,e1)) % [0] 1 = pu(mi(E,e)) since [a] € N(H).

By the general lifting lemma, there exists a B-space map h : E — E with h(ep) = e;. By

reversing roles, one sees that 4 € Aut(p) is invertible. Then,
®(H[a]) =y(1) =e; = h(eg) =F(h) lies in the W-image of Aut(p).

The first equality follows by the definition of monodromy action. Also, note that the
proof of the reverse inclusion mimics that of the forward inclusion. Anyway, the proof is

complete. O]

Theorem 4.6. Let p: E — B be a covering map, by € B and ¢y € p! (bg). Also, let
H = p.(m(E,ep)) C m(B,bo).
The composite map
-1 g . . -1 ot
® oy Aut(p) — P-imagein p~ (bg) —> N(H)/H

is a group homomorphism, hence isomorphism.

Proof. Let h,k € Aut(p) and let
e1 =h(eg) =W(h) ey =k(eg) =W(k) e3=h(es)=h(k(ep)) inp '(by).

Choose paths 7,6 in E from e to e, e, respectively. Let &« = poyand B = po d be loops
in B based at b, so

H[a]=® (e)),H[B] = D (ez),H[axB] liein N(H)/H.

The path ~0 6 in E is from h(eg) = e to h(ep) = h(k(ep)) = e3 and it is the unique path
lifting of B over p beginning at e;. Hence, y* (ho §) is the unique path lifting of o * 3

over p beginning at e, so it follows that
P(H[axP]) = (y*(hod))(1) =e3 =h(k(eg)) = ¥(hok).

We briefly explain why (y* (hod))(1) = e3. Recall that ¥ is a path from e to e; = h(ep),
h € Aut(p) and § is a path from e; to e; = k(ep). As such, the concatenation of paths y
with h oy, denoted by yx (ho §), involves first considering a path that takes from e to
e1 (by 7), then e; to e3 (by hod). Evaluation of the concatenation of paths at time 7 = 1
implies we should obtain e3. []

I Corollary 4.3. Let p: E — B be a universal covering space of B. Then, for any
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choice of by € B, eg € p~'(by), the map
Aut(p) — m(B,by) givenby h [pioY]

for any path v in B from e to h(eg) is an isomorphism.

Definition 4.6 (regular/Galois covering map). Let p: E — B be a covering map. Itis
regular/Galois if and only if E is path-connected and H = p. (7 (E, ep)) <7, (B, bo)
for any choice of by € B and ¢g € p! (bg).
Corollary 4.4. A covering map p is Galois

if and only if N(H) = m(B,by)

if and only if the W-image of Aut(p)in p~'(bg)is p~!(b)

Example 4.12. Since 7;(S!,1) — Z is Abelian (and isomorphic), then every covering of
S! is Galois.

To see why, recall that the set of equivalence classes of path-connected covering spaces
of S! is equivalent to the exponential map p : R — S! given by x — ¢***. Recall that R is
contractible so Aut(p) — 7 (S!, 1) — Z are isomorphic, where Aut(p) — Z is given by
h— h(0).

Example 4.13. Consider the covering map
pn:S! =S givenby zr— 7", wheren € Z-.

We have Aut(p,) — m11(S',1)/pn, 7 (S',1) — Z/nZ being isomorphic. Here, i+ a €

Z./nZ, where @ is unique, such that h(1) = e2™i/n which is an nM root of unity.

There is another example here. Remember to take from Lou Yi. Not sure if it is related

to the fundamental group of the figure eight.

Definition 4.7 (set of homeomorphisms). Let X be a topological space. Define

Homeo(X) to be the set of homeomorphisms of X.

Definition 4.8 (G-action). Let
Xbeaset and G < Aut(X)=Perm(X).

The orbit space X /G is the quotient set of X modulo the equivalence relation ~ of
G-action, i.e.

x; ~xp ifand only if there exists g € G such that g(x;) = x;.
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We have the quotient map

n:X —>X/G givenby x+— G-x= G-orbit of x.

X is a topological space and G < Homeo(X),

then X /G is given with the quotient topology.

Definition 4.9 (fixed-point free and properly discontinuous G-actions). Let X be a
topological space and G < Homeo(X).

* Fixed-point free: The G-action on X is fixed-point free if and only if
foranyx € X, g€ G\{e}, wehave g(x)#ux,

i.e. no element of G other than the identity e has a fixed point

* Properly discontinuous: The G-action on X is properly discontinuous if and

only if
forany x € X, there exists a neighbourhood U of x € X  such that

forany g € G\ {e}, we have g(U)NU = 0,

i.e. go(U)Ngi1(U) = 0 whenever gy # g1

Remark 4.4. If a G-action on X is properly discontinuous, then it is fixed-point free.

The converse holds when G is finite and X is Hausdorff.

The converse above appears in Exercise 81.4 of Munkres. To be discussed.

Example 4.14. 7Z acting on R by translation is properly discontinuous.
Recall that Z < R with the group operation being addition. Here, the group G = Z acts
on X = R by translation. Specifically, for any n € Z, the action is given by

n-x=n+x forxeR.

This means that n shifts x € R by » units. So, we need to find a neighbourhood U of x € R
such that for any n € Z, where n # 0, the translated neighborhood does not intersect with
U,ie. (U+n)NU = 0. Take U to be a sufficiently small €-neighbourhood around x,
where € < 1/2. So,

U= (x—¢€,x+¢€) where0<e<1/2.
Then,

U+n=(x+n—¢gx+n+e).
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Clearly,
U+4+n)NU=(x+n—ex+n+e)N(x—e,x+¢€)=0 fore<1/2.
The choice of € < 1/2 is obvious because
x+n—€e>x+eifn>1 and x+nt+e<x—eifn<-—1.

As we have constructed such a neighbourhood U, it follows that the Z-action on R is

properly iscontinuous.

Example 4.15. Q acting on R by translation is fixed-point free but not properly discon-

tinuous.

Again, we recall that Q < R with the group operation being addition. Here, the group
Q acts on R by translation. Specifically, for any g € Q, the Q-action is given by

qg-x=q+x forxelR.

Similarly, this means that g shifts x € R by ¢ units. We first prove that the (Q-action on R

is not properly discontinuous. Let U be an €-neighbourhood around x, where € > 0. So,
U=(x—¢€x+¢e) and U+g=(x+g—€x+g—¢).

Let g > 0 be arbitrary (the case where g < 0 can be argued similarly based on what we did
towards the end of our analysis of Example [4.14). Then, there exists € > ¢/2 > 0 such
that (U +¢) NU # 0. In fact, this argument is analogous to saying that there are infinitely
many g € Q satisfying the inequality g < 2€ as QQ is dense in R.

Having said that, the Q-action on R by translation, as mentioned, is fixed-point free.
To see why, note that g + x = x, then we must have g = 0, i.e. the only element of () that
fixes any x € R is ¢ = 0, but 0 € Q is the identity element of QQ. It implies that for any

non-identity element of Q, we have ¢ - x # x.

Lemma 4.5. Let p : E — B be a covering map. Then, the action of Aut(p) C

Homeo(E) on E is properly discontinuous.

Proof. Since p : E — B is a covering map, then there exists a neighbourhood V' of b
in B that is evenly covered by p. Let U C p~!(V) be the unique slice such that ey € U.
The action of Aut(p) on each fiber is fixed-point free. Hence, for any x € U and g €
Aut(p)\ {e}, one has g(x) # x, so g(x) lies in a slice of p~!(V) different from U. Hence.
gU)nU =0. O

I Theorem 4.7. Let X be path-connected and locally path-connected, with G C
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Homeo(X). Then,

the quotient map 7 : X — X /G is a covering map if and only if

the G-action on X is properly discontinuous.

In this case, 7 : X — X /G is a Galois covering map and Aut(7) = G as subgroups
of Homeo(X).

Proof. The proof of the forward direction follows from Lemma[4.5]

As for the reverse direction. Suppose the G-action on X is properly discontinuous. For

any open U C X,

N (x(U)) = Ug(U) openinX so x(U) isopeninX/G.
geG

Given G- x € X /G, represented by x € X, there exists an open neighbourhood U of x in X
such that for any go # g1 in G, we have go(U)Ng;(U) = 0. Then,

n 1 (zm(U)) = |_| g(U) is adisjoint union of the g (U)’s.
geG

For each g € G, the map
n:g(U)—m(U) is bijective, continuous, open and hence a homeomorphism.

Hence, 7 : X — X /G is a covering map. We have proven the reverse direction.

For any x € X and g € G, one has G-g(x) = G-x in X/G since x and g(x) are in the
same G-orbit. Hence, o g = m, which implies G C Aut(X). For any & € Aut(7), one has
moh=msoG-h(x) =G-xin X /G. As such, there exists g € G such that g(x) = h(x) in X.

The action of Aut(7) on each fiber is fixed-point free so & = g lies in G. Hence, Aut(7) =
G. Since Aut(m) = G acts simply transitively on 7! (x (x)), then 7 : X — X/G is a

Galois covering map. O]

Theorem 4.8. Let p : X — B be a Galois covering map. Let G = Aut(p). Then,
there exists a unique continuous map k : X /G — B such that the following diagram

commutes:

X/G B

Here, 7 : X — X /G is a quotient map. Moreover, k is a homeomorphism.
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Proof. For any g € G, one has pog = p, so p is constant on each G-orbit. By the universal
property of X /G, there exists a unique continuous map k : X /G — B such that ko & = p.

Note that k is surjective since p is surjective. k is injective since p is Galois (so G = Aut(p)
acts simply transitively on each fiber of p). Also, k is an open map as X /G is given with
the quotient topology from 7 : X — X /G and p is an open map. Hence, k is a homeomor-
phism. []

Definition 4.10 (domination of covering space). Let pg : X — B be a Galois cov-
ering map and G = Aut(pg). A covering space of B is dominated by X consists
of

acovering space p: E — B and aB-spacemapw:X — E

Let X and X’ be covering spaces of B dominated by X. A morphism from E to E’ is a

B-space map k : E — E’ such that the following diagram commutes, i.e.
kom=n" and pok=p

X

|

—>E/

|
B

Theorem 4.9. Let po : X — B be a Galois covering map. Let G = Aut(py). Then,

S

!

oy +—— M +—— X

the map from the set of isomorphism classes of path-connected covering spaces of
B dominated by X to the set of subgroups of G, where

(XmEpB) — Aut(m)
is a well-defined order-reversing bijection.
Compare this with the following result:

Theorem 4.10. Let k be a field and let kK — M be a Galois extension of k. Then, the
map from the set of k-isomorphism classes of field extensions of k contained in M
to the set of closed subgroups of Gal(M/k), where

M Aut(M/L),

is a well-defined order-reversing bijection. Here, k C L C M are field extensions.
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Fundamental Groups Reuvisited

5.1 Fundamental Group of a Union
Example 5.1. Consider the theta space
X = AUBUC which is the union of three arcs = [0,1] with endpoints p,q.

Then, X is homeomorphic to a graph.

Choose a € int(A),b € int(B),c € int(C). Also, let U =X\ {a} and V = X \ {b} so
X =UUYV. U has BUC ~S! as a deformation retract and V has AUC as a deformation
retract. So,

m (U,x0) = m(V,xp) =Z which is an infinite cyclic group.

So, UNV =X\ {a,b} has C as a deformation retract, making it simply connected. Hence,
m (X, x0) 2 Z*7.

there’s something missing on free group missing stuff from previous lecture

Let B> C R? be the unit ball and S! = dB? (i.e. boundary of the ball). Suppose p € S!
and 0 € IntB? be the origin.

Theorem 5.1 (adjoining a two-cell). Let X be a T, space and A C X be a closed
path-connected subspace. Let i : B> — X be a continuous map such that

h maps Int B> bijectively onto X — A and /A maps S! into A.

So, X =AU (IntB?).

Leta=h(p) € A. Then,

the homomorphism induced by inclusion i, : 7 (A,a) — 7w (X,a) is surjective.

81
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We have keri, < (A,a), generated by

the image of &, : 7 (S',p) — 71 (A,q).

Proof. Consider the open sets
V=X\A=h(IntB*) and U=X\x.
Here, xo = h(0) € V. The sets U and V are open since X is Hausdorff. Also,
UNV =V\{x}=h(IntB*\{0)) is path-connected.
The map
hxid:B*x1— h(B*) xI is closed

since this is a map from a compact space to a subset of a Hausdorff space (since A (Bz) X
I CX xI). So,

the topology of /1 (B*) x I  is the quotient topology from B*x/ and
the topology of (h (Bz) \{x0}) xI is the quotient topology from (32 \{0}) x1

The deformation retraction of the punctured closed disc B>\ {0} onto the unit circle S!
then induces a deformation retraction of /1 (B*) \ {xo} onto h (S') C A. We can extend
this to a deformation retraction of X \ {xo} onto A by keeping each point of A fixed. So,
A is a deformation retract of U = X \ {xo}. It follows that

ix : M (A,a) — m (U,a) is an isomorphism induced by inclusion.

Choose any b € UNV and g = h™' (b) € Int(B*\ {0}). Let ¥ be any path in B>\ {0}
from g to p € S'. Then, § = hoyisapathin UNV from b to a € A.

Let f be a loop of S' such that [f] generates m; (Sl, p). Then, g = ho f is a loop in
U based at @ and O * g * S =ho <}/*f*f) is a loop in U based at b. Hence,

5 1[g] = [6 * g % g] € m (Up) is the image of a generator of m; (UNV,b).
The result follows by the Seifert-van Kampen theorem. O

Theorem 5.2. The fundamental group of the torus has the presentation

(a,B| P 06_1[3_1> which is a free Abelian group of rank 2.

Definition 5.1 (dunce cap). Let n be a positive integer with n > 1. Let

Wy = {eka/ "ke Z} CS'  be the finite subgroup of the n™ roots of unity.
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This group acts on C by multiplication. The n-fold dunce cap is the quotient space
X, = B? /W, of the unit ball B? modulo the action of 1, by rotation

given with the quotient topology.

For any positive integer n with n > 1, let 7 : S! — S! be rotation through the angle 27 /n,

2 2
(cosO,sin @) — (COS (G—i——n) ,sin (9—1— _71')) .
n n

Form a quotient space X from the unit ball by identifying each point x of S! with the

1.e.

points 7 (x),72(x),...,”" ! (x). Then, the compact Hausdorff space X is known as the

n-fold dunce cap.

Theorem 5.3. The fundamental group of the n-fold dunce cap is cyclic of order n,

1.e. it has the presentation

(a] o).
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Classification of Surfaces

6.1 Fundamental Groups of Surfaces

I Definition 6.1 (surface). A surface is a connected topological 2-manifold.

We shall give a list of compact surfaces such that
(i) we can generate a good list of examples;
(i) no two surfaces on the list are homeomorphic;

(iii) every compact surface is homeomorphic to one of them

So, we shall construct examples of compact connected surfaces as the quotient space
obtained from a polygonal region in the plane by pasting its edges together.

Definition 6.2 (regular n-gon). For any n > 3, the regular n-gon P, is the convex
hull in R? of the points

2km 2km
Pk = (COS—,Sin—) where 0 < k < and p, = po.
n n

Definition 6.3 (polygonal region). An n-sided polygonal region in the plane is any
subset P of R? which is given with a homomorphism from a regular n-gon B,.
(i) The vertices/edges of P are the images of those of P,;;

(ii) The orientation of an edge e of P is an ordering de from the initial point to

the final point;

(iii) BdP refers to the union of the edges of P, or equivalently, the images of the
boundary of P;;

(iv) IntP = P\ BdP, which is the images of the interior of P,

Up to homeomorphism, we may assume that P = P, without loss of generality.

85
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Definition 6.4 (labels). Let P = P, be an n-sided polygonal region in the plane. Let
S be a set, where elements of S are known as labels.

(i) A labelling of the edges of P is a map from the set of edges of P to S

(ii) Given an orientation of each edge of P and a labelling of the edges of P, the
corresponding labelling scheme w of length 7 is the sequence of labels with
exponents +1 or —1

w= (ai))" (a;,)* ... (;,)™
where foreach 1 <k <n,
a;, = label assigned to the edge px_1px and & = *1.

We define € as either 1 or —1, depending on the assigned orientation of the
edge. Specifically, € = 1 if the edge is oriented from p;_ to py, and € = —1
if the orientation is reversed.

Define the equivalence relation ~,, on P as follows:
x~y,y ifandonlyif x=y.

This is in fact equivalent to saying that there exist edges ey, e, of P with the same label
such that x € ey, y € e, and y = h(x), where £ is the unique orientation-preserving linear

map from e, to e,.

The space obtained by pasting the edges of P together according to the given orientations
and labelling the given labelling scheme w is the quotient set X = P/ ~,, of P modulo the

equivalence relation ~,, given with the quotient topology.

Remark 6.1. A cyclic permutation of the terms in a labelling scheme will change

the space X only up to homeomorphism.

Example 6.1 (constructing a circle from a triangle). In Figure the triangular shape
(left) has edges labelled a and b. The edges are oriented (with arrows) and identified as
follows: two sides labelled a and one side labelled b. The path around the triangle corre-
sponds to the word a-a~! - b, which, when simplified, effectively identifies certain edges

and points.

The triangle is folded according to the identification of edges. Since both a’s point to-
wards the top vertex, we fold along the vertical line, thus obtaining the quotient map
(collapsing identified points). In fact, the quotient map (centre) forms a cone-like struc-

ture, where the vertices meet at a single point (indicated by its apex). The cone is shown
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to be homeomorphic to a closed disc (right). To see why,

the apex of the cone corresponds to the centre of the disc and

the boundary of the cone corresponds to the boundary of the disc

b

Figure 6.1: Constructing a circle from a triangle

This means that by identifying edges in this way, we get a shape that can be continuously
deformed into a disc.
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Example 6.2 (constructing a sphere from a square). In Figure[6.2] the square has four
edges labelled with letters a and b, with pairs of opposite edges identified. Specifically,
opposite a-edges and opposite b-edges are identified. The path around the boundary cor-
responds to a~'bb~'a or equivalently aa~'bb~!, suggesting that opposite sides are glued

together.

The square is transformed by identifying opposite edges, leading to a shape resembling a
lens with two points (top and bottom) coming together. The resulting shape from identi-
fying opposite sides in this way is homeomorphic to a sphere. This shows that a square
with this particular edge identification can be transformed into a sphere through continu-

ous deformation.

@bba

ac'bb?

e

i

Figure 6.2: Constructing a sphere from a square

Example 6.3 (constructing a torus and the dunce cap). We first discuss the top example
of Figure where we construct a torus from a square. This square has edges labelled a
and b, with arrows indicating specific identifications.

By first identifying the two edges labelled a, we obtain a cylindrical shape. The two
remaining edges labelled b are on the ends of the cylinder. Identifying the two b-edges
results in a torus, a surface with a single hole. The torus is obtained by gluing the op-
posite edges of the square as per the labeling, which wraps the shape around to form a

continuous loop with no boundary.

The bottom diagram of Figure [6.3] shows that we can construct the dunce cap from a
square. This square also has edges labelled, but the path around the boundary is abab.

Here, adjacent edges are identified in a way that does not preserve orientation.

When identifying the edges in this specific manner, the shape that emerges is the dunce
cap, which is a type of quotient space with interesting topological properties. The Dunce
cap has a relation that can be thought of as P> = S? / {£1}, indicating a certain symmetry,
but it does not embed into R3 smoothly.

The fundamental group of this space, 7y (P?,x9) = (c|c?), which is not isomorphic to
Z & 7. This implies that the dunce cap has different homotopy properties compared to

spaces like the torus, whose fundamental group is Z & Z.
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w1 =
Ia,B_] | e & .-
Yorus
A o dumee @p A
abab J, e ’ Pl = 53/4]
’ cannot be imbedded in R
y

(P uf={c[)
T Z4

Figure 6.3: Constructing a torus and the dunce cap
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Given a finite number Py, ..., P of disjoint polygonal regions, along with orientation and
labelling of their edges, one can form a quotient space X by pasting the edges of the
regions together in exactly the same way.

Example 6.4 (constructing a Mobius band and a cylinder). Consider the top diagram in
Figure It shows a rectangle with four edges labelled a, b, ¢, and d. The edges are
oriented, and we have expressions that describe how they should be identified. The rela-
tion dbc~'a~! indicates specific edge pairings. Another relation, fa~'e~!b~1, suggests

additional identifications.

The rectangle’s edges are manipulated to identify certain pairs. Specifically, edge a on
one side is identified with edge a on the opposite side, but with a twist (indicated by the
reversal of the arrow direction). By joining the edges a and b with a half-twist, we obtain
a Mobius band. This is a non-orientable surface, meaning it has only one side. The twist-
ing of the edges creates a unique property: if you follow a path along the surface, you’ll

eventually return to your starting point but on the other side of the band.

For the bottom diagram, the rectangle again has labelled edges (a, b, c, and d) with
orientations. The relations here are ac™'a~'d and be~'b~! f, describing how the edges
should be glued. This time, edge a is identified with itself without any twists, resulting in
a straightforward gluing. Similarly, edge b is identified with itself in a way that does not
introduce any twists.

Identifying the edges in this way produces a cylinder, a surface with two boundaries
(top and bottom) and an orientable structure. Unlike the M&bius band, the cylinder does

not involve a twist, so it has two distinct sides.

To summarise, by identifying opposite edges with a twist, we obtain a non-orientable

surface, the Mobius band, which has only one side; by identifying edges without a twist,
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we get a cylinder, an orientable surface with two distinct sides and boundaries.

dbc'a”

- | l} b Ab \{.
tqe'h

d f

Figure 6.4: Constructing a Mobius band and a cylinder

Theorem 6.1. Let P = P, be an n-sided polygonal region in the plane. Le X =
P/ ~,, be the space obtained by pasting the edges of P together according to a

labelling scheme w.

Theorem 6.2. Suppose 7 maps all the vertices of P to a single point xo € X. Let
ai,...,a; be the distinct labels (k many) in the labelling scheme w. Then, 7; (X, xo)
has the presentation

<a1 ... Ay ’ (ail)sl ... (ain)8"> .

Definition 6.5 (n-fold torus). For any n > 1, the n-fold torus is the space obtained
by pasting the edges of a 4n-sided regular polygonal region P according to the
labelling scheme

(alblal_lbl_l) (azbzaz_lbz_l) (anbna,jlb;l) where [a;,b;] = a;bja; 'b; ! is the commutator of a; an

This is also called the connected sum of # tori, denoted by T#...#T.
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Example 6.5 (2-fold torus). On the left diagram of Figure we have a polygonal
schema that is often used to represent surfaces with higher genus (genus refers to number
of holes). The edges labeled ay, b1, ay, b, correspond to loops that represent generators of
the fundamental group. Each pair of edges with the same label are meant to be identified

or glued together in a specific orientation, effectively forming the shape of a 2-fold torus.

The central curve c represents a cut. This representation helps derive the fundamental
group, where the relations among a;,b;,a;,b, combine to give the fundamental group of
the 2-fold torus, which is

(a1,by,a2,by | [a1,b1][az,b2] =1).

The two diagrams in the middle depict a single torus with two loops, marked in red and
blue. The rightmost diagram shows a connected sum notation T#T, indicating the con-
nected sum of two tori to create a 2-fold torus. Here, a connected sum operation joins
two surfaces by removing a disk from each and gluing them together along the resulting

boundary circles.

The diagram of the 2-fold torus shows two holes, corresponding to the two tori that have
been joined. The blue loop marked on the 2-fold torus indicates one of the fundamental
loops, a part of the set of generators that describe the fundamental group for this surface.

'Here is aYouTube video which shows how one can visualise the construction of a 2-fold torus from
an octagon


https://www.youtube.com/watch?v=G1yyfPShgqw
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2-fold torus

Figure 6.6: The 2-fold torus T#T

Example 6.6 (3-fold torus). Similarly, we can obtain the 3-fold torus from a regular

dodecagon (12-sided polygon) as shown in Figure[6.7]

THT4T

e

3-fold torus

Figure 6.7: The 3-fold torus T#T#T

Theorem 6.3 (fundamental group of n-fold torus). Let X denote the n-fold torus.
Then, m; (X,xp) has the presentation

(a1, B,y O, B | [0, B1] - . [On, B]) -

Here, the presentation has 2n generators and a single relation.

Definition 6.6 (m-fold projective plane). For any m > 1, the m-fold projective plane
is the space obtained by pasting the edges of a 2m-sided polygonal region P accord-

ing to the labelling scheme

(ara1) (aray) ... (aman) -

This is also called the connected sum of p projective planes, denoted by P?#. .. #P?.

Example 6.7 (2-fold projective plane). Figureindicates how the connected sum of two
projective planes, denoted by P?#P?2, can be obtained from two copies of the projective
plane by deleting an open disc from each and pasting the resulting spaces together along

the boundaries of the deleted discs.

b

b t_.—-*-_q

A

l\-";;
i

a b , P2#pP?

Figure 6.8: The connected sum of two projective planes P2#P?
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As with P? itself, we have no convenient way for picturing the m-fold projective plane as
a surface in R3, for in fact it cannot be imbedded in R3 (see Example on the Klein
bottle).

Example 6.8 (Klein bottle). Figure[6.9]illustrates the construction of a Klein bottle through
edge identifications. On the left diagram, the square represents the polygonal schema for
a surface where opposite edges are identified to create a Klein bottle. The edges are la-
beled a and b with specific orientations — the top and bottom edges are labelled a and
oriented in the same direction; the left and right edges are labeled b but oriented in oppo-

site directions.

The relation aba~'b shown beneath the square is a presentation for the fundamental group
of the Klein bottle.

For the diagram in the centre, the edges labelled a are glued together to form a cylin-
der. The green arrows on the circular boundaries of the cylinder represent the b edges,
which are yet to be identified. To complete the construction of the Klein bottle, these b
edges need to be glued together, but with a twist, as indicated by the opposing directions

of the green arrows. This twist is what gives the Klein bottle its non-orientable property.

The rightmost diagram shows the completed Klein bottle after the twisted identification
of the b edges. The path of the a edge has become a continuous loop within the Klein bot-
tle, and the twisted b identification has introduced a self-intersection, which is necessary

when visualising the Klein bottle in R> ﬂ

b

aba b

Figure 6.9: Obtaining the Klein bottle from a square

Figure shows a two-dimensional representation of the Klein bottle embedded in R3.

2Here is a YouTube video/ which shows how one can visualise the construction of the Klein bottle from
a square


https://www.youtube.com/watch?v=yaeyNjUPVqs
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Figure 6.10: The Klein bottle

In Group theory, the Baumslag-Solitar groups are examples of two-generators one-relation
groups.

Definition 6.7 (Baumslag-Solitar group). The Baumslag-Solitar groups have the

presentation

BS (m,n) = (a,b | ba"b! = a’y.

Example 6.9. BS(1,1) is the free Abelian group on two generators; BS(1,—1) is the
fundamental group of the Klein bottle (see Example [6.10] where the Munkres textbook

presents a question on this).

Example 6.10 (Munkres p. 454 Question 3). The Klein bottle K is the space obtained
from a square by means of the labelling scheme aba~'b. Figure |6.9|indicates how K can

be pictured as an immersed surface in R,
(a) Find a presentation for the fundamental group of K.
(b) Find a double covering map p : T — K, where T is the torus. Describe the induced
homomorphism of fundamental groups.

Solution.

(a) As shown in the left diagram of Figure [6.9] in a presentation of the fundamental
group of the Klein bottle, it should contain the generators are a and b with the

relation aba—'b = 1. As such,

m (K) = (a,b| aba_1b>.

(b) Each diagram on the left represents a torus T, whereas the diagram on the right
represents the Klein bottle K. So, we can define the covering map p : T — K as
follows:

[25,1] if0<r<1/2;

p([s,t]): [2s—1,1—t] if]/ZSl‘Sl«
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So, the map p takes the first square directly to the square on the right, and it flips the
second square vertically (along the middle horizontal line). By the pasting lemma,
this map p is continuous on the image of each of the two squares and agrees on the

overlap.

ai a a

b by by by — b b

ay a a

We then compute the induced homomorphism p., where
p«:m (T,x0) = m (K, y0) -

Observe that

p«(a1) =ps(az)=a and p.(b1)=p.(b2) =D.

Note that & = ajay and B = by are loops. As p, () = a” and p, (B) = b and the
relation aba~'b = 1 in the presentation of K ensures that the two equations induce

a homomorphism on 7 (T, xp), i.e. ps (&) - p«(B) = p« (B) - p« (@). O

Theorem 6.4 (fundamental group of m-fold projective plane). Let X denote the
m-fold projective plane. Then, 7; (X,x() has the presentation

<a1,...,am | (ocl)z...(ocm)2>.

Here, the presentation is given by m generators and a single relation.

6.2 Homology of Surfaces

We wish to give a good classification, i.e. give a list of compact surfaces such that the sur-
faces obtained by pasting the edges of disjoint polygonal regions, according to labelling
schemes wy,...,w,,, are such that no two surfaces on the list are homeomorphic and every

compact surface is homeomorphic to one of them.

The spaces of interest are the 2-sphere S, the n-fold torus T#...#T where n > 1, and
the m-fold projective plane P?#...#P? where m > 1.

Recall from MA2202 that there is no effective procedure in general for the isomorphism
problem for groups, i.e. given two finite presentations of groups, it is very difficult to
determine whether or not the groups are isomorphic. However, for finitely generated
groups with one relation, we can consider the abelianization of a group, which is defined

as follows:
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Definition 6.8 (abelianization). The abelianization of a group G is the maximal
Abelian quotient

G®*=G/[G,G] ofG.
Definition 6.9 (abelianized fundamental group). Let X be a path-connected topo-
logical space. The abelianized fundamental group of X is
mi® (X) = m (X, x0)* = m (X,x0) / [71 (X, x0) , 71 (X, %0)]

for any choice of base point xg € X.

Lemma 6.1. For any x; € X, choose a path & in X from x¢ to x;. The isomorphism
a:m(X,x0) = m(X,x1) where [f]— a([f]) =[a]«[f]«[o]

induces the same isomorphism

1 (X,x0)® = m (X,x)®  independent of the choice of the path o.

Proof. Suppose B is another path in X from xy to x;. Then, g = a * E is a loop in X

at xp, so [g] € m (X,x0). As such, g: m (X,x0) = m (X,x0) given by [f] — g[f] =
[g] " % [f] % [g] (conjugation by [g] ") induces the identity isomorphism on 7y (X,x0)*
Hence, o = . O

The homology groups H,, (X ) of X for all n > 0 are defined in Homology Theory (covered

in a graduate course in Algebraic Topology). Moreover, a graduate course would cover

theorems such as Hurewicz theorem, which states that H; (X) & 72 (X) canonically.

Theorem 6.5 (universal property of abelianization). Let F be a group and N JF.
Let

p:F — F®=F/[F,F] be the quotient homomorphism.
Then,

F®/p(N) = (F/N)® canonically.

Proof. Both F?* /p(N) and (F /N)™ are Abelian groups with the same universal property.
For any homomorphism 4 : FF — H from any group F' to an Abelian group H such that

N C kerh, there exists unique homomorphism

F®/p(N)—H and (F/N® —H
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such that the following diagram commutes:

Fi —» F®/p(N)

F -+ H
; |

F/N —» (F/N)®
The result follows. ]

Corollary 6.1. Let G be a group with the presentation (o,..., ¢, | x), where
a,..., 0 are the n generators and x is the relation. Let

F={oy,...,0,) be the free group generating G.

Define p : F — F = 7" to be the quotient homomorphism. Then, G* =2 Z" / p (x)
canonically.

Proof. Write G =F /N, where N = (x) <F is the normal subgroup of F generated by (x).
The result follows by Theorem [6.5] O

Theorem 6.6 (fundamental group of n-fold torus). Let X denote the n-fold torus
T#...#T. Then,

7 (X) =2 7Z*" is free Abelian of rank 2n.

Proof. Recall that 7y (X,x) has the presentation

(ar,Bi,.-, 0, Bu | [a1,B1]--- [0, Bn]) -

The element [cty, B1] . .. [0, Bi] € (01, B1, ..., @y, By) maps to 0 in Z2", O

Theorem 6.7. Let X denote the m-fold projective plane P?#...#P2. Then,
(X)) =72" ' @7./27

has torsion subgroup of order 2 and it is free quotient of rank m — 1 (Copy phrasing

from Munkres).

Proof. Recall that 7y (X,xp) has the presentation
<a1,...,ocm | (ocl)z...(ocm)2>.

The element (o). .. (0,)* maps to p (x) = 2 (0 + 0,) € Z™. Changing bases in Z" to
Oy..ny Oy—1, With B =0t +...+ 04y, we have p (x) =2, so nfb(X)g(Zal@...@Zam,l)@
7B /2.

Here, we note that Zo @ ... Zay,_1 = 7" " and ZB /2B = 7./27. O
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Theorem 6.8. Let T, and IP,, denote the n-fold connected sum of tori and the
m-fold connected sum of projective planes, respectively. Then the surfaces

S%; T, Ty,...; P, Py, ... are topologically distinct.

6.3 Cutting and Pasting

As shown in Figure [6.11] let P be a polygonal region with successive vertices p, ..., pn,
where p, = po. For 1 <k <n—1, let

Q1 = the polygonal region with successive vertices po, p1,-- -, Pk, PO

O, = the polygonal region with successive vertices  pg, Pk, ---,Pn = P0

where they have the edge popy in common.

Define Q’1 to be any translation of Q disjoint from Q, with successive vertices qo,q1,- - - ,qk, q0-

Figure 6.11

Then, P is homeomorphic to the quotient space of Q},Q; obtained by pasting the edge
q0qi of O, to the edge popj of 0].

Say P has the labelling scheme yqy;. Then, Q] has the labelling scheme yoc~! and 0 has
the labelling scheme cy;. Here, yq refers to the first k£ terms, y; is the remainder, and c is

a label not in any labelling scheme elsewhere.

Elementary operations on labelling schemes of disjoint polygonal regions involve the
following:

(i) Cut: One can replace the scheme w; = ygcy; by the scheme yoc’1 and cy;, pro-
vided ¢ does not appear elsewhere in the total scheme and yq and y; have length at
least two.

(ii) Paste: One can replace the scheme yoc~! and cy; by the scheme ygy;, provided ¢
does not appear elsewhere in the total scheme.

(iii) Relabel: One can replace all occurrences of any given label by some other label

that does not appear elsewhere in the scheme. Similarly, one can change the sign
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of the exponent of all occurrences of a given label a; this amounts to reversing the
orientations of all the edges labelled “a”. Neither of these alterations affects the
pasting map.

(iv) Permute: One can replace any one of the schemes w; by a cyclic permutation of w;.
Specifically, if w; = ygy;, we can replace w; by y;yo. This amounts to renumbering
the vertices of the polygonal region P; so as to begin with a different vertex; it does

not affect the resulting quotient space.

(v) Flip: One can replace the scheme
wi = (a;, )" - (a;,)™

by its formal inverse

wi = (ag,) "o (@)

This amounts simply to “flipping the polygonal region P; over.” The order of the
vertices is reversed, and so is the orientation of each edge. The quotient space X is

not affected.

(vi) Cancel: One can replace the scheme w; = yoaa’l y1 by the scheme ygy;, provided
a does not appear elsewhere in the total scheme and both yg and y; have length at

least two (Figure[6.12).

Y
(] ¥
Yo
b b S
—_—
a a
a a
Yo i ¥y
¢ — ¥

Figure 6.12

(vii) Uncancel: This is the reverse of operation (vi). It replaces the scheme ygy; by the
scheme ypaa~'y;, where a is a label that does not appear elsewhere in the total

scheme. We shall not actually have occasion to use this operation.

Definition 6.10 (equivalent labelling schemes). Two labelling schemes for disjoint
polygonal regions are equivalent if and only if one can be obtained from the other

by a finite sequence of elementary operations.

Note that the spaces obtained by pasting the edges of disjoint polygonal regions according
to equivalent labelling schemes are homeomorphic to each other.
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Example 6.11 (labelling scheme of Klein bottle). We note that the Klein bottle K is
homeomorphic to the connected sum of the projective planes, i.e.

K is homeomorphic to P*#P?

because their labelling schemes are equivalent.

ExampLe Klein bottle K

homeomorphic to
PP . .

because their labelling schemes are equivalent : 2 '
by v Ab
ﬂhﬂ_lé‘ ‘/...
a
a
— gb! & ca~'b cutting b

— ¢"'ab & p™'ac™' Mipping the second

— ¢ lage™  pasting f.r’f} bb ‘{ 4L )
a g .

— ¢"“lab & ca™'h  cyclic permuung the first { ) I
q a

—  ahe”'c cyclic permuting

6.4 The Classification Theorem

Recall that the examples S2,T, (where n > 1) and P,, (where m > 1) are obtained by
pasting the edges in pairs from a single polygonal region. Our current goal is to provide
a topological classification of surfaces obtained by quotients of a polygonal region.

Theorem 6.9 (classification theorem). Let X be the space obtained by pasting the
edges in pairs from a single polygonal region. Then, X is homeomorphic to either
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of the following:
the 2-sphere S> or the n-fold torus T,, or the m-fold projective plane P,,,

where n,m > 1.

Definition 6.11 (proper labelling scheme). A labelling scheme wy, ..., wy of disjoint
polygonal regions P, ..., P is proper if and only if each label appears exactly twice

in Wi, .., Wgk.

Theorem 6.10 (classification of proper labelling schemes). Let w be a proper la-
belling scheme of a single polygonal region of length > 4. Then, w is equivalent to

either of the following:

(1) aa 'bb~!
(2) abab
) (aiay)...(aman) where m > 2

) (alblaflbfl) (anbna,jlb,jl) where n > 1
Definition 6.12. Let w be a proper labelling scheme of a single polygonal region.
Then,
w is of torus type if and only if each label appears exactly once with exponent + 1.
Otherwise, w is of projective type.
Lemma 6.2. If w= [yo]a[yi]a[y2], then w ~ aa [yoy; 'y2]. Here, w denotes a proper

labelling scheme of a single polygonal scheme, and y; denotes labelling schemes

that may be empty, whereas a denotes a label.

Corollary 6.2. If w is a proper labelling scheme of projective type, then w is equiv-

alent to a scheme of the same length of the form

(a1a1)...(arar)wy;  where k > 1 with wy of torus type or empty.

Corollary 6.3. If w = wy (cc) (aba™'b~") w, then w ~ wq (aabbcc) wy.

Lemma 6.3. If w = wow;, where wy is of torus type with no two adjacent terms
having the same label, then w ~ wow,, where wy = aba='b~w; with w having
the same length as w; and w3 of torus type or empty.
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6.5 Constructing Compact Surfaces

It suffices to establish the following theorem:

Theorem 6.11. Let X be a compact connected surface. Then, X is

homeomorphic to the space obtained by pasting the edges in pairs from a single polygonal region.

Will use the following result:

Theorem 6.12 (Rado’s theorem). Let X be a compact surface. Then, X is homeo-

morphic to the space

obtained by pasting the edges in pairs from a finite collection of disjoint triangular regions.

We now prove Theorem

Proof. By Rado’s theorem (Theorem [6.12), there exists a finite collection of disjoint
polygonal triangular regions 71,...,7,, and a proper labelling scheme of these regions
such that X is homeomorphic to the space obtained by pasting the edges of these regions

according to the labelling scheme.

If there exist two edges in distinct regions with the same label, then by flipping one
of the regions if necessary, we can paste these regions along these two edges. As such,

the number of polygonal regions is reduced by 1, making the labelling scheme still proper.

By induction, this is reduced to the situation where either one has only a single polygonal
region with proper labelling scheme (for which we are done) or one has more than one

polygonal region such that no two distinct regions missing! [

Definition 6.13 (curved triangle). Let T be the regular T-gon in R2. Let X be a
topological space. A curved triangle in X is

a subspace A C X given with a homeomorphism i : 7T — A.

The vertices and edges of A are the images of those of T'.

Definition 6.14 (triangulation). A triangulation of X is a collection {A4}, of sub-
spaces of X satisfying the following properties:

(i) for each «, the subspace Ay, is a curved triangle in X, so homeomorphic to T
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(ii) for each o # B, we have

0;
AaNAg = § a vertex of both Aa,Ag;
an edge of both Ay, Ag

and if e = Ag MAg is an edge of both and
ho:T —Aq andhg:T — Ag are the given homeomorphisms,
then
h[;]ha hy!(e) — hlgl (e) 1is alinear homeomorphism between the edges of T
(iii)

X = UAa and it is given with the colimit topology.
o

Definition 6.15 (triangularizable). The space

X is triangularizable if and only if there exists a triangulation of X .

We now prove Rado’s theorem (Theorem [6.12)).

Proof. Since X is compact and Hausdorff, then we can write

n
X = UAi which is a finite union of curved triangles.
i=1

For each i, let
h; :T; —A; denote the corresponding homeomorphism.
Here, T;’s are disjoint regular 3-gons in R?. Also, if e = A;NA j 1s an edge of both, then
h;lh,- thil(e) — h;l (e) is alinear homeomorphism.

Let

n
E= U T; CR? be a finite collection of disjoint triangular regions.
i=1
Then, the h;’s combine to define a surjective map 4 : E — X. Since E is compact and X is
Hausdorff, then the map £ is closed, so the topology of X is the quotient topology from E

via h.

For each edge e of a curved triangle A;, there exists a unique different curved triangle
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Aj with e as an edge. This follows from the fact that each point on the edge in ques-
tion must have an open neighbourhood homeomorphic to the open disc in R?. Hence,
h: E — X pastes the edges of E in pairs.

Let w be the labelling scheme on the edges of E induced by 4. Then, w is a proper la-
belling scheme. Recall that the quotient space E/ ~,, is obtained by pasting the edges of
E together according to the labelling scheme w. It is defined via the equivalence relation
~, (check) on E generated by the following relation:

x=y or there exist edges ey,e, of E with the same label
suchthatx € ey andy € ey and y = ¢ ()

where ¢ is the unique orientation-preserving linear map from ey to e,
From the definition of triangulation of X, it is clear that for any x,y € E, we have
X~y implies h(x)=h(y) inX

and the reverse implication holds when x, y are in the interior of the 7;’s or in the interior
of the edges. However, it is not clear that

h(x) =h(y) in X when x,y are the vertices of 7;’s implies x ~,, y.

For any curved triangles A;,A; such that v =A; N A is a vertex of both, then there exists a
sequence of curved triangles with v as vertex, beginning with A; and ending with A ; such
that

the intersection of each triangle of the sequence and its successor is an edge of both.

Then, X is indeed the space E/ ~,, obtained by pasting the edges of E together according
to the proper labelling scheme w induced by /4. To see why, let v be a vertex of any curved
triangle. Define the relation ~ on the set of curved triangles with v as a vertex by setting

A;NA; ifandonlyif there exists a sequence of curved triangles
with v as vertex beginning with A; and ending with A
such that missing

is an edge of both

It is clear that ~ is an equivalence relation and we wish to show that there is only one
equivalence class. Suppose otherwise. Let B be the union of the curved triangles in one
equivalence class and C be the union of all the others. Then, BUC contains a neighbour-
hood of v in X.

Also, no triangle in B has an edge in common with any triangle in C so

BNC={v} so (BUC)\visnotconnected.
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Hence, for every sufficiently small neighbourhood W of vin X (i.e. W C BUC), the space
W \ v is not connected.

include diagram

However, since X is a surface, it is locally homeomorphic to R2, i.e. there exists a neigh-
bourhood U of v in x that is homeomorphic to R2, but

U\v is homeomorphicto R?\ {0},

where it is known that R?\ {0} is connected, which is a contradiction. missing O






CHAPTER

Applications of Algebraic Topology
to Group Theory

7.1 Covering Spaces of a Graph

Definition 7.1 (arc). An arc is
a topological space homeomorphic to the unit interval [0, 1].

If A is an arc, its endpoints p, g are the unique points of JA = A\ int (A) correspond-
ing to 0, 1 under the homomorphism. Its interior is

int(A) =A\JdA=A\{p,q}.

Definition 7.2 (graph). A graph (linear graph) is a topological space X satisfying
the following properties: there exists a collection {A4},, of subspaces of X, called
the edges of X, such that the following hold:
(i) for each o, the subspace A is an arc (so homeomorphic to [0, 1])
(ii) foreach o # B, either Ay NAg =0 or AgNAg = dAgMNJAg which is a single
point
(iii) we have
X = UAa and it is given with the colimit topology,
(04
1.e. a subset of X is open in X if and only if its intersection with each A is
open in Ay

We say that

X0 = U dA, are the vertices of X.
o
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We say that
X is a finite graph if and only if X 0 is finite.

Example 7.1. Consider the diagrams in Figure [7.1] These are not graphs. However, they
are homeomorphic to the graphs shown in Figure [7.2] respectively.

O X

Figure 7.1: Non-examples of graphs

O X

Figure 7.2: The diagrams in Flgure 7. 1 are homeomorphic to these respective graphs

Example 7.2 (infinite earring/Hawaiian earring). The infinite earring refers to the union
of circles of radius 1/n in R? with centre at the point (1/n,0) given with the subspace
topology of R?. It is

not homeomorphic to a graph as it is not semilocally simply-connected.

Figure 7.3: Hawaiian earring

Definition 7.3 (wedge of circles). A wedge of circles is a topological space X where
there exists a collection {Sq },, of subspaces of X, called the circles of X, such that
the following hold:
(i) for each «, the subspace S is homeomorphic to the unit circle
(ii) there exists p € X such that for each o # 3, one has S¢ N Sg = {p}
(>iii) we have

X = USa and it is given with the colimit topology.
o

Example 7.3. A wedge of circles is homeomorphic to a graph. To see why, consider
Figure where we can write each subspace Sy, as a graph having three edges, with p

as one of its vertices.
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Figure 7.4: Wedge of circles homeomorphic to a graph

Example 7.4. Let J be a discrete space, and let E = [0, 1] x J. The quotient space X ob-
tained from E by collapsing {0} x J to a point p is a graph (Figure . As such, all the
left endpoints of these segments (corresponding to 0 in each interval) are merged into one

common point.

The graph obtained contains segments which can be thought of as rays that extend from
the point p (the collapsed left endpoints) to the right, each reaching a different endpoint.
This configuration resembles a star-shaped graph, with p as a central vertex.

Figure 7.5: The quotient space X is a graph
Lemma 7.1. Let X be a graph. If

C C X is a union of edges and vertices then Cis closed in X.

Proof. For each a, the intersection CN A, is either empty, or A, or a subset of dA, so
CNAg is closed in Agy. So, Cis closed in X. O]

Corollary 7.1. Any subset of vertices is closed in X. Also, any union of edges is
closed in X.

Lemma 7.2. Every graph X is normal, hence Hausdorff, as a topological space.

which is a union of edges given with the subspace topology from X.

Lemma 7.3. If Y is a subgraph of X, then ¥ C X is closed in X and the subspace
topology of Y from X is the colimit topology from its edges. Hence, Y is itself a
graph.

Lemma 7.4. Let X be a graph. For any compact subset C C X, there exists a finite

‘ Definition 7.4 (subgraph). Let X be a graph. A subgraph of X is a subset Y C X
‘ subgraph Y C X such that C C Y.
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I Lemma 7.5. Every graph is locally path-connected and locally simply-connected.

Theorem 7.1. Let X be a graph. Let p : E — X be a covering space of X. Then, E
is a graph.

7.2 The Fundamental Group of a Graph

Definition 7.5 (oriented edge). Let X be a graph. An edge e of X is oriented if and
only if it is given with an ordering of de from the initial vertex to the final vertex.

Definition 7.6 (edge path). An edge path in X from xj to x, is a finite sequence
X0,X1,--.,X, of vertices in X such that for each 1 <i < n, there exists an edge e; of
X with de; = {x,-_l,x,-}.

Definition is equivalent to saying that an edge path is a finite sequence ey,...,e, of
oriented edges of X such that foreach 1 <i<n-—1,

the final vertex of ¢; is the initial vertex of e; 1.

I Definition 7.7 (closed edge path). Anedge path in X is closed if and only if xo = x;,.

An edge path is not a reduced edge path if and only if there exists 1 <i < n— 1 such that
the oriented edges ¢;, e;, | are the same edge, i.e. de; = de; . In this case, when we wish
to reduce the edge path, we can

delete ¢; and e;; or equivalently delte x;_; and x;

and the graph will still have an edge path (see Example [7.5)).

Example 7.5 (reducing an edge path). We can delete the edges es and es in order to

reduce an edge path.

€s

€6 ey

Note that e = —e;5
€3

€l e - / -

Figure 7.6: Reducing an edge path

Given an oriented edge e, let

fe: I —e— X be the composite path.
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Given an edge path ey, ..., e, from xq to x,, the corresponding path from xy to x;, is
f=rfix(fax(...xfn)) where fi=fe.
It is a loop if and only if the edge path is closed.

Lemma 7.6. A graph X is connected as a topological space if and only if

for every pair of vertices x,y € X there exists areduced edge path in X from x to y.

Definition 7.8 (tree). A tree is a graph which

is connected and contains no closed reduced edge paths.

Definition 7.9 (subtree). A subtree of a tree in a graph X is a subgraph of X which

1s a tree.

Example 7.6. Here are some examples of trees.

Figure 7.7: Examples of trees

Example 7.7 (infinite trees). Here are more examples of trees which have an infinite

number of vertices. THe right tree is quite interesting (called a complete binary tree).

} &
I ~
i << X
: < -
I w4 .
A ‘-\ LML"U\/\ ‘(ﬁp

Figure 7.8: More examples of trees

Example 7.8. Here is a non-example of a tree.

-

Figure 7.9: Non-example of a tree
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Lemma 7.7. Let X be a graph, and let T be a tree in X. For any edge A of X such

that 7 N A is a single vertex, the union 7 UA is a tree in X.

If T is finite and consists of at least one edge, then there exists a tree Tp in
X and an edge A of X such that 7o N A is a single vertex and 7" = Tp UA.

Theorem 7.2. A tree is simply-connected as a topological space.

Definition 7.10 (maximal tree). Let X be a graph. A maximal tree in X is a tree T

in X such that there does not exist a tree in X that properly contains 7.

Theorem 7.3. Let X be a connected graph. A tree 7 in X is maximal if and only if

X°CT or equivalently 7 contains all the vertices of X.

Theorem 7.4. Any tree Tp in X is contained in a maximal tree in X.

Theorem 7.5 (fundamental group of a graph). Let X be a connected graph, T C X
be a maximal tree in X, and J C X be the set of edges of X not in 7. Then, the
fundamental group of X is a free group on the set J, i.e.

for any vertex xo of T we have 1 (X,x9) = F (J).
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