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CHAPTER

The Real Numbers, R

1.1 Fields

The real numbers R form one of the most fundamental objects in Mathematics. How-
ever, what exactly makes R so special? Mathematically, we capture its essential structure
by saying that R is a complete ordered field. This description hides three major ideas:
the field structure which refers to the algebraic rules that govern addition, subtraction,
multiplication, and division, order structure which refers to the way real numbers can be
compared, allowing notions such as ‘greater than’ and ‘positive’, and completeness which
refers to the analytical property that ensures limits behave the way we expect, and that no

gaps exist on the real line.

In this section, we begin with the field structure. Although many of the field proper-
ties may feel familiar or even obvious, writing them down explicitly makes clear which
statements are axioms and which are consequences. For example, the trichotomy property
of R states that

ifa,b € R then eithera<b,a>bora=>nb.

This can be perceived as an obvious fact. The foundation here is essential: many results

in Real Analysis rely on nothing more than these axioms and simple logical deductions.

Definition 1.1 (field axioms). A field consists of a set F satisfying the following
properties:

(i) an additive map

+:FXF—F where (x,y)—>x+y

(ii) the existence of an additive identity 0 € F'

'In fact, we can regard the trichotomy property of R as a combination of the reflexivity and antisym-
metry properties in Definition [I.2] and the comparability property in Definition [I.3] Alternatively, one can
refer to (iii) of Proposition
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(iii) a negation map

—:FxF —F where x+— —x

(iv) a multiplication map

-:FxF —F where (x,y)+— xy

(v) the existence of a multiplicative identity 1 € F/

(vi) areciprocal map

(=)' F\{0} = F\{0} where xrsx!

such that the following properties are satisfied:

(i) + is commutative, i.e. forall x,y € F, we have x+y=y+x
(i) + is associative, i.e. for all x,y,z € F, we have (x+y)+z=x+ (y+2)
(iii) O is the identity for 4+, i.e. forallx € F, we have x+0=x=0+x
(iv) — is the additive inverse of addition, i.e. for all x € F, we have x4 (—x) =
0=(—x)+x
(v) -is commutative, i.e. for all x,y € F, we have xy = yx
(vi) - is associative, i.e. for all x,y,z € F, we have (xy)z = x(yz)

(vii) 1 is the identity for -, i.e. for all x € F, we have x1 = x = 1x

1 —1

(viii) (—1)_1 is the inverse of -, i.e. forallx € F, wehave xx ' =1 =x"'x

(ix) 1+#0,i.e. F is not the zero (trivial) field

(x) - is distributive over +, i.e. for all x,y,z € F, we have

x(y+z)=xy+xz and (x+y)z=xz+yz

When we were discussing the properties of a field in Definition [1.1} recall that multipli-
cation is denoted by -, and we can condense x -y as xy. For example, refer to (v), which

can also be writtenas x-y =y - x.

Example 1.1. The best known fields are those of

Q = field of rational numbers

R = field of real numbers

C = field of complex numbers
Example 1.2. In Number Theory, we let Q, denote the field of p-adic numbers, and IF),
denote the finite field of p elements.

Example 1.3. Let k be a field. Then, define k(¢) to be the field of rational functions over
k.
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We then discuss the general properties of fields.

Proposition 1.1. The axioms for addition in Definition [I.1] imply the following
statements: for all x,y,z € F,
(i) Cancellation for +: if x+y=x-+z, theny =z;
(ii) Uniqueness of 0: if x+y = x, then y = 0;
(iii) Uniqueness of negative: if x+y =0, then y = —x;

(iv) Negative of negative: — (—x) = x

We will only prove (i) and (iv).

Proof. First, we prove (i). Suppose x,y,z € F such that x+y =x+2z. Then, as —x € F,
by some results in Definition (1.1}

((=x) +x+y=((-x) +x+z
((—=x)+x)+y=((—x)+x)+z by associativity of +
0+y=0+z since O is the additive identity in F’

and we conclude that y = z. Il
We then prove (iv).

Proof. Recall that x+ (—x) = 0. The trick now is to consider — (—x) + (—x) = 0 which
again follows by the axiom for negation. As such,

X (1) = = (=) + ()
x=—(—x) by the cancellation property in (i)

so (iv) holds. O

Proposition 1.2. The axioms for multiplication in Definition |1.1{imply the follow-
ing statements: for all x,y,z € F,
(i) Cancellation for -: if x # 0 and xy = xz, then y = z;
(i) Uniqueness of multiplicative identity: if x 7 0 and xy = x, then y = 1;
(iii) Uniqueness of reciprocal: if x # 0 and xy = 1, then y = 1/x;

(iv) Reciprocal of reciprocal: if x # 0, then 1/ (1/x) =x

Proposition 1.3. The field axioms (Definition imply the following statements:
forall x,y € F,

(i) Ox=0;
(ii) if x 20 and y # 0, then xy # 0
(iii) (—x)y = —(xy) =x(-y)
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| & coen-»
We now discuss what it means for a set to be ordered (Definitions[I.2]and[1.3).

Definition 1.2 (partial order). Let S be a set. A partial ordering relation on S is a

relation < on S satisfying the following properties:

(i) Reflexivity: for all x € S, we have x < x
(ii) Transitivity: for all x,y,z€ S, wehavex <yandy < zimply x < z

(iii) Antisymmetry: for all x,y € S, we have x <y and y < x implies x =y

Definition 1.3 (total order). A total ordering relation on S is partial ordering re-
lation < (Definition on § which also satisies the following property that < is
comparable:

forallx,yeS wehave x<yory<x.

Example 1.4. Let S be a set. Then, the subset relation C on P (S) is a partial ordering but

not a total ordering when [S| > 1.

Definition 1.4 (ordered field). An ordered field consists of a field F and a total
ordering < on F saitsyfing the following properties:

(i) <is compatible with +: for all x,y,z € F, we have
x<y implies x+z<y+z

(ii) <is compatible with -: for all x,y,z € F, we have

x<yandz>0 implies xz<yz

Definition 1.5. If

x> 0 we call x positive and if x <0 we call x negative and if

x > 0 we call x non-negative and if x <0 we call x non-positive

Definition 1.6. We have

Foo={x€F:x>0}
Fo={xeF:x<0}
Fso={x€F:x>0}=FoU{0}
Foo={x€eF:x<0}=F,U{0}
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Example 1.5. Q given with the usual ordering < is an ordered field. We will eventually
construct R as an ordered field.

Proposition 1.4. Let F be an ordered field. Then,
forallx,y e F wehave x<yifandonlyif —x> —y.
In particular, F.g = —F- and F<g = —F>y.

Proof. We first prove the forward direction. If x <y, we take z = (—x) + (—y) in F. As
such, x4z < y-+z, which implies —y < —x. For the reverse direction, we apply the same
idea to (x,y) = (—y, —x) to obtain — (—x) < —(—y). As such, x < y. O

Proposition 1.5 (closure properties and trichotomy). For any ordered field F,

(i) F.o is closed under addition: F.(+ F-o C Fy
(ii) F- is closed under multiplication: F~ (- F.o C F.

(iii) Trichotomy: F = FLoU{0} U (—F~9)

Proposition 1.6. For any ordered field F', the following hold:

(i) for all x € F, we have >0

(ii) for all x,y € F suchthat0 <x <y, wehave 0 < 1/y < 1/x

Proof. We first prove (i). Suppose x > 0. Then, x> = x-x > 0-x = 0 by the compatibility
of < with - (recall (ii) of Definition . If x <0, then —x > 0, so x*> = (—x) (—x) >
0 (—x) = 0 again by (ii) of Definition

We then prove (ii). Suppose x > 0. If x1<0, then 0 =x-0>x-x"! =1, which is
a contradiction. As such, we must have x ! > 0. If 0 < x < y, then xy > 0 since Fy is
closed under multiplication ((ii) of Proposition . As such, ()cy)f1 > 0. Hence,

1 -1

0<y'=x-(xy) ' <y (xy) ' =x

by the compatibility of < with - as mentioned in (ii) of Definition O

Definition 1.7 (field characteristic). Let F be an ordered field. Then,

foralln € N we have n-1:1F+1F+---+15 in F.

n terms

I Proposition 1.7. Any ordered field F has characteristic zero.

Proof. We shall induct on n. The base case n =1 is trivial as 1 > 0 in F. Next, for any
neN,ifn-1>0inF, then (n+1)-1=n-141> 0 because n-1 > 0 by the inductive
hypothesis and 1 > O trivially. As such, the result follows. ]
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For those who are interested in Abstract Algebra, Definition |1.8|would appeal to ymﬂ

Definition 1.8. Let F be an ordered field. Then, F is of characteristic zero. Also,
there exists a unique homomorphism of fields

1:Q<— F called the canonical inclusion of QQ into F.

Moreover, 1 is injective and order-preserving.

It follows that ordered fields must be infinite. Also, ordered fields cannot be algebraically
closed. For the latter, to see why, we note that x%2 4+ 1 = 0 has no solution in the ordered
field F.

1.2 Supremum, Infimum and Completeness

Definition 1.9 (upper and lower bound). Let S be an ordered set, i.e. a set given
with a total ordering. A subset E C S is

bounded above iff there exists B € S such that for all x € E we have x < B
bounded below iff there exists A € S such that for all x € £ we have A < x

bounded iff it is bounded above and bounded below
We say that

A €S isalowerboundof £ in S
B €S isanupper bound of E in §

Definition 1.10 (supremum and infimum). Let S be an ordered set and E C S be
any subset. A real number « is the supremum (least upper bound or LUB) of E if
o is an upper bound of E. and «a < u ¥V upper bound u € E, i.e. o = sup (E).

A real number f is the infimum (greatest lower bound or GLB) of E if

B is alower bound of E and f > uVlowerboundu € E, i.e. B =inf(E).

Proposition 1.8. For an ordered set S, let E C S. Then,

the set of upper bounds =@ if and only if E is not bounded above in S.

Example 1.6. Take S = QQ and E = Z. Then, E C S, and we note that the set of upper
bounds of Z in Q is 0 as the sup (Z) does not exist.

2Via the canonical inclusion 1 : Q < F of Q into F, we will identify Q with 1 (Q) C F and regard Q
as a subfield of F. All these will be covered in MA3201 Algebra II.
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Example 1.7. Note that the supremum and infimum of a set may or may not be elements
of the set. For example, consider

E={xeR:0<x<1} whereinf(E)=0¢E and sup(E)=1¢E.
Lemma 1.1 (supremum is unique). Let S be an ordered set. Given E C S,

if there exists a least upper bound of E in § then sup (E) is unique.
For Lemmal|l.1] as mentioned in Definition[1.10| we write sup (E) € S for the unique least
upper bound of E in S if it exists.

Proof. The proof is straightforward. Suppose both & and o' are least upper bounds of E
in S. Then, one can show that & < &’ and &’ < o by using the two conditions mentioned
in Definition [

At this juncture, we note that a number of properties of the infimum, or greatest lower
bound of a set, have not been discussed. These draw parallelisms with the definition of
the supremum (both in Definition [I.10).

Definition 1.11 (least upper bound property). An ordered set S has the least upper
bound property if and only if for any non-empty subset £ C § which is bounded
above, there exists a least upper bound sup (E) € Sof E in S.

Example 1.8. Let Sy be an ordered setﬂ and let S C Sy be any finite subset. Then, S,
which is regarded as an ordered set, has the least upper bound property (Definition (1.11)).
In fact, for any non-empty subset £ C S (which is necessarily finite since any subset of a
finite set is also finite),

sup(E) =max (E) existsin S (in factin E).
I Lemma 1.2. 7Z, as an ordered set, has the least upper bound property.
Proof. Suppose E C Z is any non-empty subset which is bounded above by by € Z. Then,
bo\E={bop—x€Z:xcE}={k€Z:by—k € E} isanon-empty subset of Z>.

bo \ E is indeed non-empty as E # 0. By the well-ordering property of Zx, there exists
a smallest element ko € by \ E. As such, sup (E) = max (E) = by — ko exists in S. O

We then continue our discussion with a proof of Proposition [[.9]

I Proposition 1.9. Q does not have the least upper bound property.

31f you are unable to appreciate this example well, always make reference to sets, or number systems,
that you already know which would be applicable here. For example, we can take Sp = Q. Consequently
as we would see later, S C Sy is a finite subset of the rationals. Suppose S = {—1/2,3,10/7} and E =
{=1/2,10/7}. Then, sup (E) exists and it is equal to max (E) = 10/7.
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Proof. There are some things to address first. To start off, we prove that /2 is irrational.
In other words, the equation p?> = 2 is not satisfied by any p € Q. Consequently, Q does
not have the least upper bound property. We give an alternative proof using the unique

factorisation in Z. We have
p:g for some a,b € Z and b # 0

Then, consider the prime factorisations of a and b to obtain

[24] Q
py...p > :
=8P o p2 p% =240 P (1.1)
Bl ﬁs
qy ---gs

The exponent of 2 on the left side of (I.1) is even but it is odd on the right side, resulting

in a contradiction.

Now, consider the set
A={peQt:p*<2}.

Note that A is non-empty and bounded above in (Q since 1 € A and for all p € A, we have
p >0 and p? < 2, so we must have p < 2. We shall prove that A contains no largest
number. To be explicit, we show that for every p € A, there exists g € A such that p < g.
Well, for every p € A, we construct g as follows:

p*—2 2p+2

= cQ.
p+2 p+2 Q

q=7r

Also,

2, (2042) ,_2(P-2)
1 2_( > 2= (p+2)2'

Since p € A, then p> —2 < 0, s0 ¢ > p and ¢> —2 < 0. Hence, g € A and is > p. As
such, A contains no largest number. Anyway, here is a geometrical interpretation of the
relationship between p and ¢ (Figure [I.Ta). By constructing the line segment joining
(p,p*—2) and (2,2) and defining (¢,0) to be the point where this line intersects the
x-axis, one can indeed deduce that

p*=2
p+2°

q=PpP—

We are very close to showing that Q does not have the least upper bound property. More
explicitly, for every p in the set of upper bounds of A in QQ, one can deduce that there

exists ¢ in this set such that g < p. As such, this set will not contain a smallest element.

Previously, we showed that A contains no largest number, so no element of A can be
an upper bound of A. Similarly, for every p in the set of upper bounds of A in Q, we
construct g as follows (Figure(1.1b):

pP’=2_p+2

qup 2p@
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Also, as p2 —2 >0, it follows that g < p, so

2 2 2 2
2 P +2 p -2
1 ( 2p > ( 2p ) g

so g € A. As such, g is in the set of upper bounds of A in Q.

y
y= xr=2
2,2
2.2 ,
y=x>-2
70 2
(4.0) x (p,p*—2)
@0
4q;
(p.p*~2)
(a) (b)
Figure 1.1: Graph(s) of y = x> —2
It follows that Q does not have the least upper bound property. ]

Proposition 1.10. Let S be an ordered set with the least upper bound property.
Then, it also has the greatest lower bound property. That is to say, for any non-
empty subset B C § which is bounded below,

there exists a greatest lower bound inf(B) € Sof Bin S.

Proof. Suppose B # 0 is bounded below. Then, the set of lower bounds of B in S, denoted
by L, is non-empty and is bounded above. By the least upper bound property of S (Defi-
nition|1.11)), o = sup (L) exists in S.

We claim that a = inf(B) as well. We first prove that & is a lower bound of B. Note
that for all x € B, x is also in the set of upper bounds of L in § so & < x. As such, « is
also in the set of upper bounds of L in S. Next, o is the greatest among all lower bounds
of B, which holds because o = sup (L). O

Example 1.9 (Bartle and Sherbert p. 31 Question 12). Leta, b, c,d be numbers satisfying
0 <a < bandc<d<0. Give an example where ac < bd, and one where bd < ac.

Solution. For the first part, we can choose a =1, b =2, c = —3, d = —1; for the second
part, we can choosea=1,b=2,c=—-2,d = 2. O
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Example 1.10 (Bartle and Sherbert p. 31 Question 14). If 0 < a < b, show that a* <
ab < b?. Show by example that it does not follow that a®> < ab < b.

Solution. Suppose we are given that 0 < a < b. We first prove that a> < ab, which is
equivalent to showing that ab —a®> > 0. As such, a (b—a)>0. Sincea>0and b >a

implies b — a > 0, then it follows that their product is non-positive, i.e. a (b —a) > 0.

We then prove that ab < b?, which is equivalent to showing that b> —ab > 0. As such,
b(b—a)>0. Since b > 0 and b > a implies b —a > 0, their product is positive, i.e.
b(b—a)>0.

Having said all these, we show by example that
0<a<b doesnotimply a><ab< b’

We choose a = 0 so a> = 0 and ab = 0, so the inequality a®> < ab does not hold. U

Example 1.11 (Bartle and Sherbert p. 31 Question 17). Show the following: If a € R is
such that

0<a<eforeverye >0 then a=0.

Solution. Since € > 0 is arbitrary, we can choose € = a/2, so a < a/2. As such, a/2 <0,
which implies a < 0. Combining with the fact that a > 0, we conclude that a = 0. O

Example 1.12 (Bartle and Sherbert p. 31 Question 18). Let a,b € R, and suppose that
for every € > 0, we have a < b+ €. Show that a < b.

Solution. Suppose on the contrary that a > b. Then, a—b > 0. Choose € = (a—b) /2 > 0,

SO

a—b_a_ 2b+a—b—2a _ b—a

0.
2 2 2 <

b+e—a=>b+

This implies b+ € > a but this contradicts the fact that a < b+ €. To conclude, we must
have a < b. Ol

Example 1.13 (Bartle and Sherbert p. 39 Question 1). Let
Si={xeR:x>0}.

Show in detail that the set S} has lower bounds but no upper bounds. Show that inf (S;) =
0.

Solution. We claim that the set
A={y€eR:y<0} is the setof lower bounds of S;.

Let x € S be an arbitrary element. Then, x > 0. Moreover, for any y € R<(, we have
x > 0 >y, which implies that S| has lower bounds and they are all contained in A.
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Next, we prove that § has no upper bound. Suppose on the contrary that it has one,
say M. Then, M € R is such that for every x € S;, we have x < M. Then, consider the
inequality x <M < M+ 1. As such, M + 1 is an upper bound of S;. By definition of an
upper bound, we must have M + 1 < M, which leads to a contradiction. We conclude that

S1 has no upper bound.

Lastly, we prove that inf(S;) = 0. Recall that A is the set of lower bounds of Sj. As
the greatest value of A is 0, then by definition of infimum (greatest lower bound), we
conclude that inf (S7) = 0. O

Example 1.14 (Bartle and Sherbert p. 39 Question 2). Let
Ss={xeR:x>0}.

Does S, have lower bounds? Does S, have upper bounds? Does inf(S,) exist? Does

sup (S2) exist? Prove your statements.

Solution. Similar to Example one can show that S, has lower bounds (take for
example 0) but does not have any upper bound. Next, we claim that inf (S, ) = 0. Consider
the set

B={yeR:y<0} whichis the set of lower bounds of S,.

One can use the argument in Example [I.13]to justify this. Then, the greatest element of
Bis 0, so inf(Sy) = 0.

Lastly, we claim that sup (Sz) does not exist. This follows from the fact that S, is not
bounded above, so S, does not have a least upper bound. U

Example 1.15 (Bartle and Sherbert p. 39 Question 3). Let
S3={1/n:neN}.
Show that sup (S3) = 1 and inf (S3) > 0.

Solution. Let sup (S3) = a. Then, for all x € S3, we must have x < a. That is to say, for
any n € N, we must have 1/n < o. We note that the sequence

1 1

= > 0.
n+l n(n+1)

n- 1
{—} is strictly decreasing as — —
nj,_ n

As N satisfies the well-ordering property, it has a least element, which is 1. So, 1/1 =1
is the largest value of S3, i.e. 1 is an upper bound for S3. We then prove that 1 is indeed

the least upper bound. Suppose on the contrary that there exists € > 0 such that

1—¢ is the least upper bound for S3 where n & N.
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We claim that there exists m € N such that
1 ) 1
l—e< — orequivalently £€>1——>0.
m m

This leads to a contradiction.
Next, we prove that inf (S3) > 0. Suppose inf(S3) = . Then, as 1/n > 0 for all n € N,
then B > 0. In fact, we can further show that B = 0. Suppose there exists another lower

bound ' > 0. Then, there exists N € N such that 1/N < 8/, contradicting the fact that 3’
is a lower bound. We conclude that inf (S3) = 0. d

Example 1.16 (Bartle and Sherbert p. 39 Question 4). Let

S4:{1—(_nl>n:neN}

Solution. For any x € S4, we have

Find inf (S4) and sup (S4).

1+1/n ifnisodd;

X =
1—-1/n ifniseven.

Clearly, inf (S4) = 1/2 and sup (S4) = 2. 0

Example 1.17 (Bartle and Sherbert p. 40 Question 5). Find the infimum and supremum,
if they exist, of each of the following sets:

(@ A={xeR:2x+5>0}

(b) B={xeR:x+2>x*}

() C={xeR:x<1/x}

(d D={xeR:x*-2x-5<0}
Solution.

(a) The inequality is equivalent to x > —5/2, so sup(A) does not exist but inf(A) =

-5/2.
(b) The solution to the inequality is —1 < x <2, so sup(B) =2 and inf (B) = —1
(c) We have

2
—1 I)(x—1
X X

Hence, x € (—oo,—1)U(0,1), so sup(C) = 1 and inf (C) = —1.

4 Actually, to really argue this, we note that the solution set to the inequality is a compact set (just to
jump the gun here, we can apply what is known as the Heine-Borel theorem. It states that for a subset of
the Euclidean n-space S C R”", S is compact if and only if S is closed and bounded). In a compact set, we
have sup (S) = max () and inf (S) = min (S).
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(d) The solution to the inequality is 1 — /6 < x < 1+ /6 so sup(D) = 1+ +/6 and
inf (D) = 1 — /6. O

Example 1.18 (Bartle and Sherbert p. 44 Question 1). Show that

1
sup{l——:neN}zl.
n

Solution. Let S be the mentioned set and suppose sup (S) = a. Then,

1
forallneN wehave 1—-<a.
n

Since the sequence {1 —1/n},"_, is decreasing and bounded above by 1, then S is bounded
above by 1. Proving that « is indeed 1 is trivial (we discussed this method multiple
times). ]

Let us try to better understand the least upper bound property.

Example 1.19. Let E C R be any non-empty subset that is bounded above. For any a € R,
consider the set

a+E={a+xcR:x€E} whichis alsonon-empty and bounded above.
Then, we have
sup(a+E)=a+sup(E) inR.

We will justify this result, i.e. show the equality of two real numbers. One common
way to go about proving this is to show that the LHS < RHS and RHS < LHS directly.
However, we see that proving the latter directly is difficult, so we will resort to using

contradiction.

Proof. We first prove that sup (a +E) = a+sup (E). Note that for any y € a+ E, there
exists x € E such that y = a+x. So, x < sup (E). Adding a to both sides of the inequal-
ity yields y < a+E, so a+sup (E) is an upper bound of a + E. As such, sup(a+E) <
a-+sup(E).

We then prove that LHS < RHS leads to a contradiction, which would assert that RHS <
LHS. Suppose

sup(a+E) <a+sup(E) orequivalently sup(E)>sup(a+E)—a.

We claim that sup (a + E) — a is still an upper bound for E. To see why, for all x € E, we
havea+x€a+Esoa+x<a-+sup(a+E). Assuch, x < sup(a+ E) —a, contradicting
the least upper bound property of sup (E). O

I Lemma 1.3. Let S be an ordered set, and suppose E C S. Let u be an upper bound



14 CHAPTER 1. THE REAL NUMBERS, R

of E. Then,
u=sup(E) ifandonlyif forall € > 0 there exists x € E such that u — & < x.

We refer to Figure[I.2]for an illustration of Lemma|I.3]

xeE
u—¢& u=sup(E) X

Figure 1.2: Illustration of the supremum condition in Lemma

Example 1.20 (Bartle and Sherbert p. 40 Question 14). Let S be a set that is bounded
below. Prove that a lower bound w of § is the infimum of S if and only if for any € > 0,
there exists # € S such that r < w+-€.

Solution. For the forward direction, suppose w = inf (S). So, for any r € S, we have w <.
Suppose on the contrary that

t>w+¢€ foreveryte€S.

So, w+ € is also a lower bound for S. However, by definition of the infimum, w is the
greatest lower bound for S, which implies w > w4 €. As such, € <0, which is a contra-
diction.

For the reverse direction, suppose for any € > 0, there exists # € S such that < w+ €. We
already know that w is a lower bound for S. Suppose v is another lower bound for w. We
claim that v < w. Suppose on the contrary that v > w. Choose € =w —v > 0. Then, we
have

t <w-+e€ whichimplies t<w+(v—w)=nw

As such, v cannot be a lower bound for S, which leads to a contradiction. O

Axiom 1.1. Every non-empty subset of R which is

bounded above supremum;

bounded below infimum.

Example 1.21 (Bartle and Sherbert p. 36 Question 5). Ifa <x < b and a <y < b, show
that [x —y| < b—a.
Solution. Suppose on the contrary that |x — y| > b — a. Then, either

x—y>b—a or x—y<a—b.

Note that a <y < b implies —b < —y < —a, so x —y < b — a, contradicting the claim that
x—y > b—a. Similarly, b —a < x — y, but again this leads to a contradiction. Hence, we
must have [x —y| < b—a. O
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Example 1.22 (MA2108 AY19/20 Sem 1 Tutorial 1). Let a,b € R. Show that

1 1
max (a,b) = §(a+b+|a—b|) and min(a,b) = §(a+b—|a—b|).

Solution. We consider two cases, namely a > b and a < b. If a > b, then a — b > 0, then
1 1
§(a+b—|— la—Db|) = E(a—i—b—ka—b) = a = max(a,b).
Similarly,
1 1
§(a+b— la—b| = E(cH—b— (a—b) = b =min(a,b).

The case where a < b has similar working. U

Example 1.23 (Bartle and Sherbert p. 40 Question 7). If a set S C R contains one of its
upper bounds, show that this upper bound is the supremum of S.

Solution. Let u € S be an upper bound for S. Suppose v is another upper bound for S such
that v < u. Choosing S > s = u, there exists s € S such that v < s, which contradicts our
claim that v < u. As such, we must have u < v, i.e. if we have another upper bound v of
S, then u < v. We conclude that u = sup (). O

Example 1.24 (Bartle and Sherbert p. 40 Question 8). Let S C R be nonempty. Show
that

u € R is an upper bound of § if and only if the conditionsz € R and ¢ > u imply ¢ & S.

Solution. We first prove the forward direction. Suppose u € R is an upper bound of S.
Then, for all s € S, we have s < u. Say t € R is such that # > u. Suppose on the contrary
that r € S. Then, because S is bounded above by u, we must have ¢ < u, contradicting
t > u. We conclude that r ¢ S.

For the reverse direction, we argue by contradiction — say u is not an upper bound of
S. Then, there exists sy € S such that u < sy. Let r = 50, then ¢ > u, but this contradicts
our hypothesis as any ¢ € R such that 7 > u implies ¢ ¢ S. However, we have t = 59 € S,
which is a contradiction. U

Proposition 1.11 (Archimedean property). For any x,y € R such that 0 < x <y,

there exists n € N such that nx > yinR.

Corollary 1.1. For any € € R+,

there exists n € N such that ne > 11in R.

Theorem 1.1 (density theorem). The rational numbers are dense in R, i.e.

if a,b € Rsuchthata < b then there exists r € Q such thata < r < b.
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In short, we are always able to find another rational number that lies between two

real numbers.

Corollary 1.2. The irrationals are dense in R, i.e.

ifa,b € Rsuchthata < b then there exists x € Q such thata < x < b.

Example 1.25. Q satisfies the Archimedean property. Also, Q is dense in Q with respect
to ordering — clearly, for any rational numbers a and b such that a < b, we can always
find another rational number r strictly in between them. Take for example, r = % (a+b).

Theorem 1.2 (existence and uniqueness of radicals). Let x > 0 and n € N. Then,
exists a unique positive real number y such that y” = x. The number y is known as

the positive n root of x and thus,

y=x=x"".

Proof. The uniqueness claim is quite obvious — suppose we have two positive real num-

bers 0 < y; <y>. Then, 0 <y} < ). As such, given that y] = y7, it implies y; = y.

We then prove the existence clainﬂ Let E denote the set consisting of all positive real

numbers ¢ such that 1" < x, i.e.
E={tcR:t>0and" <x}.

First, we claim that y = supE exists in R. By the least upper bound property of R, it
suffices to show that E # 0 and E is bounded above. Consider # = x/ (1+x) € R Since
x>0, then we get 0 <7 < 1 and ¢ < x. By induction on &, we note that for all k € N, we
have 0 <K <7< 1,s01" <t < x. To see why, note that t* >0 is clear since > 0. As
such, it suffices to prove that r* <t. Equivalently, ¢ (¥ —1) <0, so *~1 —1 <0, so
t*=1 <1 (in fact, this inequality is strict) which holds by the induction hypothesis.

The above shows thatt € E, so E # 0.
We then claim that 1 +x € R is an upper bound of E, i.e. forall t € E, one has t < 1 +x.

Suppose on the contrary that there exists t € E such thatt > 1+x, i.e. t > 1 and t > x.
Again, by induction on k, we note that for all k € N, we have t* > ¢4 1. To see why, we

3 As mentioned by Prof. Chin Chee Whye, when you encounter the proof in Rudin’s book for the first
time (referring to ‘Principles of Mathematical Analysis’), you will feel so angry to the extent that you will
throw the book away.

6 Actually, it is fairly intuitive to consider this function (though we will jump the gun). We can think of
the problem as follows: construct a sequence of positive numbers x,, that is increasing, bounded between 0
and 1. Try to think of x, = 1 — 1/n. However, as the sequence must be defined at index 0, we simply do a
translation to obtain x, = 1 —1/(n+1). One checks that x, =n/(n+1).
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consider

k+1 k

t =1t
>1t(t+1) Dby induction hypothesis

>t+1 sincetr >1
Hence, t"* >t > x, contradicting the hypothesis thatr € E. So,t € E.
Lastly, we shall prove that y = supE, i.e. y is a positive real number satisfying y" = x.
This is clear for the case when n = 1. As such, we will prove the claim for n > 2. To do

this, we will show that y" < x and y" > x both lead to a contradiction. First, note that for
any a,b € R such that 0 < a < b, we have the inequality

b"—a" < (b—a)nb" .

To see why this inequality holds, recall the geometric series formula
b\" b (b\? "' (b
(_) 1= 1+-+(-) +...+(_) (__1>
a a a a a

b" —a" 1 -1 -2 -3;2 1y (b—a
- :anil(a” +d"b+d" b 4. D) — )

SO

Since the expressions on each side contain 1/4", it follows that

b'—a"=(b—a) (a”fl +d" 2b+d" P+ .. +u" 1)
<(b—a)(B" '+ b+ PP+ DY) sincea < b
= (b—a)nb""!

Assume that y" < x. Choose & such that

o\
0<h<mindl,—> 1.
n(y+1)"
Setting @ =y and b = y + h, we have

b"—d" = (y+h)" —y"
<hn(y+h)"" since " —a" < (b—a)nb""" as deduced earlier
<hn(y+1)""! sincenh<1

:x—yn

So, (y+h)" <x. Also, y+h € E. Since y+ h >y, this contradicts the fact that y is an
upper bound of E.

Next, assume that y* > x. Again, we will show that this leads to a contradiction. Choose

n

k suchthat 0<k<>— 7.

ny




18 CHAPTER 1. THE REAL NUMBERS, R

Then, as y" > x implies y" —x > 0, and ny" ! > 0, it follows that k > 0. Next, by setting
b=yand a =y—k, we have
bt — " :yn_(y_k)n

n—1

< kny since b" —a" < (b—a)nb"! as deduced earlier

Since y" — (y — k)" < y" — x is equivalent to saying that (y — k)" > x, our goal is to choose
k > 0 such that kny" ! < y" —x. To be precise, the chosen value of k should be

y'—x

k=21

ny"
Ift > y—k, then

1

VI—t"<y'—(y—k)" <kny" " =y"—x.

As such, " > x and ¢t ¢ E. It follows that y —x is an upper bound of E. However,
y —k <y, contradicting the fact that y is the least upper bound of E. To conclude, we
must have y" = x. [

We analyse the proof of Theorem Recall that
y=sup(E) where E={reR:t>0andt" <x}.

If y" < x, then as shown in Figure we define € = x —y" in Ryy. Try to choose a
number of the form y" + §, where 6 € R- and d < € such that y" + § is of the form
(y+h)", where h € R~. Consequently, this would contradict the fact that y is an upper
bound for E.

[ ]
[ ]

®
~

0 y x]/n
£
- A ———
6 y! X
Figure 1.3

In Figure([1.4] we wish to choose & € R~ such that 0 < (y+h)" —y" < €, where (y+h)" —
y" = §. In the proof of Theorem |I.2, we used the inequality »" — a" = (b —a)nb""!
(which follows by considering some finite geometric series). As such, (y+h)" —y" <
hn(y+h)""", so it suffices to choose i € Rxg so that hn (y+h)" ' < .

h
- =<—>= * >
0 Y y+h yl/n
4 8 \
0 Wy Hs=(y+h)" F

Figure 1.4
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The above is equivalent to choosing 4 € R~ so that

€

h < 7 Wwhich is impossible.

n(y+h)"
On the other hand, if y" > x, then we define € = y" —x, which is in R~ (Figure[L.5).

~

0 xl/n y
€
. —,
0 X !
Figure 1.5

In Figure we wish to choose a real number of the form y" — &, where 6 € R+ and
8 < € such that y" — § is of the form (y — k)", where k € R.

Equivalently, we try to choose k € R~ such that 0 < y" — (y — k)" < €. By the inequality
b" —a" = (b—a)nb"!, we have y" — (y — k)" < kny"~! so it suffices to choose k € R~
such that kny"~! < e. This suggests to choose

E
k:nyn—l‘
h
® ® L * >
0 X y—h VY
) 8 \
0 Y oyes=-h Y
—
0
Figure 1.6

Corollary 1.3. If a and b are positive real numbers and n € N, then
(ab)V/" = al/mplin,
Proof. Letoo=a'/"and B =b'/", soab= o"B" = (aB)". By the uniqueness of Theorem
we are done. O

We have a nice corollary on R* = R\ {0} (Corollary [1.4). This set is defined to be the

multiplicative group of real numbers (will encounter in MA2202 and beyond).
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Corollary 1.4. Let R* =R\ {0}. Then,

Ry = (Rx)z as subsets of R.

Proof. Let F be an ordered field. The inclusion F~g O (F X)2 is obvious. In particular,
this holds for F = R. For the other inclusion, if x € R, then by Theorem there
exists y € R-y C R* such that y2 — x. Hence, the result follows. ]

Example 1.26 (Bartle and Sherbert p. 40 Question 6). Let S be a non-empty subset of
R that is bounded below. Prove that

inf(S) = —sup{—s:s€S}.
Solution. This problem aims to prove
inf (S) = —sup(—S).

Note that inf (S) < s for all s € §. So, —inf(S) > —s, so —inf(S) is an upper bound for
—S, which implies

—inf(S) > sup(—S) so inf(S)> —sup(-S).

For the other direction, since S is bounded below, then —S is bounded above so —s <
sup (—S) for all s € S. Hence,

s < —sup(—S) which impliesinf(S) < —sup(—S).
Combining both inequalities yields the desired result. U

Example 1.27 (Bartle and Sherbert p. 45 Question 4). Let S be a set of non-negative
real numbers that is bounded above. Let a > 0, and let aS = {as : s € S}. Prove that

sup (aS) = asup(S).

Solution. Suppose u = sup (aS). Then, for all as € aS, we have as < u. Since a > 0, we
have
sup (aS)

s < L_SP) which implies  sup(S) <
a a a

sup (aS)
We then prove the reverse direction. Suppose sup (S) = v. Then, for all s € S, we have
s < v. As such,
as < av=asup(S) whichimplies sup(aS) <asup(S).
O

Example 1.28 (Bartle and Sherbert p. 45 Question 7). Let A and B be bounded non-
empty subsets of R, and let

A+B={a+b:acA,becB}.
This is known as the Minkowski sum of two sets. Prove that

sup(A+B) =sup(A)+sup(B) and inf(A+ B)=inf(A)+inf(B).
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Solution. We only prove the first result as the second result can be proven similarly. We
first prove that

sup(A)+sup(B) <sup(A+B).
For all a € A and b € B, we have
a+b<sup(A+B).
Subtracting b from both sides yields
a<sup(A+B)—b.

If we fix b, we see that sup (A + B) — b is an upper bound for A. By definition of supre-

mum, we have
sup(A) <sup(A+B)—b whichimplies b <sup(A+B)—sup(A),
i.e. sup (A + B) —sup(A) is an upper bound for any b. As such,
sup(B) <sup(A+B)—sup(A) orequivalently sup(A)+sup(B) <sup(A+B).

We then prove that sup (A) 4 sup (B) > sup(A+B). Since sup(A) is an upper bound
for A, then a < sup(A) for all a € A. Similarly, b < sup(B) for all b € B. It follows
that a+b < sup (A) +sup (B). So, sup (A) + sup (B) > sup (A + B). By considering both
inequalities, the result follows. U

The real numbers satisfy the completeness axionl|

I Definition 1.12 (completeness of R). There are no gaps or missing points in R.

I Corollary 1.5. N is not bounded above.

Proof. For any € > 0, there exists n € N such that 1/n < €. This is justified by setting
x==¢andy=1. O

Example 1.29 (Bartle and Sherbert p. 44 Question 2). If

1 1
S:{———:mmeN},
no m

find inf (S) and sup (S).

Solution. Note that
1 1 1

n m n
Since npi, = 1, then 1 = 1/1 is an upper bound for S. To see why, we can fix n = 1 and

then consider the following sequence of numbers:

1 1 1 1
1—1,1—5,1—5,...,1——
m
"Definition is rather intuitive and simple. In fact, this was coined by Dedekind.
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For large m, the sequence increases and tends to 1, S is bounded above by 1. Next, by the
Archimedean property, for any € > 0, there exists m € N such that

1 1
—<€ so 1——>1—e¢.
m m

This shows that 1 is an upper bound for S but 1 — € is not an upper bound for S for any
€ > 0. As such, 1 is the least upper bound for S, so supS = 1.

Next, note that

11 1
e
n m n

which implies that —1 is a lower bound for S. Again, to see why, we fix m = 1 and then

consider the following sequence of numbers:

[ S
1 2 3 n
For large n, the sequence decreases and tends to —1, which implies that S is bounded
below by —1. Next, by the Archimedean property, for any € > 0, there exists n € N such
that

1 1
—-<€ so ——1l<e—1.

n n
This shows that —1 is a lower bound for S but —1 + € is not a lower bound for § for any
€ > 0. As such, —1 is the greatest lower bound for S, so inf§ = —1. |

We have a very nice geometric interpretation of Example[I.29] Actually, we can also let

1 1
S= {— ——:mmneN } because m comes before n in the English alphabet.
m n

Consider the following infinite matrix:

1 1 1 1 1 1 1 1 _
T—1 172 173 171 sup (§) =1
11 11 1_1 '
2 2 2 3 2 4
1_1 1_1 1_1
3 2 3 3 3 4
0

The matrix is skew-symmetric since its transpose is equal to negative of itself. Next, for
any element, as we travel rightwards, its value increases; as we travel downwards, its value
decreases. By observation, the maximum and minimum values of this matrix (technically
they should be the supremum and infimum respectively) occur on the bounda

Example 1.30 (Bartle and Sherbert p. 40 Question 9). Let S C R be non-empty. Show
that if u = sup (), then for every number n € N, the number # — 1/n is not an upper bound

of S, but the number u + 1/n is an upper bound of S.

8There is a nice result in Real Analysis which states that when a function is monotonic on a domain,
extrema occur at the boundary. By the term ‘monotonic’, we mean that the sequence of numbers is either
increasing or decreasing. For example, the sequence 1,2,—1,4,... is not monotonic but the sequence of
positive odd numbers 1,3,5,7,9,... is monotonic.
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Solution. Let u = sup (S) for some @ # S C R. By definition, the supremum u is an upper
bound of S, so u+ 1/n is also an upper bound of S.

We then prove that u — 1/n is not an upper bound of S. Suppose on the contrary that
it is. Since u = sup (S), then u — 1 /n < u. As such, there exists sy € S such that

1
u——<so<u,
n
which is a contradiction as this shows that # — 1/n is not an upper bound of S. U

Example 1.31 (Bartle and Sherbert p. 44 Question 3). Let S C R be non-empty. Prove

that if a number « in R has the properties

(i) for every n € N, the number u — 1/n is not an upper bound of S;

(ii) For every n € N, the number u + 1/n is an upper bound of S,
then u = sup (S).
Solution. By (ii), for any s € S, we have
s§u+% forall n € N.
Since n can be made arbitrarily large, i.e. n — oo, then s < u, which holds for all s € S.

As such, u is an upper bound of S.

Next, fix some € > 0. By the Archimedean property, there exists nyp € N such that
1/ny < €. Hence,

1
u—e<uy——.
no

Since u — 1/ny is not an upper bound of S by (i), then there exists sg € S such that

1
u—e<u—— <gp.
no

Hence, u is the least upper bound of S, which implies u = sup (S). U

Example 1.32 (Bartle and Sherbert p. 40 Question 10). Show that if A and B are bounded
subsets of R, then A UB is a bounded set. Show that

sup (AUB) = sup {supA,supB}.

Solution. Since A and B are bounded subsets of R, then there exist m,m>,M{,M, € R
such that for any a € A and b € B, we have

m<a<M; and m <b<M,.
Let x € AUB. Then x € A or x € B, which implies

min{m;,mp} < c <max{M,M}.
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This shows that A U B is also a bounded subset of R.

Next, we prove that
sup (AUB) = sup {supA,supB}.

It suffices to prove that sup (AUB) = max {supA,supB}. From the previous part, we
already deduced that sup (AUB) < max {supA,supB}. To prove the reverse inequality,
note that sup (A) is an upper bound for A, so sup(AUB) > sup(A). A similar argument
shows that sup (AUB) > sup (B). Hence,

sup (AUB) > max {supA,supB}.
The result follows. U

Example 1.33 (Bartle and Sherbert p. 40 Question 11). Let S be a bounded set in R and
let Sp be a non-empty subset of S. Show that

infS <infSy < supSp < supS.

Solution. We first prove that sup (Sp) < sup (S). Note that one can deduce that inf (S) <
inf (Sp). Suppose on the contrary that sup (Sg) > sup(S). Then, sup (S) is not an upper
bound for Sy, which is a contradiction because Sy C S.

Lastly, we prove that inf (Sp) < sup(Sp). Let sup (So) = o and inf (Sp) = B. Let x € Sp.
Since f is a lower bound for x, then x > . Similarly, since & is an upper bound of x,
then x < a, which shows that § < x < «. Hence, < a. O

Example 1.34 (Bartle and Sherbert p. 40 Question 12). Let S C R and suppose sup (S) €
S. If u & S, show that

sup(SU{u}) = sup{sup(S), u}.

Solution. We consider two cases. Firstly, suppose u > sup (S). Since sup (S) € S and is
an upper bound for S, then s < sup (S) < u for any s € S. As such, u is an upper bound
for SU{u}. If y is another upper bound for SU {u}, then it forces y > u. Hence, the least
upper bound of SU {u} is u, so sup (SU{u}) = u. On the other hand, since sup = max in
this case and u > sup (S), then sup {sup (S),u} = u.

Next, we consider the case when u < sup (S). Since sup (S) € S, it is the largest element
of S, so for all s € S, we have s < sup (S). As such, sup (S) is an upper bound for SU {u}.
Moreover, if y is any upper bound for SU{u}, then y > sup (S), so sup (S) = sup (SU {u}).
The result follows. U

Let us take a look at Example [I.35] The result states that The result states that for a
function of two variables f : N x N — R which is bounded above, the order of taking the

supremum does not matter.
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Example 1.35 (a Fubini-like identity). Let f: N x N — R be a function which is bounded
above. Prove that

supsup f (m,n) =supsup f(m,n) = sup f(m,n).

meNneN neNmeN (m,n)eNxN

Here is a nice geometric interpretation of the problem. We can view f (m,n) as a surface.

The supremum represents the highest peak or maximum value attained by this surface.

The process of taking sup,,cyy first means that for each fixed n, we look at the highest
value along the column {(m,n)},,.. Then, we take the supremum of these column-wise
maxima over all n, which corresponds to finding the highest peak among these values.
Conversely, taking sup, <y first means scanning along the row {(m,n)}, .y for each fixed
m, then finding the highest peak among those row-wise maxima.

On the other hand, directly taking the supremum over all ordered pairs (m,n) € N x N
means looking at all points at once and finding the highest value. Since taking the supre-
mum column-first or row-first still results in scanning all points, they must all yield the

same value.

Hence, this result shows that regardless of whether we take the maximum first across
rows or columns, we always reach the same overall highest point in the grid. We now
formally discuss the solution.

Solution. Since f is bounded above, we have

f(m,n) < sup f(m,n).

meN

Taking the supremum over all (m,n) € N x N, we have

sup  f(m,n) < sup sup f (m,n).

(m,n)eNxN neNmeN
Conversely, we have
supsup f (m,n) < sup  f(m,n) soitfollowsthat supsup f(m,n)= sup f(m,n).
neNmeN (m,n)eNxN neNmeN (m,n)eNxN

In a similar fashion, one can deduce that
supsup f (m,n) = sup  f(m,n)

meNneN (m,n)eNxN

The result follows. O
I Theorem 1.3. If n is non-square, then +/n is irrational.

Proof. Suppose on the contrary that \/n is rational, where 7 is non-square. Then,

Vn=p/qimplies ng* = p* where p,q € N,q#0and ged(p,q) = 1.
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We consider the prime factorisations of p? and ¢, each one of them having an even
number of primes. Thus, n must also have an even number of primes. As n is non-square,

there exists at least a prime with an odd multiplicity, which is a contradiction. ]

Theorem 1.4. Every non-empty interval / C R contains infinitely many rational

numbers and infinitely many irrational numbers.

1.3 Important Inequalities

Bernoulli’s inequality (named after Jacob Bernoulli) is an inequality that approximates

exponentiations of 1 4 x. We discuss a widely-used version of this result.

Theorem 1.5 (Bernoulli's inequality). For every r € Z>p and x > —1, we have
(I+x)" > 1+nx.

The inequality is strict if x # 0 and r > 2.

One can use induction to prove Theorem

Example 1.36 (MA2108 AY19/20 Sem 1 Tutorial 1). Use Bernoulli’s inequality to de-
duce that for any integer n > 1, the following hold:

1\" 1 1 \"! 1\"
l1-— )] >1—- and 1+ <(1+-
n? n n—1 n

Solution. The first result is obvious by setting x = —1/n? in Theorem For the second
result, we wish to prove that

1+ 1)"
(14, o
(1+77)
Using some algebraic manipulation, we have
1 1

Hence,

(o2 (= (2 (- 0= ()

which is > 1. Here, the inequality follows from the first result. U
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Theorem 1.6 (QM-AM-GM-HM inequality). Let xp,...,x, € R>q. Let

1 n
Q(n)=,/- lez denote the quadratic mean
=

1 & . .
A(n)=-Y x; denote the arithmetic mean
n:
i=1

n
G(n)= | Hxi denote the geometric mean
i=1

-1
|
H(n)= — denote the h i
(n)=n (Z xi> enote the harmonic mean
Then, Q (n) > A (n) > G (n) > H (n). Equality is attained if and only if x; = ... =x,.

Remark 1.1. The quadratic mean Q (n) is also referred to as root mean square or
RMS.

We first prove that Q(n) > A(n).
Proof. By the Cauchy-Schwarz inequality,

n n 2 2
n lez > (Z xi> which implies nloml” > [nA (n)]*.
i=1 i=1 n
With some simple rearrangement, the result follows. ]

Example 1.37 (MA2108S AY16/17 Sem 2 Homework 5). Foreachn € Z7, let

an:<1+—> and bn:<1+—> .
n n

(a) Show that g, is strictly monotonically increasing.

(b) Show that b, is strictly monotonically decreasing.
Hint: Use the GM-HM Inequality.

(¢) Show that for each n € Z™, one has a, < b,.
Solution.

(a) A special form of the AM-GM inequality states that

X+ny 1/(n+1)
> n .

Setting x =1 and y = 1 + 1 /n, we have

I+——> (14— SO 1+ ——- > 1+-—
n+1 n n+1 n

which shows that a,, 1| > a,. Note that the inequality is strict since x # y.
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(b) Similar to (a).

(¢) Let (141/n) = u. Then, b, —a, = u™*' —u" = u"/n, which is positive. O

In fact, both sequences a, and b, in Example converge in R and to the same limit.
Justifying this requires the use of the monotone convergence theorem (Theorem [2.9)
which will be covered in due course. The real number which is the common limit of

the sequences a, and b, is called Euler’s numbelﬂ and it is denoted by e.

We now return to the proof of the QM-AM-GM-HM inequality (Theorem [I.6). There
are numerous proofs of the AM-GM inequality like using backward-forward induction
(Cauchy), considering ¢* (P6lya), Lagrange Multipliers (MA2104) etc. This proof hinges

on Jensen’s inequality.

Theorem 1.7 (Jensen's inequality). For a concave function f(x),
g 1 ¢
— ) < _ .
n;:l,f(xl) <f <n 2 'x,>

Proof. Consider the logarithmic function f (x) = Inx, where x € R™. It can be easily veri-
fied that f(x) is concave as f” (x) = —1/x? < 0 (this is a simple exercise using knowledge
from MA2002). We wish to prove

(1) (1)

Using Jensen’s inequality (Theorem |[1.7)),

1 & 1 &
r—li;ln (xi) <In (r_z i:Zixi) .
Note that
i =In(x;)+1In(x)+...+1In(x,) =In (Hx,) )

As such, the inequality becomes

1 & 1 n
In —ZX,‘ z—ln Hx,' .
n= n i=1

With some simple rearrangement, the AM-GM inequality follows. ]

Lastly, we will prove the GM-HM Inequality using the AM-GM Inequality.

fi: - (1) -

i=1 i

Proof. Note that

Not to be confused with Euler’s constant as this typically denotes the Euler-Mascheroni constant 7.
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so we have
n/H(n) - 1
n  —G(n)

Upon rearranging, we are done. O]

Theorem 1.8 (triangle inequality). For x,y € R,
e+l < [l + 1yl

and equality is attained if and only if xy > 0.

Corollary 1.6. The following hold:

(i) [x—y[ < |x[+]y|
(ii) Reverse triangle inequality: ||x| — |y|| < [x—y)|
Proof. (i) can be easily proven by replacing —y with y. We now prove (ii). Write x as
x—y-+yandyasy—x+x. Hence,
x| =[x =y +yl < e =yl + ]
vl = ly—=x+x[ < |y —x|+ x| = b=y + x|

As such, |x| — |y| < |x—y| and |x| —|y| < —|y—x|, and taking the absolute value of |x| — |y|,
the result follows. O

Example 1.38 (Bartle and Sherbert p. 35 Question 2). If a,b € R, show that
la+b|=l|a|+|b| ifandonlyif ab>0.

Solution. We first prove the forward direction. Suppose |a + b| = |a| + |b|. Squaring both
sides yields
ja+b|* = |af* +2ab| +[b]*.

We note that |a|*> = a? for any a € R. As such,
(a+b)* = a*+2|ab|+ b
a® +2ab +b* = a* + 2 |ab| + b*

which implies ab = |ab|. Hence, ab > 0.

Conversely, suppose we know that ab > 0. Then, either
a>0andb>0 or a<0andb <O0.

For the first case, a + b is the sum of two non-negative numbers, which is also non-
negative. Hence, |a+b| = a+b. Since |a| = a and |b| = b, it follows that |a+b| =
la| + |b|. For the second case, a+ b is the sum of two non-positive numbers, which is also
non-positive. As such, |a+b| = —(a+b). Similarly, we also know that |a| = —a and
|b| = —b. The result follows. O
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Corollary 1.7 (generalised triangle inequality). For xi,...,x, € R,

n n
in S Z |x,~].
i=1 i=1

Proof. Repeatedly apply the triangle inequality (Theorem [1.8). O

Example 1.39 (MA2108 AY19/20 Sem 1 Tutorial 1). Prove that if x,y € R, y # 0 and
x| < %, then

Solution. We wish to prove that |x| < |x —y|. Using the given inequality, we apply the

triangle inequality, so

ytax—af _[y—af+x]

< 2=
[ < Iyl /2= 2 < BT

The result follows with some simple rearrangement and using the property that |x — y| =
|y — . 0

Example 1.40 (MA2108S AY16/17 Sem 2 Homework 5; Chebyshev's sum inequality).
Let n € N. Show that for any elements ay,...,a, and by,...,b, in R witha; > ... > a,
and b; > ... > b,, one has Chebyshev’s inequality, i.e.

(o) (GEr) <3

Solution. For any 1 <i, j < n, we have

(ai—aj)(bi—bj) >0
a,-b,~+ajbj2a,-bj—|—ajb,~

Taking the double sum over all i and j on both sides,

aibj+ajb;

M=
[;43
:
v
M=
M=

~
I
—_
=
I
—_
~.
I
—_
=
I
—_

M:
=
8
s
_l’_
M:
M:
)
S
AV4
=
M:
Q
:w
_l’_
M:
M:
)
&

~
I
—_
=
I
—_
~
I
—_
I
—_
~
Il
_
=
I
~
I
—_
I

S
1

8

&

+

3
1=
2

s

v

NQ .
1= =
s

_|_
1=
&
M=
2

I
L
~
[
L
[
L
~.
[
L
~
[
L
~
[
L

Changing the right sum of b;’s to run from i = 1 to i = n, and dividing both sides by n,
the result follows. U
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Example 1.41 (MA2108S AY16/17 Sem 2 Homework 5; Holder's inequality). Letn € N.
Show that for any ay,...,a, in R with @; > 0 for each 1 <i < n and for any p € N, one

(1fa) <ifa

i=1

has the inequality

Solution. We use Holder’s inequality, which states that for ay,...,a, and by,...,b, in R™
and p,qg > lsuchthat 1/p+1/g=1,

n " Up s, 1/q
tone(£4) ()
i=1 i=1 i=1

n N n p s, - (r—1)/p
Yan<(Ya) (Lo
j j i=1

n p n n p—1
aibj | < a? b’.)/(p_l)>
(£e0)' = () (5

We can set b; = 1 for all 1 <i < n so the inequality becomes

(; a,) ! < <; af’) nP~!

and with some simple algebraic manipulation, the result follows. U






CHAPTER

Sequences

2.1 Limit of a Sequence

Definition 2.1 (sequence). Let X be a set. A sequence in X is
a function x with domain N ie. x:N—X

which assigns to each natural number n an element x, € X. The notation x,, is

commonly used to denote the image of n under x, meaning x,, = x (n).

Some authors might also use X (n) in Definition[2.1]but x,, is the more standard notation.

We give some examples of sequences.

Example 2.1 (constant sequence). Given p € X, for all n € N, define x, = p so we obtain
the constant sequence of value p in X.

Example 2.2. We have the exponential sequence 2" and the factorial sequence n!.

Example 2.3 (recursively defined sequences). Also known as recurrence relations, we can
apply the recursion theorem for N (formally) to construct a map N — X. For example, we
have the Fibonacci sequence

for all n € N we have x,,| =x, +x,_1 defined by the initial conditions xp=x; = 1.

Definition 2.2 (absolute value). Let F be an ordered field. The absolute value on
F is the map

X if x >0;
|| : F — F>o definedby x> |x|=
—x ifx<O0.

Proposition 2.1. For any x,y € F, we have the following:

(i) Positive-definiteness: |x| > 0 in F' and equality holds if and only if x =0 in

33
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F
(ii) Multiplicativity: |xy| = |x||y| in F>g
(iii) Triangle inequality: |x+ y| < |x|+ |y| (recall Theorem|1.8))

Definition 2.3 (neighbourhood). Let F be an ordered field. For any a € F and
€ > 0, define

Ve(a)={xeR:|x—a|<e}=(a—¢€,a+¢€) (Figure2.I) tobe the e-neighbourhood of a.

a—¢€ a a+&

Figure 2.1: e-neighbourhood of a

Definition 2.4 (formal definition of limit). Let F be an ordered field and {x,}
be a sequence in F'. We say that L is the limit of the sequence if

neN

for every € > 0 there exists K € N such that for all n > K we have |x, —L| < €.

Equivalently, x,, € Ve (L). If L exists, then we say that {x,}, . converges to L in F

(or simply {x,},cp is convergent); {x,}, . diverges otherwise.

Theorem 2.1 (uniqueness of limit of sequence). The limit of a sequence {x, },cy>

if it exists, is unique. That is to say, if L,L’ € F for some ordered field F such that

limx,=Land limx,=L then L=L.
n—oo n—oo

Proof. Suppose on the contrary that L and L’ are two distinct limits of {x,},.y. By way
of contradiction, say L # L'. Then, we can write € = |L — L'| € F-.o. The trick is to observe
that €/2 € F.. Since x,, — L, there exists K| € N such that for all n > K}, the inequality

S
X, —L| <& = 5 holds.
Similarly, as x,, — L', then there exists K, € N such that for all n > K5, the inequality
!/ / €
n —L'| <&'= holds.
We define K = max {K|, K>}, which is also € N. Then, for all n > K, we have
IL—L|=|L—xy+x,—L'| < |xy —L|+ |t —L'| <2¢' = €.

Here, the first inequality follows from the triangle inequality. Since € is arbitrary, we can
set |[L—L'| =0, resulting in L = L', contradicting the earlier assumption that L and L' are
distinct. [
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Remark 2.1. The triangle inequality is a helpful tool when finding limits. Note that
changing a finite number of terms in a sequence does not affect its convergence or

its limit.

Same as the formal definition of a limit in MA2002, to prove that a given sequence x,
converges to L, we first express |x, — L| in terms of n, and find a simple upper bound, L,
for it. Then, let € > 0 be arbitrary. We find K € N such that

foralln > K we have L < € orequivalently |x,—L| < €.

Example 2.4. Prove that

1
Iim - =0.
n—oo 1

Solution. Let € > 0. By the Archimedean property (Proposition[I.11)), there exists K € N
such that K > 1/¢. So, if n > K, then n > 1/€. As such, 1/n < €. We conclude that for
alln > K, |1/n—0| < &. 0

Example 2.5. Prove that
2n% +1
lim
n—eo n2 4 3n

Solution. We have

1—6n

1+6n 1+6n n+6n 7
< < = —.
n?+3n

n?2+3n n? n?

m+1 |
n?+43n

Let € > 0 be given. Choose K € N such that K > 7/¢. Then, for all n > K, we have

and the result follows. U

Example 2.6 (Bartle and Sherbert p. 62 Question 5). Show that

. n . 2n . 3n+1 2 —1
(@) lim = — = = =
pom i 1 ® im>===2 © ’}3&1" 2n+5 @ fm 23~
1
2 2

Solution.

(a) Let € > 0 be arbitrary. Choose N = 1/ [¢€] in N. Then, for all n > N, we have

—<8.

n —_—
n2+1

n2+1‘ ) |n|_

(b) Let € > 0 be arbitrary. Choose N =2/ [€] in N. Then, for all n > N, we have

<E.

2
n _2‘:
n+1

2n—2n—2‘ 2

2
=<z
n+1 n| = N
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(c) Let &€ > 0 be arbitrary. Choose N = [13/4¢€]. Then, for all n > N, we have

3n+1 3 13 13
2n+5 2 2(2n+5)| ~ 4|n| — 4N

(d) Let € > 0 be arbitrary. Choose N = {\ /5/ 48—‘ . Then, for all n > N, we have

n—-1 1] 5 L5 .5 .
2n2+3 2| 2|2n243] T 4n? T 4N2 T
O
Example 2.7 (Bartle and Sherbert p. 62 Question 6). Show that
. o Vi (-1
a) lim——=(b) I _2 LV - _
@ lim Zr=== &) Jim =5 © fim 77 =0 @
0
Solution.
(a) Let € > 0 be arbitrary. Choose N = (1/ 82—‘. Then, for all n > N, we have
‘ ! 0‘ < ! < ! <€
Vn+7 “VnT YN
(b) Let € > 0 be arbitrary. Choose N = [4/¢]. Then, for all n > N, we have
2n | 4 < 4 4 e
n+2 Cn+2| " nf TN T
(¢) Let € > 0 be arbitrary. Choose N = ’—1 / 82-‘. Then, for all n > N, we have
n+1 n+l = n n~ /N
(d) Let & > 0 be arbitrary. Choose N = [1/+/€]. Then, for all n > N, we have
(—1)" 1 11
-~ —0| = << —=<E.
n-+1 n2+1_n2_N2<
O

Example 2.8 (Bartle and Sherbert p. 69 Question 1). For x, given by the following
formulas, establish either the convergence or the divergence of the sequence X = {x, }

nEN:
n n 2 2
@ %= ) g _ _ 243
ntl b) v == © m= s @ =5
Solution.

(a) The sequence converges to 1. We will formally prove this. Let € > 0 be arbitrary.
Choose N = [1/¢g] in N. Then, for all n > N, we have

1 ‘ 1 1

n _1‘:
n+1
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(b) We claim that the sequence diverges. Suppose on the contrary that the limit is L.
Then, for any € > 0, there exists N € N such that for all n > N, we have

Let € = 1. If n is even, then there exists k € Z such that n = 2k so

(_1>2k'2k LI <1 so 2k L <1
2k+1 2k+1 '
Upon expansion, we have
L-1< <L+1 d that i 2k 1
— and we see that lim ——— =
2k+ 1 v kv 2k 1 1

On the other hand, if n is odd, then there exists k € Z such that n = 2k + 1 so

(=) 2k +1) —2k—1
—LI<1 —L|<1.
2k 12 DR 7o M
Upon expansion, we have
—2k—1 —2k—1
L—1 L+1 buth i =—1.
< ST <L+ ut however kglolo %2

Since both limits are different, this leads to a contradiction.

(c) We claim that the sequence diverges. To see why, we have the following inequality:

n2

n—+1

n2

>1
n2 -

2
=1 so for sufficiently large n ‘n—‘
n+1

so the sequence diverges.

(d) We claim that the sequence converges to 2. Let € > 0 be arbitrary. Then, choose
N = [1/\/€]. As such,

1
— | < —= <E.
n? N2

22
n +3_2 _
nz+1

! <
n24+1|—

[]

Example 2.9 (Bartle and Sherbert p. 69 Question 6). Find the limits of the following

sequences:

12 (=D . n—1 . n+1
i d) 1
@) Jim, (”ﬁ) W i3 @M= @
Solution.
(a) 4
(b) We claim that the limit is 0. To see why, let € > 0 be arbitrary. Choose N = [1/¢€]
in N. As such, .
(—1) 1 1
—0|= < —<e.
n+2 In+2| = N
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(c) We have
fim Y2 L2V
n%oo\/r_z—{—l n%ool—}—l/\/_

(d) The limit is

im " i L —10—0.

n—e n n—oo \/}71

Example 2.10 (Bartle and Sherbert p. 62 Question 12). Show that

lim (\/n2+1—n> =0.

n—oo

Solution. We will use the formal definition of a limit to prove that the limit is 0. Before

that, to see why one can make this deduction, we have

ST <\/n2—i—1—n> (\/n2+1+n> |
n+1—n= =
vnZ+1+n vnt+1+n
so as n — oo, the limit goes to zero. We now prove this formally. Let € > 0 be arbitrary.
Then, choose N = [1/2¢] in N. So, for all n > N, we have

‘\/n2+1—n—0‘ = \/nz—l—l—n’

(\/—1—n> (\/nz—+n>
V2 +1+n
n?+1—n?
1

Now, note that vn2+ 1 > vn2 = nso vn2+ 1 +n > 2n. Hence,

1 1 1
< —<—<e&.

vnZ+1+4n~ 2n" 2N

g

Example 2.11 (Bartle and Sherbert p. 70 Question 10). Determine the limits of the
following sequences:

(@) V4n?+n—2n
(b) Vn?2+5n—n

Solution.

(a) We have

4 4n?
lim< 4n2+n—2n)_hm n’+n—dn

n—oo

n 1
Iim ——— = lim ——
"—>°°\/4n2+n+2n ne A2 +n+2n 1o\ /441/n+2

1
=7
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(b) We have

2 2
5 _
lim <\/n2+5n—n)zlim mEon oy

5 5
—_— = liIm — = —.
n—yoo n—e\/n24+5n+n 1o\ /1+5/n+1 2

Example 2.12 (Bartle and Sherbert p. 70 Question 13). If a > 0,b > 0, show that

) a+b
r}l_{rolo( (n+a)(n+b)—n> =
2
Solution. Let € > 0 be arbitrary. Then, choose N = Pang ) W in N, and also let k =

% (a+b) for convenience. So, for all n > N, we have

(n+a) (n+b)—n—a;rb‘ = |v/(n+a) (n+b)—n—k‘

( (n+a) (n+b)—(n+k)) ( (n+a) (n+b)+(n+k))

(n+a)(n+b)+ (n+k)

(n+a) (n+b)—(n+k)2
(n+a)(n+b)+ (n+k)

n?+an+bn+ab — n® — 2kn — k*
(n+a)(n+b)+ (n+k)

an+bn+ab—(a+b)n— (#)2
(n+a)(n+b)+ (n+k)

At this juncture, note that the numerator simplifies to

2 2 2 AY
ab_(a—l—b) @ +2ab+b*  (a b)‘

4 n 4

By considering the denominator, we have
(n+a)(n+b)+ (n+k)>+/(n+a)(n+b)>Vn:=n
SO

(a—b)? - (a—b)? e

4n AN

a-+b
2

‘ (n4+a)(n+b)—n-— ’g

g

In Example [2.12] it was stated that a,b > 0. This condition is not surprising because the
expression +/(n+a) (n+b) must be well-defined for all relevant values of n. Specifi-
cally, the square root function requires that its argument be non-negative, meaning that
(n+a)(n+b) > 0.

For this inequality to hold for all sufficiently large n, both n+ a and n + b must be ei-
ther simultaneously non-negative or simultaneously non-positive. If either a or b were
negative, there would exist some values of n for which (n+a) (n+b) < 0, making the
square root expression undefined in the real number system. Thus, ensuring that a,b > 0

guarantees the validity of the expression for all sufficiently large n.
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Example 2.13 (Bartle and Sherbert p. 93 Question 3). Show that if x, > 0 foralln € N,
then

1
limx, =0 ifandonlyif lim — =co.
n—soo n—eo X,

Solution. We first prove the forward direction. Suppose

limx, = 0.
n—oo

Let € > 0 be arbitrary and set M = 1/¢. Then, there exists N € N such that for n > N,
|x,| < €=1/M. Thus, for n > N, we have 1/x, > M, and the result follows.

For the reverse direction, we note that there exists N € N such that forn > N, 1/x, > M.
Let € > 0 be arbitrary and set M = 1/e. Then, 1/x, > 1/g, so |x,| < €. The result
follows. ]

Example 2.14 (Bartle and Sherbert p. 93 Question 7). Let {x,},cn and {ya},cn be
sequences of positive numbers such that

lim 2 = 0.
n—oo yl’l

(a) Show that if limx,, = oo, then limy,, = co.

(b) Show that if {y,},.y is bounded, then limx, = 0.
Solution.
(a) Since

lim x, = then there exists K € N such that for all » > K we have x,, > 1.

n—roo
Since
lim tn_ 0 then there exists N € N such that for all » > N we have |—| < €.
n—eo y, Yn
Thus,
1 Xp
<|—|<e¢e foralln>max{K,N},
|yn| Yn
which shows that {
lim — =0.
= yp

By Example 2.13] the result follows.

(b) Since y, is bounded, then there exists M > 0 such that 0 < |y,| < M. We wish
to prove that there exists N € N such that whenever n > N, |x,| < €. We have
|Xn/yn| < €/M s0 |x,| < €/M-M = €. O

Definition 2.5 (eventually constant). Let {x,},y be a sequence in an ordered field
F. We say that the sequence is eventually constant if and only if there exists N € N

such that for all » > N, we have x, = xy.
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Definition 2.6 (boundedness). Let {x,},. be a sequence in an ordered field F. We
say that the sequence is bounded in F if and only if

the set {x, € F:n€ N} is boundedin F.

Theorem 2.2 (limit theorems). Let F be an ordered field and {x,},cy and {yx},cn
be convergent sequences in F. Then, the following properties hold:

(i) {xn},cn is convergent, i.e. if

1i_r>nxn:L then |x,| < M for some M € R
n—soo

(i) Linearity: Just like how linear operators (i.e. derivatives and integrals) work,

we have a similar result for limits. Suppose a, 8 € F and
limx,=L; and limy,=1L,.
n—soco n—oo

Then,

{ax, £ Byn},cn converges i.e. lgn (ax, £ By,) = oLy + BL,.
n—>o0

(iii) Product and quotient: Considering the sequences x;, and y,, as mentioned in

(ib),

9 o Xn Ll 0
lim x,y, =L;L, and lim — = — provided thaty,,y #0 foralln € N
n—soo n—eo y, Ly

(iv) If there exists N € N such that for all n > N, we have x,, <y, in F, then

limx, < limy, inF
n—oo n—oo

The converse of Theorem [2.2]is not true as not all bounded sequences are convergent.

Example 2.15. As an example, the sequence x, = (—1)" is bounded by —1 and 1 and it
oscillates about only these two values. We claim that {x, }, . does not converge in F. By
way of contradiction, say

limx,=L inkF.
n—oo

Set € = 1. Then, there exists N € N such that for all n > N, we have |x, — L| < 1. Hence,
for odd n > N, we have |—1 — p| < 1, which implies —1 < —1 — p < 1, so p < 0. On the
other hand, for even n > N, we have |1 — p| < 1, which implies —1 < 1 — p < 1, which
implies p > 0. This leads to a contradiction!

We first prove (i) of Theorem

Proof. We wish to prove that every convergent sequence is bounded. Suppose

lim x,, = L.
n—oo
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Then, for every € > 0, there exists N € N such that for all n > N, we have |x, —L| < €.
Set € = 1. Then, take K € N such that |x, —L| < 1 foralln > K. So, L—1 <x, <L+ 1.
Let |x,| = max{|L—1],|L+ 1|} for all n > K. Since {|x|,...,|xx—_1|} is a finite set of
numbers in F, it is bounded, so it contains a maximum. As such, for 1 <n <K —1, we
have |x,| < A for some A € F. Define

M =max{|L—1]|,|L+1|,A}
SO |x,| < M and the result follows. O

Example 2.16 (sequences in Q diverge). Let x, = n. Then, the sequence {x,},cy in Q
is not bounded in QQ (simple application of the Archimedean property in Q). By (i) of
Theorem 2.2} {x,},cn does not converge in Q.

We then prove (ii) of Theorem
Proof. We shall prove that

lim (xn —I—yn) =L+ L,.

n—soo
We know that there exist K|, K, € N such that

€ €
I, — Ly| < 3 foralln > K; and |y,—Ls| < 3 forall n > K>.
Set K = max {K},K3}. By the triangle inequality (Theorem [1.8)),
Xn =Ly +yn = Lao| < |xn —Li| +|yn — Lo < &

and the result follows. [
For (iii) of Theorem [2.2] we only prove the result involving the product of two sequences.

Proof. Since |x,| is convergent, then it is bounded by (i) of Theorem ie. |x,| <M
for all n € N. Thus,

[%nyn — L1La| = [xnyn — XuLo +xpLo — L1 Ly
< |xnyn —xnLo| + |xuLy — L1Ly| by the triangle inequality (Theorem 1.8])
= [xnl[yn = Lo| + [La||xn — Li
< Milyn — La| + |L2||xp — Li |

Set M = max {M,,|L,|} > 0. So,
Mi|yn — Lo | + [Lalxn — Li| < M(|yn — La| + |xn — L1]).
Let € > 0 be arbitrary. Then, there exist Kj, K> € N such that

|x, —L1| < €/2M for all n > K,
|yn — La| < €/2M for all n > K,
Let K = max {K;,K>}. Hence,
E E
~Lilo| <M (545 <e
|xnyn 1 2|< 2M+2M <

and we are done. ]
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Example 2.17 (Bartle and Sherbert p. 62 Question 10). Prove that if
lim x, = x> 0,
n—soo

then there exists M € N such that x,, > 0 for all n > M.

Solution. By the formal definition of a limit, for every € > 0, there exists N € N such that
forall n > N, |x, — x| < €. Hence,

X—&<x, <x+E&.

Since € > 0 can be made sufficiently small, we can let € = x/2 so x,, > x/2 > 0. Choosing
M = N, the result follows. O

Example 2.18 (Bartle and Sherbert p. 62 Question 18). If

lim x, = x>0,
n—soo
show that there exists K € N such that if n > K, then x/2 < x,, < 2x.

Solution. Let € > 0 be arbitrary. Then, there exists K € N such that for all » > K, we have
|x, —x| < €. So, x— € < x, < x+ €. Since € > 0 can be made sufficiently small, then we
canlet € = x/2 s0 x/2 < x, < 3x/2 < 2x. O

Corollary 2.1. If x,, converges and k € N, then

2 k g k
lim x,, = <hm xn> .
n—yo n—yo

Theorem 2.3 (squeeze theorem). Let x,,y, and z, be sequences of numbers such
that foralln e N, x, <y, < z,. If

limx, =limz,=L then limy,=L.
n—oo n—oo n—roo

Proof. Let € > 0. Then, there exists K € N such that for all n > K, we have
|x, —al| <€ and |z,—al<e.
Working with the modulus, we have
—€E<x,—a<€ and —€e<z,—a<e€.

Thus,
—€E<xy—aly,—a<z;—a<e¢

which implies |y, —a| < €. O

Example 2.19. Evaluate the following limit:

1
lim

n
”—>°°,§’1 vn?+k
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Even though one might think that the Riemann sum comes into play, it actually does not
work in this case because

n
1
1i -
ng&};,/nz_'_k nﬁoonz /1+k/l’l2

(0)-F
n n

it is impossible to obtain an explicit expression for f(x).

and setting

Solution. We use the squeeze theorem to help us. As

n <z”: 1 <z”: 1
Nl S reh

then
n L 1 n
lim < lim <
s e S L e < U
1 u 1
lim < lim ) <1
n—yoo 1+ ,ll n—yeo = n2 +k
< 1
1<lim ) <1
n—poo k=1 n? +k
By the squeeze theorem, the required limit is 1. U

Theorem 2.4 (limit theorems). The following hold:

(i) For any p,q € N, we have

1
lim —— =0
n—soo nP/4q

(i) For any p > 0, we have

lim /p=1

n—yoo

(iii) We have

lim /n=1

n—yo

(iv) Forany a > 1 and k € Z> sufficiently large, we have

k
lim = =0
n—oo gt
(v) For any x € R with |x| < 1, one has
lim x* =0
n—yoo

We first prove (i) of Theorem [2.4]
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q
Proof. Given any € > 0, by Theorem there exists a unique (81/ p ) > 0 such that

p
<sq/ P ) = g49. By the Archimedean property (Proposition|l.11), there exists N € N such
that N - €9/P > 1. Thus, foralln > N,

n-e/?>1 so nP-e4>1.

As such, .
1
0<—<e? so 0<—<eE&.
np nP/4
Hence, the result follows. O

We then prove (ii) of Theorem [2.4

Proof. There are three cases to consider. Firstly, if p = 1, then we obtain the constant
sequence 1, so obviously the limit is 1 as well. Next, if p > 1, for every n € N, set
X, = y/p— 1. Then, p = (1 +x,)". By the binomial theorem (one can also interpret it as
Bernoulli’s inequality in Theorem|[I.5),

—1
foralln e N wehave p> 1+nxns00§xn§p—.
n

By the squeeze theorem [2.3] the result follows.

For the case where p < 1,then 1/p > 1 so

1
lim (/j: 1.
n—eo \[ p

1 1 1
lim /p = lim = =-=1.
n—»oo n—=ee 31 /p o lim/1/p 1
n—oo

Hence,

The result follows. [
Next, we prove (iii) of Theorem [2.4

Proof. For each n € N, set x, = ¢/n— 1, so n = (1+x,)". By Bernoulli’s inequality
(Theorem|[I.5)), for all n > N, we have

—1 1
n _q_1
n

n>14+nx, so 0<ux,<

but this is a useless statement because it just shows that 0 < x;,, < 1. Sadly, we are unable
to apply the squeeze theorem here. As such, we use the binomial theorem. Observe that
for n > 2, we have

n nn—1
n=(1+x,)"=1+nx,+ (2)x,2l+...+x22 %xﬁ
As such, for n > 2, we have
0<x,< .
n—1

By the squeeze theorem (Theorem , the limit of x;, is 0, so the limit of {Vﬁ is 1. ]
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We then prove (iv) and (v) of Theorem [2.4]

Proof. Write a =1+ p with p > 0. Consider n € N with n > 2k. Then, we have

a"=(1+p)' = i‘, (Z)pk > (Z)pk

k=0

where we used the binomial theorem. Upon expansion, the above is equal to

—1D...n—k+1 k pk
nn—1)...(n +).pk><ﬁ> N
k! 2) k!
Hence,
k k
2k !
o< <=7
a P

However, the RHS is some constant (independent of n), so similar to our proof of (iii) of
Theorem 2.4} we run into an error. So, we take a detour and consider

&= (14 p) = Z (Z)pk>( n )pkﬂ:n(n—l)...(n—k+1)(n—k)_pk+1> (E)k-i-l.

far k+1 kl(k+1) 2
Hence,
k k+1
n 2 k+1)! 1
0< o < % o
a p n

By the squeeze theorem, the original limit is equal to 0. (v) follows from (iv) by setting
k=0anda=1/|x| O

Example 2.20 (Bartle and Sherbert p. 62 Question 15). Show that

lim (2n)'/" = 1.

n—oo

Solution. Recall (iii) of Theorem [2.4] where it was mentioned that

lim n!/" = 1.
n—yoo

Hence,
lim 2n)"/" = lim 2'/7- limn'/" =1-1= 1.

n—soo n—oo n—oo

Example 2.21 (Bartle and Sherbert p. 62 Question 16). Show that

n2

lim — =0.
n—oo p!

Solution. We have
2 2 1

M Ty A ey - =0

By the squeeze theorem (Theorem [2.3)), the result follows. U

k+1

k+ 1)
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Example 2.22 (Bartle and Sherbert p. 62 Question 17). Show that

e on 2\n—2
Hint: If n >3, then 0 < 3 <2 (g)

Solution. Tf n > 3, then n! > 3"2. As such,

2" 2"
0=1ImO0< lim — < lim =0.
n—so0 n—oo ! T n—reo 302
By the squeeze theorem (Theorem [2.3)), the result follows. O

Example 2.23 (Bartle and Sherbert p. 70 Question 14). Determine the limits of the

following sequences:

(a) limn'/"
n—yoo

(b) lim (n!)"/""
n—oo
Solution.

(a) Letx, =n!/ n”_ 1, Then, (x, + 1)"2 = n. By the binomial theorem, we have

n? n2
Z( )xﬁ:n so n>1+n’x,.
k=0 k

As such,
1 1
Xy < —— — which implies  lim x,, <O0.
n n n—yoo
As for the lower bound, note that for n > 2, we have x,, > 0, so by (iv) of Theorem

23

lim x,, > 0.
n—sco

Combining both inequalities shows that the limit of x;, is 0, so the original limit is
1.

(b) We note that for n > 4, we have

SO

2 2
lim (nz)l/n < lim (n!)l/"2 < lim (n”)l/"2 or equivalently (lim nl/"2> < lim (n!)l/"2 < limn
n—yo0 n—so0 n—yo0 n—soo n—yo0 n—soo

By (a), the lower bound is 1 and by (iii) of Theorem the upper bound is 1.
Hence, by the squeeze theorem (Theorem @, the desired limit is 1. ]

I Theorem 2.5 (limit theorems). The following hold:
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a If

lim |[x,| =0 then limx, =0.
n—soo n—soo
If ¢ = n, the limit is still the same.
(i) If

limx, =L then lim |x,|=|L|.
n—soco n—oo

(iii) Suppose x;,, > 0 for all n € N. Then,

lim x, =L implies lim /x, = VL.
n—oo

n—soo

(iv) If x, > 0 for all n € N and x,, converges, then

lim x,, > 0.
n—soo

To see an application/proof of (ii) of Theorem as well as its reverse direction, see

Example [2.24]

Example 2.24 (Bartle and Sherbert p. 62 Question 8). Prove that

limx, =0 ifandonlyif lim |x,|=0.
n—yoo n—oo

Give an example to show that the convergence of {|x,|}, .y need not imply the conver-

gence of {x,},cn-

Solution. For the first part, we first prove the forward direction. Suppose x,, — 0. Then,
for every € > 0, there exists N € N such that for all n > N, we have |x,| < €. Since
applying the absolute value function twice is the same as applying it once, the forward

direction holds.

For the proof of the reverse direction, suppose |x,| — 0. Then, for all € > 0, there exists
K € N such that for all n > K, we have ||x,| —0| < €. Same as the reasoning provided
earlier, the reverse direction holds.

For the second part, let x,, = (—1)". Then, {|x,|},cx converges because |x,| = 1 which is
the constant sequence 1 but by Example [2.15| {x, }, .y is not convergent. O

Example 2.25 (Bartle and Sherbert p. 70 Question 7). If {bn}nEN is a bounded sequence
and lim a,, = 0, show that
n—oo
lim a,b,, = 0.
n—soo

Solution. Since b,, is bounded, then for all n € N, there exists M € R such that —M <
b, <M. As such,

lim a,b, = (lim an) (lim bn) under the assumption that both limits exist
n—soo n—soo n—oo



2.1. LIMIT OF A SEQUENCE 49

Note that
0=0-(—M) < (liman> <lim bn> <0-M=0
n—yoo n—yoo
so by the squeeze theorem (Theorem [2.3)), the result follows. U

Alternatively, we can prove the result in Example [2.25| more formally.

Solution. Since

lim a, = 0,
n—oo

then for every €, M > 0, there exists N € N such that for all n > N, we have |a,| < £/M.
Again, since b, is bounded, then for all n € N, there exists M € R™ such that —M < b,, <
M. So, (—e/M)-M < a,b, < (¢/M)-M. Since € can be made sufficiently small, by the
squeeze theorem (Theorem @D, the result follows. O

Example 2.26 (Bartle and Sherbert p. 70 Question 20). Let {x,},cx be a sequence of
positive real numbers such that

limx/" =L <1.

n—soo

Show that there exists a number » with 0 < r < 1 such that 0 < x,, < " for all sufficiently
large n € N. Use this to show that

lim x,, = 0.
n—o0
Solution. By the formal definition of a limit, for every € > 0, there exists N € N such that

for all n > N, we have x,ll/n —L‘ < €. We choose € = (1 —L) /2. Then,

1—L 1 1—L 3L—1 1 L+1
L—T<Xn/n<L+T SO T<xn/n<T

Raising each side to the power n yields the inequality

3L-1\"_ _(L+1)"
2 o 2 )
We can choose r = (L+ 1) /2. By the squeeze theorem, the result follows. O

Corollary 2.2. If a,b € R and a < x, < b for all n € N and x,, is convergent, then

a< limx, <b.
n—soo

Example 2.27. Suppose we wish to evaluate the following limit:

on 3n+l + 5n+2
lim
N—so0 2n+2 +3n 4 5n—|—1
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Solution. Recognise that for 0 < a < 1, then a"* — 0 as n — oo.

i 2n_|_3n+1 _|_5n+2 i 2n+3(3n)_|_25 (Sn)
n—roo QNH2 4 3 4 SnFL T pee 4(21) 431 45 (5M)
n n
5 lim 19(2")+2(3")
n—eo 4 (27) 431+ 5(57)
L 196)" +2(3)"
=5-lim —5——;
12=4(5) +(3) +5
=5
O
Example 2.28 (Bartle and Sherbert p. 70 Question 12). If 0 < a < b, determine
lim ———
n—oeo gt 4+ pn
Solution. We have
an—l—l _|_bn+1 B (a/b)n—H +1
ar+b 7 (a/b)"+1
so the limit evaluates to b. U

Example 2.29 (Bartle and Sherbert p. 84 Question 5). Let X = x, and Y =y, be given
sequences, and let the “shuffled” sequence Z = z,, be defined by

Zl :x17Z2 :}717- .. 72211—1 :xn;ZZn :)’n
Show that
Z is convergent if and only if X and Y are convergent and lim X = lim Y.
n—soo n—soo
Solution. We first prove the reverse direction. Suppose X and Y are convergent and
lim x, = limy, = L.
n—oo n—oo
By the definition of a limit of a sequence, there exist Ni, N, € N such that

|x, — L| < € whenevern > N; and |y, —L| < € whenever n > N,.

Set N = max {2Ny,2N,}. Then, whenever n > N, |z, — L| < € and we are done.

Now, we prove the reverse direction. Suppose Z is convergent. That is
limz, =L.
n—oo

By the definition of the limit of a sequence, there exists N € N such that

|zw — L| < € whenever n > N.

IRefer to this problem on StackExchange here.


https://math.stackexchange.com/questions/2855081/let-x-n-and-y-n-be-given-sequences-and-define-z-n-to-be-the-shuffle
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We need to show that
|x, —L| < € and |y, — L| < € whenever n > N,

which are
|zon—1 —L| < € and |75, — L| < € equivalently.

Thus, we need 2n — 1 > N and 2n > N, which are obviously true. Hence, the result
follows. O

Example 2.30 (MA2108 AY19/20 Sem 1). Let f : (a,o0) — R be a function such that it
is bounded in any interval (a,b) and

lim (f(x+1)— f(x)) = A.

X—>00

Prove that

lim M =A.
X—oo X

Solution. Let € > 0 be arbitrary. By the given limit, there exists M > 0 such that for all
x>M,
Ilf(x+1)—f(x)—A| <e.
So,
A—e<f(x+1)—f(x) <A+e.
Since f is locally bounded, then for M <x < M+ 1, —B < f(x) < B for some B € R.
Hence,
—B+(A+¢e) |x—M| < f(x) <B+(A+¢g)-[x—M].

Dividing by x on both sides, since € is made arbitrarily small, by the squeeze theorem,
f(x)/x tends to A as x — oo, O

Theorem 2.6 (L'Hépital's Rule). If f and g are differentiable functions such that
g’ (x) # 0 on an open interval I containing a,

lim f(x) = )161_r>r(11g(x) =4c or limf(x)=1limg(x)=0

X—a X—a X—a
and ' :
lim f (x) exists then lim & = lim f (x)
x—a g’ (x) x—a g (x) x—a g’ (x)

Theorem 2.7 (Stolz-Cesaro theorem). Let x, and y, be two sequences of real num-
bers. If y, is strictly monotone and divergent and

lim s e Lexists then Ilim 0 L.
n—e y, 11—y, =720 yp
We will give a proof of the Stolz-Cesaro theorem (Theorem [2.7) in Example [2.3T] where

without loss of generality, we assume that the sequence {b,}, .y (in place of {y,},cp in
Theorem is monotonically increasing.
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Example 2.31 (MA2108S AY24/25 Sem 2 Tutorial 3; Stolz-Cesaro). Let {an},cn, {0n}nen
be sequences, where {b, },yy is strictly increasing and divergent. Prove that

. Qupy1 —ay . . . ay
0 =gy A s Jim
Solution. By the formal definition of a limit, for every € > 0, there exists N € N such that

for all n > N, we have

So,
(A - 8) (bn—l—l - bn) <dapt1—an < (A+8) (bn—H _bn)

By the method of difference,

k—1 k—1 k—1
Z (A—¢€)(bny1—bn) < Z Apt1 —dap < Z (A+¢€)(bpi1—by)
n=N n=N n=N

SO
(A—¢)(bx—bn) <ax—an < (A+¢) (b —bn).
Adding ay to each side yields
(A—¢)(by—by)+any <ar < (A+€)(by—by)+an.

For k sufficiently large, we have by > 1 so 1/by < 1. As such,

(A—g)(bx—bn)+av _ax _(A+e€)(bx—bn)+an
< X< .
by by by

So,

by ay  ai by an
A—g)|1—— —< =< A+ |(l—— —.
( )( bk)+bk by (A+e) by +bk
Letting k — oo, we see that a; /by is sandwiched between A and A, so by the squeeze
theorem (Theorem [2.3)), the result follows. O

Theorem 2.8 (Stolz-Cesaro theorem, alt.). If
lim x, = limy, =0
n—soo n—yoo

where y, is strictly decreasing and

L Xpa1—X X
lim i S L then lim =2 =1L.
n—=°yyi1 —Yn n—e yy,

Example 2.32 (MA2108 AY19/20 Sem 1). Let a, be a sequence in R.
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(i) Prove that if

) ._artay+...+ay
lima, =a then lim =a
n—yoo n—oo n

(ii) Suppose the sequence
ar+ay+...+ay
n

converges. Can we deduce that a,, converges? Justify your answer.

Solution.

(i) Let € > 0 be arbitrary. There exists K; € N such that |a; —a| < &/2 for all j > K.
Then,

12
pONCY

n oy

al—l—ag—i-...—i—an_ '_

We can bound this sum accordingly. For n > Kj,

=

n
! Y (aj—a)| < ! (aj—a) +l (aj—a)| by triangle inequality
= =t =K+
1 K n—K; €
sk @-als—=="3
=
1|5 €
.
n 2

Here, we let C be the sum of a; —a from j =1 to j = K;. Next, for K € N, where
K > max {K;,2C/¢e}, it is now easy to see that

1 & €
L @ma<ot3
§%+§ sincen > K
e & . 2C
<§+§ smceK>?
=&

(ii) No. Define s, = (a; +ay+...+a,)/n. Setting a, = (—1)",

—1/n ifnisodd,
Sn =
0 if n is even.

By the squeeze theorem, as n — oo, s5,, — 0, so it converges. However, a,, diverges.
O
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2.2 Monotone Sequences

Definition 2.7 (monotone sequence). Let {x,},cy be a sequence of real numbers.
We say that it is

(i) monotonically increasing if x, < x,,1 foralln € N;

(ii) monotonically decreasing if x,, > x,,| foralln € N

Proposition 2.2. Let F be an ordered field. If F has the least upper bound property,
then

every monotone sequence in /' is  bounded
every monotone increasing sequence in /' is  bounded above

every monotone decreasing sequence in /' is  bounded below
Theorem 2.9 (monotone convergence theorem). Let {x,},. be a monotone se-
quence. Then,
{xn},cny converges if and only if it is bounded.
In particular, if

Xp 1s increasing then lim x, =supx, andif Xx, is decreasing then lim x, =infx,.
n—soo n—soo

Proof. Tt suffices to show that if {x,},.y is a monotonically increasing sequence in F

which is bounded above, then there exists x € F such that x, — xin F. Let
S={x, € F:neN} ={x € F : there exists n € N such that x = px, }

denote the image set of the sequence {x,}, . Since N # 0, then S # 0. As {x,},cy is
bounded above, then S C F is also bounded above.

By the least upper bound property of F (Definition [I.11)), there exists x = supS in F.
We claim that x,, — xin F, i.e.

for any € > 0 there exists N € N such that for all n > N we have |x, —x| < €.

Since € > 0, then x — € € F is not an upper bound of S. So, there exists X’ € S such that
x— €& < X, i.e. there exists N € N such that x — € < xy. However, as x = sup .S is an upper
bound of S, then x,, < x. As {x,},.y is monotonically increasing, we know that

foralln >N wehave xy <ux,.

Equivalently, we have x — € < x, < x, so |[x—x,| < €. We conclude that x, tends to

sup xy,. ]
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Example 2.33 (MA2108S AY16/17 Sem 2 Homework 4). Letx; =1 and x,4+1 =2+ x,
for n € N. Show that x,, converges and find the limit.

Solution. 1t is clear that x,, is bounded above by 2. Given that x; = 1, we show that x;, is

strictly increasing. That is, for n € N, x,,11 > x,,.

2+ % — (*n —2)(xa + 1)
Xppl —Xn =\ 24X, —Xp = = .
bl oo V24X, +xp V24X, +xp

It is clear that x,, is a sequence of positive terms so we consider the numerator of x,, | —xy,,

which is (2 —x,)(x, +1). For 1 < x, <2, this product is always positive, and hence

Xn+1 —Xn > 0. By the monotone convergence theorem (Theorem [2.9)), x,, converges.

Suppose
lim x,, = L.
n—soo
Then, L =+/2+ L, but since L > 0, then L = 2. O

Example 2.34. Consider the recurrence relation

3+4+a,
14+a,

apt1 = with the initial condition a; = 3.

Prove that a,, is a convergent sequence and find its limit.

Solution. We first prove that V3 < a, < 3. To show that a,, < 3, we have

34ay 343
<

l+a ~— 143
<3

a1 = by the induction hypothesis

Similarly, we have

3+ak>3+\/§>\/§
l+a, — 1+3 —

ag+1 =

where again, the first inequality follows by the induction hypothesis. This shows that a,
is bounded.

We then prove that a,, is decreasing using strong induction. We have

It suffices to prove that 3 — a,% < 0 since the denominator 1+ a; > 0. Since v/3 < a; < 3,
then 3 < a% <9so03- a,% < 0. So, a, is decreasing. By the monotone convergence

theorem, a,, converges to some limit L. Since

C341L

lim ay :r}gl;loan_i_] =L then L= 1—}——L

n—oo

So, either L= v/3 or L = —/3. We reject the latter as we earlier established that a,, is a
sequence of positive numbers (from V3 < a, <3)soL=23. O
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Example 2.35 (Bartle and Sherbert p. 70 Question 9). Let

yp=+Vn+1—+/n forneN.
Show that {\/ny, },cx converges. Find the limit.

Solution. Let x, = \/ny,. Then,
Xp=+/n(n+1)—

We first prove that {x,},cy is bounded, i.e. 0 <x, < 1/2. Proving the lower bound is
obvious because it is equivalent to showing that

n(n+1)>n> orequivalently n>0.

The aforementioned statement holds trivially. We then justify the upper bound, i.e.

1 1
\/n(n+1)—n—§ <0 orequivalently n(n+1)< (n—|— 5) .
We have

> 0.

I

1
n4+n<n*+n+ 7 equivalently

Hence, {x,},cy is bounded.

Next, we prove that x,, is increasing by induction. We have

Xt —xe =/ (k+ 1) (k+2)— (k+1)—Vk(k+1)+k
1(¢m—¢%)_1
CoVk+T—VE+2—Vk
VE+2+Vk

As such, it suffices to prove that 2v/k+ 1 — vk+2 — vk > 0. To see why this holds,
define zx = v/k+ 1 — v/k. Then, the mentioned inequality is equivalent to zx — zx41 > 0,
or zx4+1 < zx. As it is known that z; is a decreasing sequence, then x; | > xi, i.e. X, is

increasing. By the monotone convergence theorem (Theorem [2.9)), {x, converges.
g y g2 neN

Hence,

1) —n? 1 1
lim x, = lim nntl)—n” o n i —

= — =1lm — = —.
n—yeo noe /n(n+1)+n n=°vn2+n+n noe\/1+1/n+1 2

Example 2.36 (Bartle and Sherbert p. 77 Question 2). Letx; > 1 and

1
Xpp1 =2—— forneN.
Xn

Show that {x, },. is bounded and monotone. Find the limit.
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Solution. We first prove that {x,},.y is bounded. We claim that x,, > 1 for all n € N.
The base case holds trivially. Assume that x; > 1 for some k € N. Then, —1/x; > —1 so
Xgt1 > 1. As such, {x,},.y is bounded below by induction.

We then prove that {x,},y is monotonically decreasing. Assume that x4 —x; <0
forall Kk <n—1. Then,

1 2, —x2—1 (xa—1)2
Xppl —Xp=2———X, = =— .
Xn Xn Xn

Since x, is a sequence of positive numbers (we deduce that x,, is bounded below by 1
earlier), then x,, 11 —x, <0, so x,4+1 < x,. By induction, {x’l}neN i1s monotonically de-

creasing. Hence, {x,}, converges. Suppose the limit is L. Then,

1
L=2——.
L

Hence, L =1. O

Example 2.37 (Bartle and Sherbert p. 77 Question 3). Letx; >2and x,+; = 14++/x, — 1
for n € N. Show that {x, },.yy is decreasing and bounded below by 2. Find the limit.

Solution. We first show that {x,}, . is bounded below by 2. We have
X1 =14/t —1>14v2-1=2

so by induction, {x,},.y is bounded below. We then prove that {x,}, . is decreasing.
We have

Xptl —Xn=14+v/x—1—x,=+/x,—1 (1 —\/ X, — 1> .

Since v/x, —1 > 1, then it follows that x,41 —x, <0, i.e. {x,},cy is decreasing. By
the monotone convergence theorem, {x,},.y converges. Suppose the limit is L. Then,
L=1++L—1. Assuch, L=2. O

Example 2.38 (Bartle and Sherbert p. 77 Question 6). Leta > 0 and let z; > 0. Define

Znt1 =vVa+z, forneN.

Show that {z,}, . converges and find the limit.

Solution. We first observe that {z, },.y is a positive sequence of numbers. Consider the
equation L = /a+ L, which yields L?> — L —a = 0. The positive root of this quadratic

equation is

1++v1+4a
5 .
As such, we shall consider three cases as follows:

r =

i za<r

(ii) z1 =r
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(iii) z; > r

For (i), if z; < r, then we claim that {Zn}neN is increasing and bounded above by r. We
first prove the latter by induction. The base case holds trivially as we earlier mentioned
that z; < r. Suppose z; < r for some k € N. Then,

Gr1 =vVa+z <Va+r=r.

The last equality holds because it is equivalent to 7> —r —a = 0. As mentioned, r is a
root of the quadratic equation [?—L—a=0,soindeed \/a+r = r. As such, {Z”}nEN 18

bounded above.

We then prove that {z,}, .y is increasing. We have

— VATt —z) (Vatan+z)  atza—22 27 —a
in+1—Zn= a+Zn_Zn:( " I’l)( n I’l) n n __ n n

Va+zn+2n CVatztzm  atata

By considering the denominator, as z, is a positive sequence of numbers, then \/a + z,,,z,, >

0 so it suffices to prove that z2 —z, —a < 0. Let

—1—v1+4
¥ = % be the negative root of the quadratic equation L>~L—a=0.

Then, the solution to the quadratic inequality z2 —z, —a < 0is 7 < z, < r. As we earlier
deduced that 0 < z, < r, then z, < r holds 50 z,41 —z, > 0,1i.e. {z4},cy is increasing. By

the monotone convergence theorem, {z,}, . converges.
For (ii), we have the constant sequence z, = v/a+r so {2}, converges.
Lastly, for (iii), if z; > r, we claim that {z,},. is decreasing and bounded below by

r. We first prove the latter by induction. Again, the base case holds trivially as we earlier

mentioned that z; > r. Suppose z; > r for some k € N. Then,

Zpl =va+z > Vatr=r.

Again, the last equality holds due to the same argument made previously, i.e. r is the pos-

itive root of the quadratic equation L?> — L —a = 0. As such, {zn}pen is bounded below.

We then prove that {z,}, . is decreasing. We have

Z%_Zn_a

Intl —p=——F——.
Va-—+zn+2zn

Again, it suffices to consider the numerator z2 — z,, — a. We wish to prove that it is posi-
tive. The solution to the quadratic inequality z2 —z, —a > 0 is z, > r or z, < —r’. As we
earlier deduced that z,, > r, then it follows that {z,},. is decreasing. By the monotone

convergence theorem, {z,}, . converges.
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As mentioned, the limit is r, which is equal to

1++v14+4a
2 .

We chose the positive root here because {z, },cyy is a positive sequence of numbers.

Example 2.39 (Bartle and Sherbert p. 77 Question 7). Let x; =a > 0 and

1
Xpp1 =X, +— forneN.
Xn

Determine whether {x,}, . converges or diverges.

Solution. We have

1 1
x%H:x,%—i—;—i—Z N x,%+1—x,%:2—|—;>2.

n n

By the method of difference, x5, —x7 > 2 (N — 1) so

Xy > vVa+2N—2.

Hence, xy — o0 as N — oo, which implies {x, },. diverges.

59

g

Example 2.40 (Bartle and Sherbert p. 77 Question 10). Establish the convergence or

the divergence of the sequence (yj,), where

1 1 1
+...+— forneN.

yn:n—|—1+n+2 2n

Solution. We first prove that {y, },.y is bounded. We have

1<1+1+ +1< + + +1<1—|—1+ +1—1
27 2n 2n " 2n~n+l nd+2 7 2" m o on T n
nc?);ies nc?)gies

so 1/2 <y, <1 forall n € N. This shows that {y, },.y is bounded.

We then prove that {y, },.y is increasing. We have

1

I o I I I I
y’”‘l_y”_<n+1+"'+§Z+2n+1+2n+2>_(n+1+‘“+iﬁ>_2n+1Jr

50 {¥n} ,en is increasing. By the monotone convergence theorem, {y, },, . converges.

Example 2.41 (Bartle and Sherbert p. 77 Question 11). Let

1 1 1
xn:ﬁ—l—?—k...—k; foreachn € N

Show that {x, }, converges.

0
i

4
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Solution. We first show that {x,}, .y is increasing. We have

1

>0
(n+1)°

Xn+1 —Xn =
SO Xy41 > Xp, SO {X, },cpy 1S increasing.

Next, we show that {x, },.n. We use the fact K>k (k—1) fork > 2 so

1

S k-1

1
K2
As such,

n

1 nq noo
=Y =1+ <14y —— <2
kg«l/@ k;sz kgzk(k—l)

where the last inequality uses the method of difference. By the monotone convergence
theorem (Theorem [2.9), {x,},cr converges. O

Example 2.42 (Bartle and Sherbert p. 70 Question 18). Let X = {x,},. be a sequence

of positive real numbers such that

. Xntl
lim
n—e X,

=L>1.

Show that X is not a bounded sequence and hence is not convergent.

Solution. By the formal definition of a limit, for every € > 0, there exists N € N such that

for all n > N, we have

Xn+1 Il<e
Xn '
So,
X
L-e<™ <Lt
Xn
Hence,

Xui1 > (L= €)%y > (L—€)*xp 1 >...> (L—g)" M xy.

As n — oo, then it shows that x, is not bounded above. As such X is not a bounded
sequence. By the monotone convergence theorem (Theorem [2.9), X is not a convergent

sequence. U

Example 2.43 (Bartle and Sherbert p. 70 Question 22). Suppose that {x,},.y is a
convergent sequence and {y, },cy is such that for any € > 0, there exists M such that

|xn — yn| < € for all n > M. Does it follow that {y, },.y is convergent?

Solution. Yes. Let € = 2¢ (which is > 0) be arbitrary. Since {x,},cy is convergent, then
for every € > 0, there exists N € N such that for all n > N, we have |x, — L| < €, where L
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is the limit of x,,. As such, choose K = max {N,M}. Then, for all n > K, we have

|Vn —L| = |yn — Xn +x, — L]
<|yn —Xn|+|x, —L| by the triangle inequality
< E€4€

:8/

So, {¥n},cn is also a convergent sequence. O

Example 2.44 (Bartle and Sherbert p. 84 Question 11). Suppose

X, >0forallne€N and  lim (—1)" x, exists.
n—oo

Show that {x,},.y converges.

Solution. Since the aforementioned limit, say L, exists, then for every € > 0, there exists
N € N such that for all n > N, we have

(=1)"x, —L| <e.
So,
L—e<(—1)"x,<L+e.

Since this inequality holds for all n € N, suppose 7 is even. Then, there exists k € N such

that n = 2k. Moreover, as € > 0 can be made arbitrarily small, we can choose € = 1, so
L—1<xy<L+1.
On the other hand, suppose n is odd. Then, there exists k € N such that n = 2k + 1. So,
L—1< —xpy41 <L+1.
As k — oo, by the squeeze theorem, we see that

lim Xk = L.
k—>o0

Similarly, by the squeeze theorem,
lim X2k+1 = —L.
k—soo

Since x,, > 0 for all n € N, then L > 0 and —L > 0, which forces L = 0. So, x,, — 0, i.e.

Xy, converges. O
{ }nEN g

Example 2.45. Let f : [a,b] — [a, D] be a non-decreasing and continuous map on a closed
interval such that f(x) = x has no solution in (a,b). Prove that either f(a) = a or
f(b) =b. Such a point is said to be fixed under f. Furthermore, for every point ¢ € (a,b),
we may define the sequence ag = ¢ and a,+1 = f (a,). For such a sequence, prove that
{an},cn is monotonic and converges to that fixed point.

Hint: Draw a graph to get an idea, then provide rigorous proof. You will need the inter-

mediate value theorem.
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Solution. Define g(x) = f(x) —x. Since f is continuous on [a,b], then the same can
be said for g. We will prove the contrapositive instead. Suppose neither f(a) = a nor
f(b) =D. Then, g (a) # 0 and g (b) # 0. Also, note that f (a) > a and f (b) < b (since f
is non-decreasing). As such, g(a) > 0 and g (b) < 0. By the intermediate value theorem,
there exists ¢ € (a,b) such that g (c) =0, so f(c¢) = ¢, proving the first part.

For the second part, consider the case when f(x) < x for all x € (a,b). In particular,
f(c) < ¢, where ¢ € (a,b). By induction, one can show that a,,+| —a, = f (an) —a, <0,
i.e. {an},cn is decreasing. Since a < ¢ < b, then the sequence is bounded below by a, so
by the monotone convergence theorem, the sequence converges to the fixed point a. The
case where f(x) > x is argued similarly. O

Methods of computing square roots are numerical analysis algorithms for approximating

the principal, or non-negative, square root of a real number, say S.

Theorem 2.10 (Babylonian method). We start with an initial value somewhere near
V/S. That is xo ~ /S. We then use the following recurrence relation to find a better
estimate for v/S:

1 S
Sl = 3 <xn + —) where lim x, = NG

n n—oo

Proof. Suppose

lim x, = L.
n—oo

Substituting this into the recurrence relation yields

1 S
L=—(L+—-]).
2 (+2)
Rearranging and the result follows. ]

Theorem 2.11 (nested interval theorem). Let I, = [an, b,], where n € N, be a nested
sequence of closed and bounded sequences. That is, I, O I,+1. Then, the intersec-
tion .

ﬂl ={x:x €I, forall n € N}

n=1
is non-empty. In addition, if b, —a,, — 0 (i.e. length of I, tends to 0), then the

intersection contains exactly one point.

Definition 2.8 (harmonic numbers). The harmonic numbers, H,, are defined to be

2

k=1

x| =
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Definition 2.9 (harmonic series). The harmonic series is defined to be the following

sum:
(o) 1 )
E — = lim H,

=l n n—yoo

Note that the harmonic numbers are increasing (since H,, — H, > 0) and

lim H, = 0.

n—oo

However, the harmonic series is divergent! Another interesting property is that other than
H,, the harmonic numbers are never integers, whose proof hinges on some elementary
Number Theory.

2.3 Euler’'s Number, ¢

Definition 2.10 (Euler's number). Euler’s number, e ~ 2.71828, is defined to be

1 n
lim (1 + —) .
n—soo n

Theorem 2.12. The sequence
1 n
o = <1 + —) is strictly increasing.
n
That is, x,4+1 > x, forall n € N.

Proof. 1t is easier to prove x, > Xx,,—1, SO we wish to prove

1 n 1 n—1
(1+—) >(1+ ) .
n n—1

First, we write 1 + 1/n as

Hence,

(1+1/n)"
(1+1/(n—1))"""

By Bernoulli’s inequality (Theorem[I.5), this is greater than 1, and so x, > x,_1. O
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I Theorem 2.13. 2<e<3

Proof. We use the series expansion of x;,.

<1+%>n:1+n<%)+”('gl) ’11)2+...+”(”—13)!(n—2) (%)3
U et O eV [

)
(2hn 31(n?)

It is clear that e > 2. To prove that e < 3, we consider the infinite series, but starting from

the third term of the expansion of x,,. It suffices to show that
n—1 (n—-1)n-2) m-1)(n-2)(n-3)
2n + 6n? 24n3 T
Observe that the ™ term can be written as

(n_1)<n_(fl<’;)_!;jr)m(n_r) - (r+11)! (1_%) (1_%) (1_%) <1_£> = (r+11)!'

It is clear that

1 < 1
(r+1)! =2’
since the factorial grows much faster than the geometric series, and so taking the recipro-
cal, the result follows. To conclude,
= (n—1)(n-2)(n-3)...(n—-r) <1
Z (r-+1)n" ; 2 L

r=1

and we are done. OJ

Though the incredible constant is named after the Swiss mathematician Leonhard Euler,
its discovery is actually accredited to another Swiss mathematician, Jacob Bernoulli. Just

like 7, e is also irrational (Theorem |2.14]), which can be proven by contradiction.

I Theorem 2.14. e is irrational

Proof. Suppose on the contrary that e is rational. Then, there exist p,q € Z with ¢ # 0

such that e = p/q. As e can be expressed as the following infinite series
= 1

we have
~p 1L 1 1 1 1 1 1
6_5_&+1v+2v+3v+4v+ N i +(m+1)!+”'
m'e—ﬂ+@+ﬂ+m'+m'+ —I—m'—f—L!—F
0! 21 31 4] (m+1)!
By setting g = m!, we see that m!e € Z. Next, we take a look at the RHS. Observe that
m! m! m! m! m!
54———1—5—1—3' +4' +. ~|——
is an integer but
m! m! m! 1 1 1

) ma2) mad) T Tl ma ) m+2)  ma)m+2)m+3)

is not an integer, which is a contradiction. ]
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2.4 The Euler-Mascheroni Constant, y

Definition 2.11 (Euler-Mascheroni constant). The Euler-Mascheroni constant, y &

0.5772, is the limiting difference between the harmonic series and the natural loga-

rithm. That is,
) 71
Y= r}l_rg)lo Z A —Inn |.

k=1

y is an epic constant. From Figure [2.2] the Euler-Mascheroni constant can be regarded
as the sum of areas of the yellow rectangles minus the area under the curve y = 1/x for
x> 1.

y

X

Figure 2.2: The graph of y = 1/x and an approximation for the area under the curve

It is interesting to note that the Euler-Mascheroni constant converges even though the
harmonic series diverges and Inn tends to infinity as » tends to infinity. Let us prove this

result using the monotone convergence theorem.

Lemma 2.1. Let x, be the following sequence:

|
Xy, = Zz—lnn
k=1

Then, the following properties hold:

(i) x, is a decreasing sequence.

(ii) 0 < x, <1, 1i.e. x;,, is bounded.

Proof. We first prove (i), i.e. x, > x;,+1. Consider

o nlg 1 1
Xp — Xpy1 = Z——lnn— Z %—Hn(n—f—l) =1In (n+ )

an R k=1 n n+1
Consider the graph of f(x) = 1/x, forn <x <n+ 1. We can regard

In((n+1)/n) as the area under the curve fromx=ntox=n+1 and

1/(n+1) as the area of a rectangle bounded by x=n,x=n+landy=1/n
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Since f is strictly decreasing and concave up, then the area under the curve is less than
the area of the rectangle. Hence, x,, — x,+-1 > 0 and the result follows.

We then prove that 0 < x, < 1, i.e. x, is bounded. Note that x; = 1. Since x, is a

strictly decreasing sequence, then
l=x1>x>x3>...

and so x, is bounded above by 1.

Write x;, as
< | n1
Z - — / —dx.
ok i
Construct a rectangle of width 1 and height 1/ (taking the left endpoint) and note that the

sum of areas of the rectangles is strictly greater than the area under the curve, so x, > 0

since the graph of f is strictly decreasing and concave up. [

With the two facts established in Lemma [2.1) by the monotone convergence theorem
(Theorem [2.9)), x, converges, and it converges to Y. It is still unknown whether 7y is

rational or irrational. This remains an open problem.

Example 2.46 (MA2108 AY21/22 Sem 1 Midterm).

(i) Let n € N. Prove that

1 1 1
<In{I+4-)<-.
n—+1 n n
(ii) Use the above inequalities to prove that

l-l-l-l-l—i- +1 |
= —+—4+...4+4——In
n 2 3 n "

has a limit as n — oo.
Solution.
(i) Let
f(n)= ﬁ, g(n)=1n (1 + %) and h(n) =

1

-
Note that f, g and & are concave up on (0,c0). If we establish that f'(n) > g'(n) >
I (n) for all n € (0,0), then we are done.

Consider

and since n > 0, then g'(n) < f'(n).

Next, consider
1 1 1

/ _h/ - = = -
g () (n) rlz-l—rl+rz2 n?(n+1)

and in a similar fashion, g’(n) > #'(n). We are done.
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(ii) It suffices to show that x;,, is decreasing and bounded.

To show x,, is decreasing, consider
! +In| 1+ ! >0
Xy —Xpt] = ———+1n -
no At n+1 n
by ().

To show x,, is bounded, note that x; = 1. Since x,, is a strictly decreasing sequence,
then
l=x1>xp>x3>...

and so x,, is bounded above by 1.

Write x;, as
< | n1
Z - — / — dx.
=k 1 X
Construct a rectangle of width 1 and height 1/n (taking the left endpoint) and note

that the sum of areas of the rectangles is strictly greater than the area under the

curve, so x, > 0 since the graph of f is strictly decreasing and concave up.

Since x,, is decreasing and between 0 and 1, its limit exists. ]

2.5 Subsequences

Definition 2.12 (subsequence). Let {x,}, . be a sequence in R, i.e. a map
x:N—X where ntux,.

A subsequence of {x, },y is a sequence of the form {x;, }, . Where the indices ny
form a strictly increasing sequence of natural numbers, i.e. ny < ny < .... Formally,

it can be seen as the composition of the following two maps:

k
NS NSR where kg v Xy,

Lemma 2.2. We have

{*n},eny convergesin R if and only if every subsequence of {x,}, .y converges in R.

Proof. We first prove the reverse direction. Then, {x, },. as a subsequence of itself must

converge in R, i.e. consider N — N where i — i is strictly increasing.

For the forward direction, suppose x, — x in R and we have {x,, }, . as a subsequence.
Then, for all € > 0, there exists N € N such that for all n > N, we have |x, —x| < €. Since
k — ny 1s strictly increasing, then for all k > N, we have n; > N, so ]xnk —x| <e. ]
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Corollary 2.3. If {x,},cn has two convergent subsequences with distinct limits,
then {x,},c is divergent.

Theorem 2.15 (existence of monotone subsequences). Let {x,},cy be a sequence

in R. Then, there exists a subsequence {xy, },.x Which is monotone.

Proof. For any k € N, we say that
{%n},cn has apeak at k if and only if for all n > k we have x; > x;,.
Let
S={keN:{x,},cy hasapeak at k} = {k € N:x; >x, foralln >k} CN.
Then, either

{*n},en has infinitely many peaks i.e. S is infinite or

{xn},en has finitely many peaks i.e. S is finite

For the first case, suppose {x,},.y has infinitely many peaks. Define the map 4 : N — N

recursively as follows. Set n; = 1. Given i € N such that »; has been defined, set
n tobe the smallest element of the set {k € N: k > n; and {x,},cy has a peak at k }

This set is S\ {1,...,n;}. As S is an infinite set and {1,...,n;} is a finite set, then
S\{1,...,n;} is an infinite set, which is non-empty.

By induction, for all i € N, we have n;11 > n; in N. So, for all i, j € N such that i < j,
we have n; < n; in N and x,, > Xn; in R. We conclude that {xnk } e 1s @ monotonically
decreasing subsequence of {x,},cx-

For the second case, suppose {x,},y has finitely many peaks. Then, there exists N € N
such that for all k > N, {x,},. has a peak at k,i.e. S C {1,...,N}. Define a subsequence
{xnk} keN} recursively as follows: set ny = N+ 1. Given n;, choose n; to be the smallest
index m > ny such that x,, > x,,. Such an m always exists by the non-peak property of

indices greater than N. This ensures that {x,, } is strictly increasing. ]

Theorem 2.16 (Bolzano-Weierstrass theorem). Every bounded sequence has a con-

vergent subsequence.

Example 2.47 (MA2108S AY16/17 Sem 2 Homework 4). Suppose that every subse-
quence of x, has a subsequence that converges to 0. Show that

lim x, = o.ﬂ

n—oo

2This also appears in MA2108 AY24/25 Sem 2 Problem Set 2 Question 32.
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Solution. We first show that x,, is bounde(ﬂ Suppose on the contrary that it is not. Then,
for every M, N > 0, there exists n > N such that |x,| > M. Then, we can find a subsequence
X, such that

lim x,,, = oo.
k—soo

However, this subsequence does not have a subsequence that converges to 0, which is a

contradiction. Hence, x;, is bounded.

Next, x, must have only one limit point. Let L be a limit point of x,. Then, x,_ con-
verges to L. Also, any subsequence of x,, converges to L. By the uniqueness of the limit,
as every subsequence of x,_ converges to 0, then x,, converges to 0, we establish the
required result. O

Here is an alternative solution.

Solution. Suppose on the contrary that {x, },,. does not converge to 0. Then, there exists
€ > 0 such that for all k € N, there exists n; > k such that

|Xn, | > €.

> E,

Let {xnk[ }éeN be a subsequence of {xnk} kEN® Then, for every k € N, we have Xy,

i.e. there exists a subsequence of {x,, } en that does not converge to 0, contradicting the
hypothesis that {x, },.y does not converge to 0. d

Example 2.48 (MA2108S AY16/17 Sem 2 Homework 4). Let {x,},.y be a bounded
sequence and for each n € N, let

sp=sup{x:k>n} and S=inf{s,}.
Show that there exists a subsequence of {x,},.y that converges to

Solution. In Example we proved that if A C B, where A # 0, then supA < supB.

From here, we claim that {s,}, . is monotonically decreasing. We have

Spt1 —Sp =sup{xg :k>n+1} —sup{x;: k> n}

= SUp{Xn+1,%n42,-- -} — SUp{Xn, X1, %042, --

If x, = sup {xX+1,Xn+2, ...}, then s, —s, = 0. On the other hand, if x, > sup {x,+1, %142, -

then 5,41 — s, <0, i.e. {sp},cy is decreasing. As {x,},. is bounded, then {s,},cx is
also bounded. By the monotone convergence theorem (Theorem , {$n},en converges.
In particular, as {s,},cy is bounded below and decreasing, then {s,},.x converges to the
infimum. U

Example 2.49 (Bartle and Sherbert p. 84 Question 12). Show that if {x,},.y is un-

bounded, then there exists a subsequence {x;, }, . such that

lim — =0
k—ro0 Xy,

3See here for a reference.
4 Also appears in MA2108 AY24/25 Sem 2 Problem Set 2 Question 33.
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Solution. Without loss of generality, suppose {x,},cy is not bounded above. Then, for
all M € R, there exists n € N such that for all n > N, we have x,, > M. Take some

subsequence {xnk} kN SO for each k € N, choose n; such that

Xg, >k and np<ny <...<m.

Hence, . |
0<—<—.
X,k
As k — oo, by the squeeze theorem, the result follows. U

Example 2.50 (Bartle and Sherbert p. 85 Question 14). Let {x,},,.y be a bounded
sequence and let s = sup {x, : n € N}. Show that if s ¢ {x, : n € N}, then there is a sub-

sequence of {x,},y that converges to s.

Solution. By definition of supremum, we know that for every € > 0, there exists x,, such
that
s—€<x,<s wheres=sup{x,:necN}.

Choose € =1 so

there exists x,, suchthat s—1<ux, <s.

Similarly, choose € = 1/2 so

. 1
there exists x,, such that s— 5 <X, <.

As such, we obtain an increasing subsequence {xy, }, . such that

s—%<xnk<s.

Letting & tend to infinity, we have

1
Iim | s— - ) < limx,, < lim s.
k—oo ( k) koo KT ke

By the squeeze theorem, the subsequence {x,, } keN converges to s. U

2.6 Cauchy Sequences

Definition 2.13 (Cauchy sequence). Let F be an ordered field A sequence {x, },cy

is Cauchy if
for every € > 0 there exists N € N such that for all m,n > N we have |x,, —x,| < €.

Intuitively, what Definition [2.13| means is that for large n, the x,,’s are very close to each
other. For instance, the sequence {1/n}, . is obviously Cauchy. To see why, we consider
Figure whereby for some N € N, the distance between x,, and x,, is sufficiently small

(to be precise, this distance is at most €, but not including it). Here, we have constructed
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an open bal:ﬂ which contains x; and x,,, where the distance between x,, and x,, is strictly
contained in this ball!

Xn =

Figure 2.3: If x,, = 1/n, then the sequence {x, },c is Cauchy

S|=

Theorem 2.17 (convergent implies Cauchy). Let F be an ordered field. If {x,},

is convergent in F, then it is Cauchy.

Proof. Suppose {x,},, is convergent in F, i.e. x, — x in F. Given € > 0, there exists
N € N such that for all n > N, we have

£
X, —x| < X

So, for all m,n > N, we have

P = Pml = |(Pn = P) — (Pm = P)|
<|pn—p|+|pm—p| Dby the triangle inequality

<£+£
2 2

which is bounded above by €. This shows that {x,},.y is Cauchy. O

We take a look Examples and for an application of Theorem
Example 2.51. Let x, = n. Then, {x,},.y is not convergent, so it is not Cauchy.

Example 2.52. Let
1
yn:ﬁ and zn:;.
Note that {y,},n is a geometric sequence with a common ratio of 1/2 so it is convergent.
As such, it is Cauchy. In fact, we can prove that {y, },. is Cauchy by directly applying

Definition m Let € > 0 be arbitrary. Choose N = |1 — %ﬁ—ﬂ in N. Then, for all m >

n > N we have

1 1] [2r—2m  2omtl
2_m_ﬁ T omitn = omin

’ym_)’n| = :21_n§21_N<8.

Moreover, {z, },cy is convergent, so it is Cauchy.

Remark 2.2. The converse of Theorem[2.17]is not true, i.e. if we are given a Cauchy
sequence {x, },c in an ordered field F, then it may not converge to some element
in F. Take for example F = QQ and a sequence of positive rational numbers that

converge to \/§

Do not need to care too much what ‘open ball’ means for now. Loosely speaking, you can regard it as
an open interval, but this notion applies to arbitrary topological spaces.
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Example 2.53 (Bartle and Sherbert p. 91 Question 2). Show directly from the definition
that the following are Cauchy sequences:

1
(@) “
(b) 1+ 54+
Solution.

(a) Let
n+1
X, = )
n

Then, let € > 0 be arbitrary. Choose N = [1/€] in N. Then, for m,n € N sufficiently
large such that m > n > N, we have

m+1 n+1 m—n m 1 1
X — xn| = |—— — = S}— =—<—<eE&¢.
m n mn mnl |n|] — N
(b) Let
] I

Then, let € > 0 be arbitrary. Choose N = [1/¢€] in N. Then, for m,n € N sufficiently
large such that m,n > N, we have

! 1 1 1 . 1
X — Xn| = +2_!+"'+E+(n+1)!+"'+ﬁ —\ Ittt

1 .
< —+...+— since (n+1)!,...,m! >n!
n! n!
—_—
m—n times
_m—n

$0 {Xx},cn is a Cauchy sequence. O

Example 2.54 (Bartle and Sherbert p. 91 Question 3). Show directly from the definition
that the following are not Cauchy sequences:

(@ (=1)"
M) n+ 0

(¢) Inn

Solution.
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(a) Letx, = (—1)". Choose € = 1. Then, consider
ot =5l = | (=1 (1 = )T -1 =2 1=,

s0 {Xx},cn is not a Cauchy sequence.

(b) Let
—1\)"
xn:n+( )
n
Choose € = 1. Then, consider
— X, = l4+———-n——-——|=11 —
X1 —Xn| = [n+ 1+ T T, e -

By the reverse triangle inequality,

(_1)n+1 (_l)n

n+1 n

|Xn1 —xn| > 1—

s0 {Xx},cn is not a Cauchy sequence.

(¢) Let x, =Inn. Choose € = % Then, consider
|X2n —x4| =1In2>0.5=¢,
$0 {Xx},cn is not a Cauchy sequence. O

Example 2.55 (Bartle and Sherbert p. 91 Question 5). If x, = y/n, show that {x, },
satisfies

lim |x,11 —x,| =0 butthat itisnota Cauchy sequence.
n—oo

Solution. We have

1
lim |x,4+1 —x,| = lim |vr+1—+v/n =lim ——— =0

However, we claim that {x, }, . is not a Cauchy sequence. Consider

— X, =V2n—+/n= " = v
an =l = V== mm = T

which grows without bound. The result follows. U

Theorem 2.18 (Cauchy implies bounded). Let F be an ordered field. If {x,},x is
a Cauchy sequence in F, then it is bounded.

Proof. Since {x,},cy is Cauchy, then for all € > 0, there exists N € N such that for
all m,n > N, we have |x,, —x,| < €. In particular, we can choose € = 1. Set M =
max {|xi],...,|xn|} + L.
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Consider any n € N. If n < N, then we have |x,| < M. On the other hand, if n > N,
then

on| = [xn — X + 2N
< |xp —xn| 4 |xn| by the triangle inequality
<l+|xy| <M

This shows that {x, }, .y is bounded. O

Proposition 2.3. Let F be an ordered field and {x,},.y be a Cauchy sequence in
F.If

there exists a subsequence of {x,},. that convergesin F then {x,},. also converges in F.

In fact, both limits would be the same.

Proof. Suppose {x,, },.y is a subsequence of {x,},.y and x, — x in F. Given & > 0,
there exists N € N such that for all £k > N, we have

E
X, — x| < =.

2

Since {x,},cy is a Cauchy sequence, then there exists M € N such that for all m,n € N,
we have
£
Xy — x| < =.

2
Consider the map

N — N where i+ n;,

which is strictly increasing. As such, we can choose ko > N such that g, > M, i.e. choose
ko = max {N,M}. As such, for all n > M, we have

Xn = Xy, +xnk0 —x’

[otn — x| =
<|xp — Xy, + Xng, —x‘ by the triangle inequality
< € n €
2 2
which is bounded above by €. Then, the result follows. O

Proposition 2.4 (properties of Cauchy sequences). Let F be an ordered field. Sup-
pose {x, },cry and {y,}, oy are Cauchy sequences in F. Then, the following hold:
(i) {%y+Yn} e is also Cauchy in F
(ii) {—xu},cn is also Cauchy in F

(i) {x,yn},cy is also Cauchy in F

We will only prove (iii) of Proposition (actually, (i) and (ii) can be deduced in the

midst of our proof).
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Proof. Since {x,},cx s {¥n} ey are Cauchy sequences, by Theorem[2.18] they are bounded,
i.e. there exists M > 0 such that for all n € N, we have |x,| <M and |y,| <M.

Also, there exists N € N such that for all m,n > N, we have

E E

As such, for every m,n > N, we have

|Sntn - smtm| — ’(Sn - Sm) th + Smtn — Smtm|
= | (0 = Sm) tn + (tn — tm) Sm|
<|sn — Sml| |ta| + |tn — tm| |sm| Dby the triangle inequality

< u+tom
M M

which is bounded above by €. The result follows. [

Definition 2.14 (Cauchy complete). An ordered field F is Cauchy complete if and
only if every Cauchy sequence in F is convergent in F.

In general, given a sequence {x,},.y in an ordered field F, it is difficult to decide whether
{*xn},en converges in F or ont. In principle, one needs to test every x € F as a possible

limit. However, if F is a Cauchy complete field, then
{*n},en convergesin F if and only if it is Cauchy in F.

So, it suffices to just check whether {x,},. is a Cauchy sequence — a much simpler
task!

Definition 2.15 (Cauchy criterion for convergence). Let {x,},cn be a sequence in
R. Then, {x,},cy converges if and only if it is Cauchy.

Example 2.56 (Q is not Cauchy complete). Consider the Fibonacci sequence defined as
follows:

forall n € Z>o we have F,, 11 = F,, + F,—1 with initial condition Fp=F; = 1.

Let {xu},c7., be the sequence in Q defined as follows:

Then, xo = 1 and

1
foralln e N wehave x,; = in Q.
14+ x,
This is because
Fn-H _ Fn+1 . 1

Xn+1 = = .
" Fopr  Fu+Fy I+ pn
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For all n € N, we claim that 1/2 < x,, < 2/3. To see why, first note that we have x; = 1/2.
By induction, if we have

This shows that

1
1+ pa

2
< Xn+1 < 5

1

2
We claim that {x,},. is a contractive sequence (just to jump the gun, this appears in
Definition [2.16). To see why, note that for all n € N, we have

1 1

n %0 — Xn—1]
14+x, 14x,1

= Mtx) (1421)

4
|xn+l_xn|: §§|xn_xnfl|-

By applying the definition of x,, recursively (this is just induction), for all n € N, we have

4 4\" 4\"
Xt — x| S <=2 <. < 2 ) i—xol< (=) -
9 9 9

Writing this compactly, we have
4 n
X1 — Xn| < 5/

Moreover, for all n,r € N, we have

4

4 r—1
‘xn+r _xn—i—r—l’ < 6 ’xn—i—r—l _xn—&—r—Z‘ <...< (§> ‘xn—i—l — Xn|-

So,

‘xn+r _xn| = |xn+r_xn+r—l + o Xt _xn’

= [Xp+r — Xntr—1]|+ ...+ [xnt1 —xn| by the triangle inequality

@@

1
< j|xn+1 — Xn|

9

[Xnt1 — X

9
= g |xn+l _xn|

Again, writing this compactly, we have

9

Xn+r —Xn Z Xn+1 — Xn|-
ot~ < 5|

Hence,

|<9 4\"
Xn+r —Xn ACYE
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First, we claim that {x,}, .y is a Cauchy sequence in Q. Let € > 0 be arbitrary. We shall

choose N € N such that % (g)N < €. Then, for all m,n > N with m = n+ r, we have

| | = |<9 ! "<£
—Xn| = Xnr— x| < = = :
Xm — Xn n+ n 519

However, {x,},cy does not converge in Q. To see why, suppose on the contrary that
x, — x in Q. Recall that for all n € N, we have

WMo

2 1
<x, < 3 which implies 3 <x<

N =

Then, 1 +x, > 1 +xinQand 3/2 < 1+x<5/3. So,

1 1

— in Q.
14+ x, 14+x Q

Xn+1 =

Since {x41},cy and {x, },cx have the same limit, then

1

m:x IHQ

This means that x € Q satisfies the equation x*> +x = 1, i.e. (2x+ 1)2 =5 in Q. However,
there does not exist x € Q such that (2x+1)* = 5.

Example 2.57 (Bartle and Sherbert p. 91 Question 7). Let {x,},y be a Cauchy se-
quence such that x,, is an integer for every n € N. Show that {x, },. is eventually con-

stant.

Solution. Since the sequence is Cauchy, for any € > 0 there exists an N € N such that
for all m,n > N, we have |x,, — x,,| < €. In particular, choose € = % Since x,, € Z, then
Xm — Xn € Z. The only integer with absolute value less than % is 0. Therefore, for all
m,n> N,

Xm — Xp| = 0 implies x,,;, = x,,. O

Example 2.58 (Bartle and Sherbert p. 91 Question 9). If0 < r < 1 and |x,11 —x,| < "
for all n € N, show that {x,}, . is a Cauchy sequence.

Solution. Let € > 0 be arbitrary. Let N in N be chosen such that

< €.
1—r

Then, for m > n > N sufficiently large, we have

|xm_xn| = |<xm_xm71)+ (xmfl _xmfZ) +--~+(xn+1 _xn)|
< ‘xm _xm—1’+ |xm—1 _xm—2| +...+ |xn+1 _xn‘
L T N

(1 ="
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Definition 2.16 (contractive sequence). Let F be an ordered field. A sequence
{%n } ey 1 said to be contractive if

there exists 0 < C <1 suchthat |x,42 —xp41| < Clxpy1 —xp| foralln € N.

Lemma 2.3 (contractive implies convergent). Every contractive sequence is con-

vergent, and hence Cauchy.

Lemma 2.4. A sequence x, is contractive if

there exists 0 < C < 1 suchthat |x, 12 —x,41| <C"'|xa — x| foralln € N.

Proof. Repeatedly apply the inequality in Definition [2.16] O

Example 2.59 (Bartle and Sherbert p. 91 Question 11). If y; < y, are arbitrary real

numbers and

1 2
gynfl + gyan forn > 23

show that {y, },cy is convergent. What is its limit?

Yn=

Solution. We have

1 2

2
’y —Yn— 1| yn 1+3 _yn—l'zg‘yn—l_yn—ﬂ

o) 2
= (5) |Yn—2 — Yn—3|

=... by applying the formula recursively

o) n—2
= <§> |)’2 —)’1|

Hence, for m,n € N sufficiently large enough, where m > n, we have

Ym = Y| = | (Vm )’m 1)+ m—1— ym )+ o+ nr1 —yn)l

o (o

2 n
<3( = —
< (3) ly2 =1

This shows that {y, },cy is a Cauchy sequence in R, so it converges.
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We then compute the limit of the sequence. We have

2

Yo = Yn-1= =3 (Yn—1—Yn—2)

~(2) tu2ms)

= ... Dby applying the formula recursively

~(2) e

o) n—3
Yn—1—Yn-2 = <—§> (v2—y1)

)"ﬂ <_§)"_3+...+ (—%)] (2 =31)

31— (3"

SO

and so on. Hence,

W

()’n_yn—l)+(yn_1 _yn—2)+...+(y3—y2) = [<_

Yn—Y2 = S (y2—y1)
3
Taking the limit as n goes to infinity,
. 2 2
Hm yn = —2 (2 =y1) +y2= 2y1+ 202
which is the desired limit of the sequence. U

Example 2.60 (MA2108 AY19/20 Sem 1). Leta; > 0 and for n > 1, define

3(1+ay)

ap+1 = 3+a
n

(a) Prove that a, converges.

(b) Find the limit.

Solution.
(a) We have
|ans2 — ans1| = 3t anit) =3~y | |3~ duyy
n+ n+1 3+an+1 3+an+1 )
which simplifies to

3—a? 3—a’ L 3—a? | |

= : =|ap41—a

(B3+ay) (2+ay) 34an| [24as |3+an il

S0 ay is a contractive sequence. By Lemma[2.3] a, converges.

(b) Suppose

lim a, = L.
n—oo

Thus,
B 3(1+L)
3+L
Since L > 0, then L = /3. O
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Theorem 2.19 (equivalent characteristics of R). Let F be an ordered field. Then,
the following are equivalent:

(i) F has the least upper bound property

(i) Every monotonically increasing sequence in F which is bounded above con-

verges in F (precisely the monotone convergence theorem)

(iii) F is Archimedean and Cauchy complete

Proof. (i) implies (ii) follows from Proposition We then prove (ii) implies (iii). Sup-
pose on the contrary that the ordered field F' does not satisfy the Archimedean property.
Then, there exist a,b € F-¢ such that for all n € N, we have na < b, so {na}, .y is a
monotonically increasing sequence in F' (as a > 0) which is bounded above by b. As
such, there exists x € F such that na — x.

So, with € = a € F-, there exists N € N such that for all n > N, we have |na —x| < € = a.
We can rewrite this as x —a < Na < x+a, but then x+a < (N + 1) a, which leads to a
contradiction. This forces F to be Archimedean.

We then prove that F is Cauchy complete. Let {x,},. be a Cauchy sequence in F.
Then, choose a subsequence {x,, } reny Which is monotone. Without loss of generality,
assume that it is monotonically increasing. Since {x,},. is bounded above, then so is
the subsequence {x,, },.. By the hypothesis, as the subsequence converges in F, then
the original sequence {x,},.y also converges in F. Note that similar claims can be made

for the case when {x;, }, . is monotonically decreasing.

Lastly, we prove (iii) implies (i). Suppose F' is Archimedean and Cauchy complete. Let
S C F to be a non-empty subset which is bounded above. We wish to prove that there
exists a least upper bound of S in F. Since S # 0, then there exists ag € F such that a
is not the upper bound of S. To achieve this, for instance, one can choose sy € S and set
ag = so — 1. Also, since S is bounded above, then there exists by € F such that b is an
upper bound of S. It is clear that

ag<by inF orequivalently bg—ap>0 inF.

Define the sequences {a, },cry and {b, }, o in F recursively as follows. If a, and b, have
been defined, consider (a, + by,) /2 € F, which would either be an upper bound of S or not.

Thereafter, set

antbn  if “”;b" is an upper bound of §

an if %b" is an upper bound of S; 5
and b, =
an+by
2

otherwise b, otherwise

apt+1 =
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By induction, one can deduce the following. First, a, is not an upper bound of S but b, is
an upper bound of S. Moreover,

an < apy1 < byi1 < by,

Lastly,

It is a simple exercise (one can use the formal definition of limits) to deduce that

lim (b, —ay,) = 0.

n—oo

We claim that {a, },cy and {b,},c are Cauchy sequences in F. To see why, given any
€ € F-, since b, — a,, — 0 in F, then there exists N € N such that for all » > N, one has
0 < b, —a, < €. In particular, by —ay < €. By using the fact that {a,},.y and {b,},cn
are Cauchy sequences, for all m,n € N where n > m > N, we have

ay < am < ap < b, < by, < by.

So,
lan —am| <by—ay <€ and |b,—by| < by—ay<E.

By the Cauchy completeness of F, {a,},cn and {b,}, . converge in F. Let
a=lima, and b= limb,.
n—o0

n—yeo

First, we claim that a = b in F. We know that foralln € N, a, < b, soa < bin F. By way
of contradiction, if a < b in F, we shall define € = b —a > 0 in F. By convergence (the
last expression |b, — a,,| involves considering a Cauchy sequence in a Cauchy complete

field, which converges), there exists N € N such that for all » > N, we have
E
lan, —al,|b, —b|,|by—a,| areall < 3
Hence,

by the triangle inequality, but the sum of terms on the right is bounded by three copies
of €/3, which adds to €. As such, € < €, which is a contradiction. One can then prove
that b is the least upper bound of § in F, justifying that F has the least upper bound
property. [

2.7 The Extended Real Number System

We begin our discussion with the extended real numbers. Let

[—o0,4oo] = {—oo} URLI{+e} where U denotes disjoint union.
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R

) I I I I
A) T T T

—o0 3 —2 —1 1 2 3 Ao

For all x € R, define —oo < x < 40 which preserves the original order in R. This is a total
ordering on [—oo, 4-o0]. Note that for any subset E of [—oo, 4-o0], we say that

+oo is an upper bound of £ and — o is a lower bound of E.

Thus, sup (E),inf (E) always exist in [—co, 4-oo].
Example 2.61. We have sup (0) = —oo and inf (0) = 0.
Example 2.62. Let

A CR be a set which is not bounded above in R and B C R be a set which is not bounded below in R.
Then, sup (A) = +oo and inf (B) = —o.
I Remark 2.3. The extended real number system does not form a field.
Here are some conventions. If x is real, then
X+o=0c0 and x—oco=-00 and — =—=0.

If x > 0, then

Lastly, if x < 0, then
X+ (4e0) =—c0 and x-(—o0)= oo

In contrast, in Measure Theory, the convention is that 0 - {40} = 0. On the other hand,

in Complex Analysis, 4o = —oo in C but 0 - o is undefined.
Definition 2.17. A sequence {s,},c in [—o0,00] converges to o if and only if
for all A € [—oo,00] there exists N € N such that for alln >N one has s, > A in [—oo,00],
1.€. s, 1s closer to oo than A is.
Similarly, a sequence {s,},c in [—oo, 0] converges to —eo if and only if
for all B € [—o0,00| there exists N € N such that for alln >N one has s, < B in [—oo,00],

1.e. s, is closer to —eo than B is.

We write

lgn Sp =00 or {sp},eny —> Foo in [—oo,00].
n—soo



2.8. CLUSTER POINT, LIMIT SUPERIOR AND LIMIT INFERIOR 83

Proposition 2.5. Let {s,},cy be a sequence in [—co,00] and x € [—oo,00]. Then,
{8n}pen — x in [—oo,00] if and only if the following properties hold:

(a) forall A € [—oo, 0] with A < x, there exists N € N such that for all n > N, we
have A < s,

(b) for all B € [—eo, 0] with x < B, there exists M € N such that for all n > M, we
have s, < B

Lemma 2.5. For any sequence {s,},cy in R, there exists a subsequence {s,, },y

which converges in [—oo, oo].

Proof. Recall Theorem [2.15|on the existence of monotone subsequences. Given a mono-
tone subsequence {s,, };.n- If

the sequence is increasing and bounded above then the subsequence converges to R
the sequence is increasing and not bounded above then the subsequence converges to + oo
the sequence is decreasing and bounded below then the subsequence converges to R

the sequence is decreasing and not bounded below then the subsequence converges to — oo

[]

2.8 Cluster Point, Limit Superior and Limit Inferior

Definition 2.18 (cluster point). Let {x,},. be a sequence in R. A cluster point of
a sequence is a number that is the limit of some convergent subsequence. Equiva-
lently, a point L is a cluster point of the sequence {x, },y if every neighbourhood
around L contains infinitely many terms of the sequence.

Let
E = {the limits in [—eo, 00| of all convergent subsequences of {x’l}neN} .

By Lemma [2.5] E is non-empty. In fact, we call it the set of cluster points of x,,.

Definition 2.19 (limit superior and limit inferior). We define the limit superior and

limit inferior of x,, to be the following:

limsupx, =sup(E) and liminfx, = inf(E)

n—so0 n—roo

where E is the set of cluster points of x, as mentioned in Definition [2.18]
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Proposition 2.6. Let {x,},.y be a sequence in R. Then,

liminfx, <limsupx, in [—oco,o00].
n—oo N—so00

Equality holds if and only if {s,}, .y converges in [—co, o] in which case

liminfx, = lim x, = limsupx, in [—oco,o0].
n—eo n—oo -

Proof. The set
E = {the limits in [—oco, 0] of all convergent subsequences of {x,},cy} # 0
as mentioned earlier. Hence,

liminfx, =inf(E) is <sup(E)=limsupux,

n—ee n—so0

One has

lim inf x, =limsup in [—co,o0]
n—oo N—so00

if and only if either of the following hold:

(i) E = {x*} is a singleton subset of [—co, o9

(ii) there exists x* € [—eo, 00| such that every convergent subsequence of {x,}, .y con-

verges to x* in [—oo, oo

(iii) there exists x* € [—oo, 0| such that every subsequence of {x, converges to x*
) y q neN g
in [—oo, o0

(iv) there exists x* € [—oo, o] such that {x, },. converges to x* in [—oo, oo]

Proposition 2.7 (equivalent characteristics of limit supremum). Let {x,},c be a
sequence in R and let x* € [—oo0,o0|. Then, the following are equivalent:

(i) We have
x" = limsupx,
n—yoo
(i) Forall A € [—oo,00] with A < x¥,
there are infinitely many n € N such that A < x,,

or equivalently, for all N € N, there exists n > N such that A < x;,.

Moreover, for all B € [—oo, 00| with x*,
there are only finitely many n € N such that B < x,

or equivalently, there exists N € N usch that for all » > N, we have x,, < B.
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(iii) We have
x" =inf{x € [—oo, 0] : there are only finitely many n € N such that x < x,}

Example 2.63 (Bartle and Sherbert p. 85 Question 17). Alternate the terms of the
sequences {1++} _ and {—1} . toobtain the sequence {x,},cy given by

’ 3 14 15 1
) 727 2737 3747 47""

Determine the values of limsupx, and liminfx,. Also find sup {x,} and inf{x,}.

Solution. We begin by writing the two sequences a, = 1 +% and b, = —% which are

interlaced to form the sequence
a17b17a27b27a37b37 s

The odd-indexed subsequence is

1
1 =ar=1+-—.
Xok—1 = Qg +k

As k — o, we have

The even-indexed subsequence is

As k — o, we have

Hence, limsupx, = 1 and liminfx, = 0.

Then, we find the supremum and infimum. The sequence {a,},cy is strictly decreas-
ing and its largest term is a; = 2. Also, the even-indexed terms are all negative. Hence,
sup{x,} = 2. The sequence {b,},cy is increasing (becoming less negative) with the
smallest term b; = — 1. The odd-indexed terms are all greater than 1. Therefore, inf{x, } =
—1. U

Example 2.64 (MA2108 AY18/19 Sem 1 Midterm). For each n € N, let

2n — 1 —1
P vt cos (n-1)z :
n+2yn+1 4

(i) Find limsupy, and liminfy,.

(ii) Is the sequence y, convergent? Justify your answer.

Solution.
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(i) We first find supy,. Since cosine is bounded above by 1, then

<2n—\/ﬁ+1_ 5vn+1

S ST R N

On the right side of the inequality, the denominator grows much faster than the

numerator, so supy, = 2. Now, we show that limsupy, = 2. Define

a, = COs (@) .

so that ag,; = 1 for all n € N. The result follows. Use the same method to find

liminfy,,.

(ii) Since liminfy, # limsupy;,, then the sequence does not converge by Proposition
2.0 0

Example 2.65 (MA2108 AY18/19 Sem 1 Midterm). Let a, and b, be bounded sequences,
and let

¢p = max{a,,b,} forallneN.

Prove that

limsup ¢, = max {limsupa,,limsupb, } .

Solution. Note that a,, b, < ¢,. Define M| =limsupa,, M, =limsupb, and M = max {M|, M, }.
So, My < limsupc, and M, < limsupc,. Thus, M < limsupc,. Now, we prove that

M = limsupc,.

Let c be a cluster point of ¢,, and c,, — c. For any arbitrary € > 0, there exists K1,K; € N
such that for all » > Kj and n > K>, we have

la, — M| <& and |b,— M| < € respectively.

The expansion of these two inequalities yields a, < M| + € and b, < M, + €. We’ll now
relate this to ¢, = max{a,,b,}. Let K = max{Kj,K>}. Then, for all n > K,

ap <Mi+e€<M-+¢e and b, <My+e<M+e.

Hence, ¢, < M + €. As mentioned, c is a cluster point of ¢, , so ¢,, <M+ €. As k — oo,
it is clear that c < M + €. Hence, M is an upper bound for the cluster points of ¢,, and so

limsupc,, < M. Combining the purple inequalities yields the result. U

Example 2.66 (Bartle and Sherbert p. 85 Question 19). Show that if {x,},.y and

{¥n},en are bounded sequences, then
limsup (x, +y,) < limsupx, + limsupy,.

Give an example in which the two sides are not equal.
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Solution. Let u be a subsequential limit of x, + y,. Then, there exists a subsequence
1% +Ynbeeny ©f 1% +Yn},en Which converges to u. Let € > 0. Then, there exist
K1,K> € N such that

& E
Xxp, > K1 implies x,, > liminfx, + 3 and y, > K, implies y, > liminfy, + 5
Define K = max {K|,K>}. Since ny > k, then for all k > K, we have
U= klim (Xn, +Yn,) > liminfx, +liminfy, + €.
—»00

Since € is some arbitrary small positive number, it follows that liminfx, + liminfy, is a
lower bound for x,, +,. As there exists a subsequence x,, +y,, converging to inf(x, +y,),

then the result follows.

For the second part, let x, = (—1)" and y, = (—1)"*'. Then,
limsup (x, +y,) =0 but limsupx, =limsupy, =1 so limsupx, + limsupy, = 2.
U

Example 2.67 (MA2108 AY19/20 Sem 1). Let x, and y, be two bounded sequences in
R. Suppose there exists an N € N such that when n > N, one has x,, < y,. Prove that

liminfx, <liminfy,.
Solution. Define
ap, =inf{x; :k>n} and b,=inf{y;:k>n}.
As each x, <y, then infx; < infy,. That is, a, < b,.. To conclude,

liminfx, = infa, < infb, = liminfy,.






CHAPTER

Infinite Series

3.1 Series

Let V be R or CﬂWe let {ax } .y be any sequence in V. The map

* n

Z ar:NU{0} -V where n+— Z ar can be defined recursively.
k=1 k=1

For the case when n = 0, we have
0
Z ar =0y where Oy is the additive identity of V
k=1

and for all n € NU{0}, we have

n+1 n
Z ax = <Z ak) +ap41.
k=1 k=1

This means that

zn:ak: (...((a1+a2)+az)+...)+an.
k=1

From the associativity and commutativity of addition + in V, one can prove that asso-
ciativity and commutativity holds for n terms by induction. Hence, for all n € N and

permutation ¢ € set of permutations on {1,...,n}, we have
n n
Z Ag(k) = Z ap V.
k=1 k=1

Hence, given any finite set / and any map a : I — V, where i — a;, i.e. any finite family

{a;} ic7 of elements of V indexed by /, one can define the sum of the given series, denoted

by
Zai ev

icl

IFor those who are interested in MA2202, more generally, the set V can be regarded as an Abelian
group, i.e. a group where the group operation is commutative.

89
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as follows. First, set n = |I|, where n € NU{0}. We then choose any bijective map
7:{l,...,n} — I. Define

Zai = Z Ar(k) = Ar(1) —|—a7(2) +... —|—af(n) eV.
iel k=1

This is a well-defined map which is independent of the choice of the bijection 7. With
this definition, one can prove easily the following two properties in Proposition 3.1}

Proposition 3.1 (rearrangement and repartitioning). We have the following:

(i) Rearrangement: for every permutation ¢ on the set {1,...,n}, we have
Zaa(i) = Zai inV
i€l il

(ii) Repartitioning: for every finite partition {/; }j ., of I, we have

y (Zai> ~Ya inV.

jeJ \i€l; icl

By a finite partition, we mean that J is a finite set and for all j € J, there exists
I; C I such that

for all distinct j, j’ € J we have I[Nl =0 and Ulj =1
jeJ

Definition 3.1 (norm). Let V be a vector space over R. A norm on V is a map
||| : V — R0 which satisfies the following properties:
(i) Positive-definite: for all v € V, we have ||v|| = 0 if and only if v =0
(ii) Homogeneity: for all v € V and a € R, we have ||av|| = |a] ||v||
(iii) Triangle inequality: for all v,w € V, we have ||v+w|| < ||v||+ ||w]|

A normed vector space consists of an R-vector space V which is equipped with a

norm ||-|| on V.

In Definition 3.1} we gave the definition of the norm of a vector. We mentioned that V' is a
vector space over R, which means that the entries of V' are the real numbers! Alternatively,

we say that V' is an R-vector space. Note that
R is a one-dimensional vector space over R but R is an infinite-dimensional vector space over Q.
In particular, one can easily deduce that the dimension of R over QQ is uncountable.

Example 3.1. C is a two-dimensional vector space over R with basis {1,i}.

Example 3.2. R¥ and C¥ are finite-dimensional vector spaces over R. In R¥, the norm

function is given by the usual Euclidean k-norm, i.e.

for any v = (vi,...,v) €RF wehave ||v|| = \/Vi+...+viERs.



3.1. SERIES

Definition 3.2. Let V be a normed vector space and {a; } . be any sequence in V.

Y a
k=1

is called the series in V defined by the sequence {ay},.y. For each n € N, the

The notation

element

n
Z ar €V is the n'" partial sum of the series.
k=1

Definition 3.3 (geometric sequence). A geometric sequence, u,, has first term a

and common ratio r. The first few terms are

Uy =a, up =ar, uz = ar?, Uy = ar.

The general term, u,, is u, = a1, where n € N.

Proposition 3.2. The sum to n terms of a geometric sequence is denoted by S,. We
establish the formula
a(l—r")
Sy =——".
1—r
For the sum to infinity, Se., we impose a restriction on r for the sum to exist. That

is, |r| < 1. Hence, S is

Remark 3.1. If r = —1, we obtain the famous Grandi’s series 1 —1+1—1+....

Definition 3.4 (telescoping series). A telescoping series is a series whose general

term can be written in the form a,, — a,,—1.

Let b, = a, —a,,_;. Then,

This process is known as the method of differences. There are times when the partial

n
Z by =a, —ayp.
k=1

fraction decomposition method has to be used on b, (Example|3.3)).

Example 3.3 (Bartle and Sherbert p. 100 Question 3). By using partial fractions, show

that
(a) _ | (o . | |
nzb(nJrl)(nJrZ) =1 nzon(nﬂ)(wz) 4

(b)

= 1

ngb(a—l—n)(a—l—n—i—l)

1
=—>0ifa>0
o
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Solution. These are trivial — one should recall from H2 Mathematics on how to evaluate
telescoping sums using the method of difference. U

3.2 Properties of Convergence and Divergence

Theorem 3.1. The series

oo n
Z ayp converges in V tothe sum s €V  if and only if lim Z ap=s inV.
n—soo
k=1 k=1

Example 3.4. Suppose the series

Z a, has only finitely many non-zero terms in V.

This means that the sequence {ay}, .y in V is eventually zero. By the formal definition
of a limit, there exists N € N such that for all K > N, we have a; = Oy in V. Then,

o] oo N
Z ay converges sequentially in V to Z ay = Z ap V.
k=1 k=1 k=1

Proposition 3.3 (linearity properties of convergent series). Let

oo

Z a, and Z b, be two convergent series in V.
= k=1

Then, the following hold:

(i)

i (ax + by) is convergent and Z ar + by) :<i >+(ibk) inV
k=1 k=1 k=1

k=1

(i) For every c € R,

Z cay, 1s also convergent and Z cay =c Z a; iV
k=1 k=1 k=1

Here is a prelude into Functional Analysis (MA4211), where we define Banach spaces

(Definition [3.5).

Definition 3.5 (Banach space). A Banach space is a normed vector space V where

every Cauchy sequence converges with respect to the metric induced by its norm

Example 3.5. Every finite-dimensional Euclidean space is a Banach space. For example,

R* equipped with the norm ||x|| = \/x}+...+x2 is a Banach space.
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In particular, R and C are Banach spaces.

Theorem 3.2 (Cauchy criterion for series). Let V be a Banach space and {ay }cp

be a sequence in V. The series

Z ay converges sequentially in V' if and only if the Cauchy criterion holds.
k=1
That is, for every € > 0, there exists N € N such that for all m,n > N with m > n,

one has
m

¥

k=n+1

<E.

Theorem 3.3. If N
Z a, converges then lima, =0.
n—oo

n=1

The converse of Theorem [3.3|does not hold in general. That is to say, the condition a, — 0

is not sufficient to ensure the convergence of the sum of a,. For example,
- .
Z — diverges in R.
n=1"
Example 3.6 (MA2108 AY18/19 Sem 1). Let
Z a, and Z b,
n=1 n=1
be two series with the property that there exists K € N such that

a, = b, foralln > K.

Prove that . .
Z an 1s convergent if and only if Z b, 1s convergent.
n=1 n=1
Solution. Just use Cauchy criterion. U

Example 3.7 (Bartle and Sherbert p. 270 Question 9). Suppose {a,},cy is a decreasing

sequence of strictly positive numbers. If
Zan converges show that r}gl‘}o na, = 0.
Give an example of a divergent series
Zan with {a,},cn decreasing for which nh_r>r°10 na, = 0.

Solution. For the first part, since {a, }neN is decreasing and positive, for any m > n, we
have

an <a, wheneverm > n.
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For n € N sufficiently large, we have a, | +ay+2 + ...+ az, > nay,. If the sum of g,
converges, then its tail sums must go to 0. In particular,
lim (ay41+---+a) =0.
n—oo
Hence,
0 < lim nay, < lim (a,41+---+az,) =0.
n—soo n—yo0
So,
lim nay, = 0.
n—oo

Finally, by monotonicity a, > ay,, and the result follows. For the second part, let

a, = where n > 2.

nlnn

g

Example 3.8 (Bartle and Sherbert p. 270 Question 10). Give an example of a divergent
series

Zan with {a,},cy decreasing and such that lim na, =0
n—yoo

Solution. Let a, = ﬁ Then, the result follows. O

Example 3.9 (Bartle and Sherbert p. 270 Question 12). Let a > 0. Show that the series

|
Z is divergent if 0 < a < 1 and is convergent if a > 1.
— 1+4+a"

Solution. We note that if a > 1, then a" > 1, so

1 1
a" <1+d" <2d" whichimplies < < —.
2a"  1+a" a"
Note that
= 1  1/a | & 1
— = = - < :
n;a" I-1/a a-—1 5 a—l Z‘ a—1

So, we conclude that if a > 1, then

> 1
,;14—61”

converges.

We then claim that

— diverges if a = 1.

> 1
nz"ll+a

This is clear because

[ ok
:
%
Il

(agk

5 | =

n=1 n=1
which is a divergent series. Lastly, we prove that the mentioned sum diverges for 0 < a <
1. Note that )
lim 1
: 1 n—yoo 1
llm = - 7 = =
n—eol+a" lim(144d") 140
n—oo

Therefore, the terms H# do not go to 0 as n — oo. In fact, they approach 1. A necessary
condition for the convergence of an infinite series (sum of a) is its terms a, — 0. Since

T a” does not tend to 0, the series must diverge. O
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Example 3.10 (Bartle and Sherbert p. 277 Question 19). Let a, > 0 and suppose that
Zan converges.
Construct a convergent series

Y b, with b, >0 such that  lim =% = 0.

n—e Py
Hence,
an converges less rapidly than Zan.

Hint: Let A,, be the partial sums of

Zan and let A denote its limit.

Define by = VA —+/A—A|and b, = /A—A,_| —/A—A, forn> 1.

Solution. We have

ib,, - i <\/A—A,H _ \/A—A,,> = lim <\/A—A1 . \/A—AN>

n=2

SO

%S}

an:\/g—\/A—A1+\/A—A1—]\}i_r>n A—Ay

n=1

= VA — lim A—Ay
N—roo
= VA

so the sum of b, converges. We then prove that

. an
Ly
To see why this holds, we have
. ay . an . ap (\/A_An*l +\/A_An)
lim — = lim = lim
= Jim (VA=A VA= 4)
which tends to O because A, -+ A and A,,_| — A. ]

Example 3.11 (Bartle and Sherbert p. 277 Question 20). Let {a},cn be a decreasing

sequence of real numbers converging to 0 and suppose that

Zan diverges.

Construct a divergent series

b
Y by withb, >0 suchthat lim — =0.
n—eo

Hence,
an diverges less rapidly than Zan.

Hint: Let
a . .
b, = —— where A, is the n'™ partial sum of Zan.

VA,
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Solution. Since {an},cy is a decreasing sequence of real numbers converging to 0, then
a, > 0 for all n € N. So, the n partial sum of the sum of a,, is also > 0, which implies
b,, > 0 for all n € N. We then note that
V1 — /Ay = w1 A et Gnet o dn_bu
V n—l—l"’\/_ VAn+t1 +\/A_n 2\/_ 2\/_ 2

By the method of difference, it follows that the sum of b, diverges. We then prove that

lim ﬁ =0.
n—oeo
To see why this holds, we have
b 1
lim — = lim =0
n—eo g,  n—o /A,
and the result follows. O

Example 3.12 (Bartle and Sherbert p. 280 Question 10). If the partial sums

s, of Z a, are bounded show that the series Z — converges to Z

n=1 n=1

n(n+1)'

Solution. Observe that a, = s, —s,—1. Define Ty to be the partial sums of the series

n=1
Then,
N N N N—1 N N—1
an Sn —Sn—1 Sn Sm Sn Sn
Tv=) —=) =Y ) =) -
n=1 n n=1 n n=1 n m*()m_|_1 n=1 n 1 n+1
Hence,

Since s, is bounded, then ¥ tends to O for N sufficiently large. It follows that

[}

Ty converges to Z

n=1

Sn

n(n+1)

3.3 Tests for Convergence

Theorem 3.4. A series of non-negative terms converges if and only if its partial

sums form a bounded sequence.
Proof. We note that for all £ € N, the sequence of partial sums is monotonically increasing
on R. So,

the series converges in R if and only if the sequence of partial sums converges in R

if and only if the sequence of partial sums is bounded above in R

The result follows. O
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Definition 3.6 (p-series). The p-series is defined by
y L
n=1 n-

Theorem 3.5 (p-series test). If p > 1, the p-series converges. If 0 < p < 1, the
p-series diverges.

Example 3.13 (Bartle and Sherbert p. 101 Question 9).

(a) Show that the series

Z cosn 1s not convergent.
n=1

(b) Show that the series

= Cosnm
Z is convergent.

Solution.

(a) Let N € N. Then,

N N
1 1
inl =Y [sin(n+1)—sin(n—1)] = = sin(N+ 1
n;lcosnsm 2;[51n(n+) sin(n—1)] 2s1n( +1)
S0

N sin(N+1)

Y cosn=-——-—.

= 2sinl

Now, it suffices to show that the limit

lim sinN does not exist.
N—roo

Consider
sin(kmr) =0 but sin (g v 2k7r) —1

which shows that the aforementioned limit does not exist. Hence, the sum of cosn
is not convergent.

(b) Use the fact that —1 < cosn < 1, then consider the 2-series (Definition [3.6]). ]
Example 3.14 (Bartle and Sherbert p. 270 Question 13).

(a) Does the series

Z ’H——\/ﬁ converge?
n=1 \/ﬁ

(b) Does the series
= ovn+1—
Z \/_ converge?
- n

Solution.
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(a) We have

; ; \/n +1+4+/n) — ; (n+1)
which diverges.

(b) We have

I R e R
which converges. [

Theorem 3.6 (comparison test). Suppose there exists K € N such that 0 < a, < b,
for all » > K. Then,

Z b, converges implies Z a, converges and Z an diverges implies Z b, diverges

n=1 n=1 n=1 n=1

Example 3.15 (Bartle and Sherbert p. 270 Question 8). If
Zan with a, > 0 is convergent is Zaﬁ always convergent?
Either prove it or give a counterexample.

Solution. Observe that

(}ilan)z Za +2Y aa;

= i<j

SO
N 2 N
Z ap > Z a,zl
n=1 n=1
Since Y a, converges, then Za% converges too. Il

Example 3.16 (Bartle and Sherbert p. 101 Question 12). If
Zan with a, > 0 is convergent is Z V/a, always convergent?
Either prove it or give a counterexample.
Solution. Not always convergent. Consider a, = 1/n?. U

Example 3.17 (Bartle and Sherbert p. 101 Question 14). If

ait+a+---+ap
n

Zan with @, > 0 is convergent andif b, = forn € N,

then show that

an is not always convergent.
Solution. Let a, = zl,, Then, the sum of a,, converges, but
I 11 1
b - 1—=
" h kz’l %k " n ( 2”)

which diverges due to the presence of the harmonic series. U
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Theorem 3.7 (limit comparison test). Let
Z a, and Z b, be series of positive terms.
i=n i=n

Define
. an
lim — =1L.
Ly =

(i) If L > 0, then the series are either both convergent or both divergent.
(ii) If L=0 and

(o) 5]

Zbi converges then Zai converges.
i=1 i=1

Definition 3.7 (alternating series). An alternating series is a series of the form

Zan(—l)" =ay—ay+az—as+... wherealla,>O0orall g, <O.
n=1

Definition 3.8 (absolute convergence). Let V be a normed vector space and

{an},cn be any sequence in V. Then,

Z ay is absolutely convergent in V  if and only if the series Z la,| converges.
n=1 n=1

We give a classic result on the convergence of a geometric series (Theorem [3.8)).

Theorem 3.8 (geometric series). If 0 < x < 1, then

(oo}

Z X" converges absolutely in R to 1
n=0

in R.

If x > 1, the series diverges.

There is a more general result for Theorem for which we extend it to x € C. More

generally,
i 1
if |x] <1 then Z x" converges absolutely to 1 inC and
n=0 B
if |x] >1 then Z x" does not converge in C
n=0
We now prove Theorem [3.8]

Proof. 1If x =1, then for all n € N, the nth partial sum is unbounded so the series does not
converge in R. Hence, we assume that x # 1. Recall from H2 Mathematics that for any
n € N, the n'" partial sum is

n . 1— xn+1 1 xn+1

yoo o

= I—x I-x 1-—x
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which implies

(o)

Z x" converges in R if and only if x"*! converges in R.
n=0

If |x| < 1, then x"*! tends to O for large n, and

Z X" converges to 1
n=0 B

The convergence is absolute because

Y X" =Y |x|" converges to :
n=0 n=0 1— ’X’

On the other hand, if |x| > 1, then the sequence {x”+1 }n ¢y 18 unbounded, so it cannot
converge in R. Lastly, for the case where |x| = 1 but x # 1 (this can be applied to arbitrary

x € C), we leave it as an exercise. L]

Example 3.18 (Bartle and Sherbert p. 270 Question 11). If {a,},cn is a sequence and
if

lim nzan exists in R,
n—soo

show that

Zan is absolutely convergent.

Solution. Since the aforementioned limit exists, then for every € > 0, there exists N € N
such that for all n > N, we have

‘nzan —L| < €& where lim nzan =L.
n—soo

So,
L—¢ L+ €
2 < an < n2 .

n
Taking absolute value, we have

L—¢e L+e IL|+¢
|la,| < max Tt i el A
n n n

Hence,

Z |an|
n=1

[e5)

N—1
Z |an| + Z |an|
n=1 n

=N

|
<(N-—-1 ; Ll+e¢ _
= %5@%4WJ+U\+'%Z%#
<(N-1 ; Ll+¢€ — i — >0foralll <n<N-1
<( )iglllg\)/(—1|a'|+(| | + ),;”2 Slncenz_ oralll <n<

It is a well-known fact that the infinite series

[}

Zl

n=1 n
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converges — in fact to 72 /6. As such,
Z |an|
n=1

is bounded above by some constant, implying that the sum of a,, is absolutely convergent.
O

Example 3.19 (Bartle and Sherbert p. 270 Question 6). Find an explicit expression for

o 1
£n(-3)

to show that this series converges to —In2. Is this convergence absolute?

the n™ partial sum of

Solution. Let
N 1
SN = Zln(l——2>.
n=2 n

Then,

SN:Z:Zln 1_$ :thln(n+1)+ln(n—1)—21nn:1n N
n= n=

where the last equality uses the method of difference. Letting N — oo, we have
lim sy = —In2+ lim In (1 + l) = —In2.
N—soo N—voo N
Yes, the convergence is absolute. Let
a, =In <1 — n—12) .
Then, for all n > 2, a,, < 0, so it follows that the sum of the absolute values is In2. O

Theorem 3.9 (D'Alembert’s ratio test). Let

Z a, be aseries of positive terms.
i=1

Define
ap+1

ap

L =limsup
n—oo

(i) If L < 1 the series converges;
(ii) if L > 1 the series diverges;

(iii) if L = 1, the test is inconclusive

Proof. We first prove (i). Suppose L < 1. Then, one may choose € R such that

An+1
an

lim sup <B <Ll

n—oo
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Then, by property of limit supremum, there exists N € N such that for all n > N, one has

By induction, we see that
forallpe N wehave |ayip| < B”|an.

That is to say, for all n > N, one has |a,| < B~ |ay| B". Since the sum of |a,| is termwise
bounded, i.e. eventually by

B - |aN| Z ﬁn’
n=1
then by the comparison test (Theorem [3.6)), it follows that the sum of a, converges abso-
lutely.

(ii) is obvious because for all n > ng, we have |a,| > |an,|. Hence, |a,| does not tend

to 0, which implies that the sum of a, cannot converge. O]

We note that for (iii) of the ratio test (Theorem [3.9), it is possible for the sum to diverge
or converge if L = 1. As such, it makes sense to say that when L = 1, the ratio test is

inconclusive. For example,

[

1
— converges absolutely.

=1
Y — diverges and 5
n=1" n=1"

However, in both series, L = 1.

Theorem 3.10 (Cauchy’s root test). We wish to determine if the series

o5}

Z an of positive terms is absolutely convergent.
i=1

Define
L = limsup /ay,.

n—yoo

(i) If L < 1, the series is absolutely convergent;
(ii) if L > 1, the series diverges;

(>iii) if L = 1, the test is inconclusive

Proof. If L < 1, then one can choose

B €R suchthat limsup+/|a,| <pB <1.

n—oo0

Then, by property of limit supremum, there exists N € N such that for all n > N, one has

/l|an| < B. As B < 1, then

Z lay| is termwise dominated by Z B".
n=1

n=1
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By the comparison test (Theorem [3.6)), it follows that the sum of a, converges absolutely.

On the other hand, if L > 1, then one can choose

B €R suchthat limsup+/|a,|>p > 1.
n—soo
Again, by property of limit supremum, there exist infinitely many n € N such that {/|a,| >
B. Hence, |a,| > 1. As such,

sum of a, diverges. O]

ay| does not tend to O for large n, which implies that the

We note that for (iii) of the root test (Theorem [3.10), it is possible for the sum of a, to
converge or diverge if L = 1. Hence, it makes sense to say that when L = 1, the root test

is inconclusive. For example, we note that

| =1
Z — diverges but Z — converges absolutely.
n—1 n n

n=1
However, in both series, L = 1.

Example 3.20 (Bartle and Sherbert p. 276 Question 5). Show that the series
1 .
—+—=+t+-5+-=+... 1sconvergent

but that both the ratio and the root tests fail to apply.

Solution. The sum can be written as

1 1 1 1 < 1
ﬁ—i-?—F?—FB—l—..._ﬁ-F

1 1 1 >
?4—?—*—474—...: Z

which converges by the p-series test.

We then claim that the ratio test fails here. Let x;,, denote the terms of the sequence.
Then, x,, = n% if nis odd; x;,, = n% if n is even. Note that if n is even, then

2
Xn+1 _ n . <1
Xn (n+1)
On the other hand, if n is odd, then
3
Xn+1 _ (”l‘|—2 ) S,
Xy, n

Hence, the ratio test does not apply here. Next, we claim that the root test also fails here.

We have .

/n _
(2n41)3/"

X2n =
| 2 | (2]’[)2/”

and |X2n+1|]/n =

SO

lim |x2,]"" = lim |x2041|'/" =1 which implies  lim |x,|"/" = 1.
n—o0 n—o0 n—yoo

Hence, the root test is inconclusive. O
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At this juncture, we emphasise that the ratio test is frequently easier to apply than the root
test. However, the root test has wider scope — whenever the ratio test shows convergence,

the root test does too, and whenever the root test is inconclusive, the ratio test is too. That

is to say, for any positive sequence of numbers {a, },.y. We have
.. ~0pt1 TP . . " . apyq .
liminf <liminf{/a, in [—e0,00) and limsup+/a, <limsup in (—oo,00].
n—soo an n—oo n—oo n—oo an

Essentially, we can combine both inequalities as well. To see why this chain of inequali-

ties holds in the first place, it suffices to prove the one involving limsup.

Proof. Define

. an+1
o = limsup e

n—o  dp

We wish to show that
limsup /a, < «.

n—oo

If oo = +oo, then we are done. As such, we assume that o € (—o0,). Let f € R be
arbitrary such that o < 3. Then, by property of limit supremum, there exists N € N such
that for all n» > N, we have

an—H S ﬁ.
an

For any p € N, we have
INHHL « Bforall0<k<p—1 so NP <pp,
aN+k ay

Here, we have used the cancellation property of a telescoping product. That is to say, for

all n > N, one has a, < BNayB", where we set n = N + p, i.e. Va, < /ayB~ - B.
Hence,

limsup a, < B

n—oo

and the result follows. ]

We take a look at Example [3.21] which discusses the superiority of the root test in com-
parison to the ratio test.

Example 3.21 (root test stronger than ratio test). Let

1 1 1 1
alzi a2=§ a3=? as = —

and I believe that you get the idea from here. Then,

i O P L
Gp==z+z+5+5+z+z+g+7g+----
2322 32 23 33 oh 3

Here, we see that

) ) 1 1 ) ani1 o1 /3\"
1 Vo, =1lim 1/ —=—<1 but 1 " Jim= (2] = 4oo.
mawp = Jim Y=g <t b == limg () <

This shows that the root test indicates convergence but the ratio test fails!
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Example 3.22 (Bartle and Sherbert p. 270 Question 7).
(a) If
Zan is absolutely convergent and  {b,},. is a bounded sequence,

show that

Zanbn is absolutely convergent
(b) Give an example to show that if the convergence of

Zan is conditional and {bn}neN is a bounded sequence then Zanbn may diverge

Solution.

(a) Since

Zan is absolutely convergent,

then suppose the limit of the sum of absolute values is Ly, i.e. for every & > 0,
there exists N € N such that

llai|+...+|as| — L] < e€.

Since {b,},y is bounded, then there exists M € R such that —M < b, < M for all

n € N. Hence, for n sufficiently large, we have

—M (lay| + ...+ |aq]) < |aib1| + |asba|+ ...+ |anbn| <M (|ai|+ ...+ |an|)

Since
L—g<|aj|+...+|an| < L+¢,
then
—ML+€eM < |aibi|+ ...+ |anby| < ML+ €M
SO

so the sum a,b,, is absolutely convergent.
(="

(b) Leta, = Tl and b, = (—1)", then the sum of a,b,, is the harmonic series, which
diverges! O]

Theorem 3.11 (Cauchy's condensation test). For a non-increasing sequence of
non-negative real numbers f(n),

[} [}

Z f(n) converges if and only if the condensed series Z 2" f(2") converges.
n=1 n=0

Observe the difference in the lower indices — one of them is 1 and another is O.
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Proof. Suppose the original series converges. We wish to prove that the condensed series
converges. Consider twice the original series.

2y fn)=(F)+fM)+(fQR)+1(2)+f(3)+(3) +
n=1
f

> (M) +f2)+ Q)+ +f(A)+f(4)+
=fM+FQ)+fQ)+ (A + @) +f(4)+f(4)+...

Dividing both sides by 2, the condensed series converges.

Now, suppose the condensed series converges. We wish to prove the original series con-

verges.
iZ"f(Z”)=f(1)+f(2)+f(2)+f(4)+f(4)+f(4)+f(4)+
n=0
)+ f2)+fB)+f(4)+f(5)+f(6)+f(7)+f(8)+

> f(1
This concludes the proof. [

Corollary 3.1. If both series converge, the sum of the condensed series is no more

than twice as large as the sum of the original. We have the inequality

i <22"f2”§ i

n=1
Corollary 3.2. Consider a variant of the p-series

i 1
= n(Inn)?

If p > 1, the series converges. If p < 1, the series diverges.

Proof. We use Cauchy’s condensation test (Theorem [3.11). Note that

1
)=
SO ) ) 2n 1
2@ = Salm@yy = w(n2)
We have

1 &1
(In2)r =, n»

so the result follows by the conventional p-series test. [
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Theorem  3.12  (partial summation formula). Given two sequences
{an},en s {bn},en in R indxed by the non-negative integers Z>o, set A_; = 0 and
for any n > 0, put

n
An = Z ay.
k=0

Then, for any 0 < p < ¢, we have

q q-1
Y anb, = (ZA,, (bn—bn+1)) +Agby—Ap_1bp.
n=p n=p

Proof. This is easy to see because

q
Z anb, = Z (An Anfl)bn
n=p n=p
q q
= Z Anby — Z An—lbn
n=p n=p
q—1
- Anbn - Z Anbn—H
n=p n=p—1
and the result follows from here. ]

We note that the partial summation formula (Theorem [3.12)) is useful in the investigation

of series of the form

Z a,b,.
n=1

Theorem 3.13 (Dirichlet’s test). Suppose the partial sums A, form a bounded se-

quence in R, {b,},x is a decreasing sequence of numbers such that

lim b, = 0.

n—yoo

Then,

Z anyb, converges in R.
n=0

Proof. Since {An}neN forms a bounded sequence, then there exists M > 0 such that for
all n € Z>o, we have |A,| <M. Let € > 0 be arbitrary. As

lim b, = 0,

n—yoo

then there exists N € Zx( such that for all n > N, we have 0 < b,, < ﬁ As such, for all
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p,q > N with p < g, we apply the partial summation formula (Theorem [3.12) to obtain

q

Y anb

n=p

n+1 +A b p lbp

< Z |An| |bn — bus1 |+ |Ag| [bg| + |Ap-1| |by| by the triangle inequality
n=p

q—1
<M (Z (bn—bus1) +by+ bp> since {b,},cn is a decreasing sequence
n=p

< 2Mb,

Since 2Mb,, < &, then it follows that the partial sums of the sum of a,b, form a Cauchy

sequence in R. As such, the aforementioned sum converges in R. ]

Example 3.23 (Fourier series). For example,

i cosn sinn

and Z converge.
\/_

More generally, for any sequence of numbers {b, }, . Which decreases to 0 in R, and for
any x € R\ 27Z,

Z b,cosnx and Z b,sinnx converge in C.

n=1 n=1
These are known as a Fourier cosine series and a Fourier sine series respectively. In many
contexts, a function can be represented as a sum of sine and cosine series, which together
form a full Fourier series. Fourier cosine series are typically used for even extensions of

functions, while Fourier sine series are used for odd extensions.

By Dirichlet’s test (Theorem [3.13)), it suffices to show that the partial sums of the Fourier

cosine and Fourier sine series are bounded, i.e. we should show something like

N N
Z cosnx and Z sinnx are bounded.

n=1 n=1

Indeed, by Lagrange’s trigonometric identities (can be easily proved using techniques
taught in H2 Mathematics), we have

sin ((n—|— %)x) —sin %x

-1
2sin 53X

1

cos%x—cos((n—l—%x)) < 1
- ‘sinzx‘

. 1 — . 1
2sin 53X ‘ sin

and

which hold for all x € R\ 27Z.

Example 3.24 (Bartle and Sherbert p. 280 Question 6). Let {a,},y be a real sequence
and let p < ¢. If

[}

ay
Z —, converges show that the series Z — also converges.

nzln n= ln
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Solution. We observe that
an  ap 1

nd P pd—p’
Since the sum of 7% converges, then it is bounded above by some constant M, and that the
sequence formed by nq%,, is decreasing and tends to 0, by Dirichlet’s test (Theorem [3.13)),
the result follows. U

Example 3.25 (Bartle and Sherbert p. 280 Question 9). If the partial sums of

Z a, are bounded show that the series Z ae " converges for t > 0.
n=1 n=1

Solution. Since {e~™},_ is a decreasing sequence of numbers which tends to 0, by
Dirichlet’s test (Theorem [3.13] the result follows. O

We then discuss the alternating series test (Theorem [3.14), which can be seen as a special
case of Dirichlet’s test (Theorem [3.13).

Theorem 3.14 (alternating series test). If a, is an alternating series with

ap+1
an

<1 forn >1,1i.e. a, decreases monotonically and lima, =0,
n—oo

then the sum of a,, converges.

Example 3.26 (alternating harmonic series). The alternating harmonic series

Z ———=1—=-+4-——+4... converges by the alternating series test.
= n 2 3 4

Example 3.27 (MA2108 AY21/22 Sem 1 Midterm). Consider the following alternating

series

i ( 1)n+1
2/3
n=1 " /
Is it convergent? Prove your conclusion.
Solution. Let )
_ _ . —2/3
anp = =n .
n= 073
We verify if
lima,=0
n—soo

and a, is monotonically decreasing. The limit property is obviously true.

“2/3
(1 1)
n

and so a,| < a,. By the alternating series test (Theorem [3.14), the series is convergent.
4

Consider
(n+ 1)_2/ 3
—2/3

ap+1
an

<1

Example 3.28 (Bartle and Sherbert p. 280 Question 1). For each of the following series,

determine whether it converges absolutely and whether it converges (sequentially):
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n+1 0 ( )ﬂ—i—l I (—1)n+1l’l

—1
@Y oLt e)

n+1 lnn

(d>Z( 1)

n+2 | n
Solution.
(a) The series converges absolutely by the p-series test. Hence, the original series

converges.

(b) The series converges but it does not converge absolutely. For the latter, it can be
easily justified by comparing it to the harmonic series.

(c) The series converges but it does not converge absolutely. For the latter, it can be

easily justified by comparing it to the harmonic series.

(d) The series converges but not absolutely. The former is a simple application of the
alternating series test (Theorem [3.14). For the latter, we note that for n > e, we

have Inn > 1 so by comparing

> Inn
Z_

n=1

with the harmonic series. OJ

Example 3.29 (Bartle and Sherbert p. 280 Question 5). Consider the series

1 1

| ———
2 3

where the terms come in pairs of signs. Does it converge?

Solution. Let

I

Then, the sum can be written as

- - (—D)"(4n+1)
l—a1+a—az+as+...=1 =1+
12 =637 64 ; nZl 2n(2n+1)
Define
b 4n+1
" 2n(2n+1)
Then,
4n+5 4n+1 6n-+7
bpy1—by= =

2n+2)(2n+3) 2n(2n+1)  (2n+1)(2n+2)(2n+3)

which shows that {b,}, .y is a decreasing sequence. In fact, b, tends to 0. By the alter-

nating series test (Theorem [3.14)), we conclude that the original series converges. U
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3.4 Grouping and Rearrangement of Series

Theorem 3.15 (convergence is stable under grouping). Let V be a Banach space.
If

(o)

Z ap, converges absolutely in V,
n=1

then any series obtained by

grouping the terms of Z an 1s also absolutely convergentin V' and has the same value as Z an.
n=1 n=1

Definition 3.9 (rearrangement). A series

Z b, 1is arearrangement of the series Z a,
n=1 n=1

if there is a bijection f : N — N such that b, = az(, foralln € N.

Theorem 3.16 (absolute convergence is stable under rearrangement). Let V be a

Banach space. Suppose the series

Z ar converges absolutely in V.
k=1

Then, for all o € set of permutations of N, the series

Z g (k) also converges absolutely in V' and Z Ag(k) = Z apin'V.
k=1 k=1 k=1

We can generalise to the following result. Given a Banach space V, for any countably

infinite set / and any map a : [ — V, where k — ay, the series
Zai is absolutely convergent in V
il

if and only if for every bijection 7 : N — [, the series
Z ag) converges absolutely in V' or equivalently Z Haf(k) H < oo,
k=1 k=1

When this happens, we define

Za,- = Z ary €V whichis called the sum of the given series.
il k=1

In fact, this is well-defined and independent of the choice of the bijection 7. Hence, for
every € > 0, there exists a finite set Iy C I such that for every finite set I’ C I with Iy C I’,

we have

Zai—Zai < E.

iel iel
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It follows that we have the triangle inequality for absolutely convergent series, which
states that

Y a

i€l

<) llaill  inRxo.

iel

Corollary 3.3 (rearrangement). If

Zai is absolutely convergent in V,
icl

then for every permutation ¢ € the set of permutations of /,

Zac(i) is absolutely convergentin V' and Zac(i) = Zai inV.
il i€l il

The proof of Corollary [3.3|1s immediate from the well-defined property of the sum of a;,
where i € I.

Corollary 3.4 (repartitioning). Let V be a Banach space. If

Za,- is absolutely convergent in V,
i€l

then for every partition {/; }j ., of I, we have the following:

(i) for all j € J, the series

Z a; converges absolutely in V
iGIj

(ii) the series
Z Z a; converges absolutely in V
jeJ iEIj

(iii) we have

Z(Zw)=2m inV

jeJ \i€l; iel

Example 3.30 (paradoxical?). The series
14+2434+4+...

is an interesting one. Although it is a divergent series, by certain methods such as rear-
rangement of the original series or by Ramanujan summation, we obtain the formula

1
~75
Example 3.31 (MA2108S AY16/17 Sem 2 Homework 4). For x, given by the following
formulae, establish either the convergence or the divergence of the series

Y .
n=1

14+2434+4+...=
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o RPN e
n+1 (b) x, n+1 (C)xn_n—l—l (d)xn—n2+1

Solution.

(a) Note that

1
=1—-
n n+1
SO
ixn: i (1— ! >
n=1 n=1 n+1

which diverges.

(b) Pairing the terms,

an = (x1+x2) + (x3+x4) + (x5+x6) + - ...
n=1

1+1 1 1
6 20 42 72

- ; (2n)(2n+1)

n

11 N 1 1 n 1 n
2 3 4 5 6 7
The above alternating sum motivates us to use the infinite series representation of

In2, so the sum of x,, is 1 —In2, implying that x, converges.

(¢) x, can be written as

=n—1
Xp=n + nr1
so the sum is divergent.
(d) x, can be written as
1
=2
Xn + 21
so the sum is divergent. ]

Example 3.32 (MA2108 AY18/19 Sem 1). Determine whether each of the following
sequences is convergent. Justify your answers.

(1)
i (_l)n—i—l
n=1 \/ﬁ+ \ n?+1
(i) /i
> n+1
n; 2n? —cosn
(iii)

Y xa,
n=1
where x, is defined to be the following:
3n—|—l n—1

( +1)‘ifnisodd,xn:—( 1)|ifniseven.
n ! n—1)!

Xn —
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Solution.

(i) We use the alternating series test as (—1)"*! is present here. Define

1
NZENV A

We prove that a,, is monotonically decreasing. Note that

an:

1
an+1 = .
T Vnr i/ 1)+ 1

It is clear that a, > @, | because /n < v/n+1and V2 +1 < /(n+1)% + 1, thus
the sequence is decreasing. Lastly,

lim a, =0 so the series converges by the alternating series test.
n—>00

(ii) We use the limit comparison test. Let

1
\/ﬁ—+ and b, =

2n2 —cosn

32
Note that b, is the p-series, where p = 3/2, so b, converges. Consider

im = lim = fim =
n—eo b, n—e2n?—cosn n—e2—cosn/n® 2

As this limit is finite, the series converges by the limit comparison test.

(iii) The sum of x, is a rearrangement of the following alternating series:

Lo

Use the ratio test to prove that this alternating series converges. ]

I’l3}’l

Example 3.33 (Bartle and Sherbert p. 276 Question 1). Establish the convergence or

the divergence of the series whose n™ term is

! b) — 1 (¢)27ln () 21

@ GInnry (n+1)(n+2)

Solution.

(a) Converges — use method of difference.
(b) Diverges — use method of difference.

(c) Diverges. Use the fact that

l\.)l'—‘

e
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(d) Convergeﬂ The trick is to first let the sum be S. Then,

1 2 3 4 5

S =
2—’—22+23+24+25+

1111 1 4
2+22+23+24+ + )+ {5zt 2.2 a5t
Ll
35

So, S =2.

Here is an interesting perspective to the arithmetic-geometric series in (d) of Example
[3.33] Let X be a random variable denoting the number of occurrences up to and including
the first occurrence of a heads. Then,

1 /1\*' 1
P<X:k>:§'(5) —%

as this is equivalent to saying that the first k — 1 trials are failures (i.e. tails) and the
k" trial is a success (i.e. a head). This essentially models a geometric distribution with
probability of success 1/2. So, we write X ~ Geo (1/2). One notes that the expectation
can be computed as follows:

EX)=1-P(X=1)+2-P(X=2)+3-P(X =3)

1
+.

1 1
=1 542: 5435

2 22
It is a well-known fact that the expectation can be computed easily — if X ~ Geo (p),
then E (X) = 1/p. Since p = 1/2, then the expectation is 2.
Example 3.34 (Bartle and Sherbert p. 276 Question 2). Establish the convergence or

divergence of the series whose n term is:
1 1 n! (—1)"n

- p) — s
@) nn+1) ®) n?(n+1) © n’ @ n+1

Solution.

(a) Diverges. Use the fact that

(b) Converges. Use the fact that

[e)

- 1
; vn?( n+1) n;\/?

2This is known as an arithmetic-geometric series since it is the product of an arithmetic sequence and
a geometric sequence. In fact, it is known as Gabriel’s staircase.
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(¢) Converges. By the ratio test, we have

1)! " S| 1
lim |21 — qim (n+—)l.n_:]jm (n_|_1).( n ) . =~ <1.
n—eo | dp nvee| (n )"0 nl| o ne n+1 n+l| e
(d) Diverges by the alternating series test. ]

Theorem 3.17 (Riemann rearrangement theorem). If a series
) an
n=1

of real numbers converges conditionally (i.e. it converges, but the series of absolute
values diverges), then for any real number L there exists a rearrangement of the
terms of the series such that the rearranged series converges to L. Moreover, it is
also possible to rearrange the series so that it diverges to oo or —oo, or even fails

to have a limit in the extended real sense.

Example 3.35 (alternating harmonic series). Recall that the alternating harmonic series
is given by
—=1l—-+=-——+4...,
n; n 2 3 4 +

and it is well-known that this series converges to In2, but it does not converge absolutely.
The Riemann rearrangement theorem (Theorem [3.17) tells us that for any real number
L, there exists a rearrangement of the terms of a conditionally convergent series (like the
alternating harmonic series) that converges to L. The idea behind the rearrangement is as
follows.

We first accumulate the positive terms. The positive terms are

11
P=<S1,z,-,=,...¢p.
{ 73757 I }

Add these terms until the partial sum exceeds the target L. We then consider the negative

DR N
Tl 24 e 8

Add enough negative terms to bring the partial sum below L. Continue alternating be-

| =

terms

tween adding positive terms until the sum exceeds L and then negative terms until it
drops below L. This process creates a sequence of partial sums that oscillate around L

with the oscillations diminishing in size, ensuring convergence to L in the limit.
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Continuity

4.1 Metric Spaces

Definition 4.1 (metric). A metric on a set X is a map d : X x X — R satisfying
the following properties:

(i) Positive-definiteness: for all x;,x, € X, we have d (x1,x;) = 0 if and only if

X1 = X2
(ii) Symmetry: for all x;,x, € X, we have d (x1,x2) = d (x2,x])

(iii) Triangle inequality: for all x;,x;,x3, we have d(x1,x3) < d(x1,x2) +
d (xz,x3)

A metric space consists of a set X together with a metric on d on X.

Proposition 4.1. For a normed vector space V and any subset X C V,

the map d : X x X — R where d (X;,x2) = ||x; —x2|y, is ametric on X.

Example 4.1 (subspace metric). If (X,dx) is a metric space and E C X is any subset,
then
dg :EXE —R>o where dg(p1,p2) =dx(p1,p2)

is the metric on E induced by X (or dy).

Example 4.2 (discrete metric). For any set X, define

1 ifx X
d:XxX—R where d(x,xp)= 1732
0 ifx; =xp.

Then, d is a metric on X, called the discrete metric.

I Lemma 4.1 (uniqueness of limit in metric space). Let X be a metric space. If the

117
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limit of a sequence {x,}, .y exXists, then it is unique. That is to say,
ifx,x’ €X aresuchthat limx,=xand limx, =X/,

n—oo n—oo

then x = x" in X.

Definition 4.2 (eventually constant). Let {x,},.x be a sequence in a metric space

(X,d). We say that the sequence is eventually constant if and only if

there exists NV € N such that foralln > N we have x,, = xy.

Definition 4.3 (boundedness). Let {x,}, be a sequence in a metric space (X,d).
We say that the sequence is bounded if and only if there exists M > 0 and a point
x € X such that

d(xp,x) <M forallneN.

Recall Example 4.2 where we introduced the discrete metric.
Proposition 4.2. Suppose d is the discrete metric on a set X. Then, a sequence

{*n},en convergestox € X if and only if it is eventually constant of value x.

Proof. The reverse direction holds trivially. For the forward direction, suppose {x, },,cry —
x in X, which is equipped with the discrete metric. Take € = % Then, there exists N € N
such that for all n > N, we have

d (xp,x) < % which implies  x, = x,
where we used the fact that d is the discrete metric. [l
Lemma 4.2 (subsequence). The sequence
{*n},en convergesin X if and only if every subsequence of {x,},.y converges in X.

When this is so, the limit of {x, },. is equal to the limit of any of its subsequences.

Definition 4.4. Let X be a metric space. A sequence {x, },.y in X is Cauchy if and
only if

for all € > 0 there exists N € N such that for all m,n > N we have d (x,,,,x,) < €.

Proposition 4.3. Let X be a metric space. If

{*n} ey 18 convergentin X then {x,}, . is Cauchy.
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Proposition 4.4. Let X be a metric space. If

{*n},en 18 a Cauchy sequence then it is bounded.

Proposition 4.5. Let X be a metric space and {x, },y be a Cauchy sequence in X.
If

there exists a subsequence of {x,},.y that convergesin X then {x,},.y also convergesinX,

and to the same limit.

Definition 4.5 (Cauchy completeness). A metric space X is

Cauchy complete if and only if every Cauchy sequence in X converges in X.

Example 4.3 (Euclidean spaces). Let V = R¥ be a Euclidean space with an ordered basis
B=/{ej,...,e }. Forall 1 <i<k,let

m;:V —R denote the " projection/coordinate map with respect to 5.
A sequence
{*n},eny inV convergesinV toxeV if and only if forall 1 <i<k we have nlg}go T (x,) = 7; (x) .
To see why, first let

X = (701 (n) s 72 () -5 T (%)) and - x = (71 (%), 72 (%) 5, T (X)) -

For the forward direction, suppose x, — x in R¥. By the definition of convergence in a
normed space, this means that

lim ||x, —x|| =0,
n—soo

where the norm || - || is given by the Euclidean norm

l(ﬂi () — 7 (%))

=l =y

k
=

Now, for any fixed i with 1 <i <k, we have

k
|7; (on) = 7 ()| < » () (on) = 7 (%)) = [l = x]

Since ||x, — x|| — 0 as n — oo, then the forward direction holds.
For the reverse direction, assume that for each 1 <i <k, we have

y}gl;lo T (xn) =T (x) .
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We want to show that lim,,_,« ||x, —x|| = 0. Given € > 0, since each coordinate converges,
there exists V; € N such that for all n > N;,

173 () — 75 (x)] < %

Let N = max {Ny,N,,...,N;}. Then for all n > N and for every 1 <i < k, we have

|7 (on) = i ()| < —=

Since € > 0 was arbitrary, it follows that

lim ||x, —x|| =0,
n—oo
which is precisely the definition of convergence in R,

Corollary 4.1 (limit properties of convergent sequences in Euclidean spaces).
Let V be a Euclidean space, {k,},.y be a convergent sequence in R, and

{%2}en s {n } e be convergent sequences in V. Then, the following hold:

(i) {xn+ yn},ey is also convergent in V and

5, Cint yn) = 0 5n  J00 o in ¥

(ii) {—x,},cy is also convergent in V and

lim —x, = —limx, inV
n—oo n—oo

(i) {k,x,},cy is also convergent in V and

lim kx, = (lim k,,) <lim x,,) inV
n—yoo n—o0 n—o0

I Corollary 4.2. Any Euclidean space is Cauchy complete.

4.2 Maps between Metric Spaces

Definition 4.6 (isometry). Let (X,dx) and (Y,dy) be metric spaces. A map f: X —
Y is said to be an isometry if and only if

forall x;,xo € X onehas dx (x1,x2) =dy (f(x1),f(x2)) in R>o.
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I Proposition 4.6 (isometry implies injective). An isometry f : X — Y is injective.

Proof. Suppose x1,x, € X are such that f (x;) = f (x2) in Y. Then, by positive definiteness

of dy, we have

dx (x1,%2) =dy (f (x1),f(x2)) =0 inRxo.
We conclude that x; = x; in X. L]
From Proposition we infer that most maps from a metric space (X,dx) to R with the

metric induced by ||y are not isometries.

Definition 4.7 (continuity). Let (X,dx) and (Y,dy) be metric spaces, and let f :
X — Y be a map. We say that f is continuous at a € X if and only if

for every € > 0 there exists 8 >0 such that for all a € X with dx (x,a) < 8 we have dy (f (x), f (a)) < €.

Also, f is continuous everywhere on X if and only if for all a € X, f is continuous

at a.

Definition 4.8 (continuous function). Let X be a metric space. A continuous func-

tion on X is

acontinuous map f: X — R where R is given by the metric induced on ||

Example 4.4 (isometry implies continuity). If
f:X —Yisanisometry then f is continuous.

This can be easily seen by setting = € in Definition
Example 4.5. Any map f: X — {a} from a metric space X to a singleton is continuous.
Example 4.6. Any map f: {a} — X from a singleton to a metric space is continuous.

Example 4.7 (constant maps are continuous). Any constant map f : X — Y (i.e. there

exists y € Y such that for all x € X we have f (x) = y) is continuous.

Example 4.8. Fix g € X. Then,
the real-valued functiond, : X -+ R where d,(p)=d(p,q) is continuous.

To see why, let p € X. Given € > 0, take 6 = € > 0. As such, for all x with d (x, p) < 9,

we have

d(x,q) <d(x,p)+d(p,q) <6+d(p,q) and
d(p,q) <d(p,x)+d(x,q) <d+d(x,q)

where we used the triangle inequality. Hence,

|dy (x) —dy (p)| = 1d (x,q) —d (p,q)| < S =¢

and the result follows.
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Proposition 4.7 (sequential criterion for continuity). Let (X,dx) and (Y,dy) be
metric spaces. Let f : X — Y be a map. Then,

f is continuous at x € X if and only if for every sequence {x,},.y Withx, = xin X

one has {f (xn)},cy = f(x) inY

In other words, f preserves limits of convergent sequences.

Proof. We first prove the forward direction. Say f is continuous at x € X. Let {x, }, . be
a sequence in X such that {x,},. — xin X. As such, we obtain a sequence { f (x,)}
in Y. Given € > 0, by continuity of f, there exists 6 > 0 such that

neN

for any xp € X with dx (x0,x) <8 onehas dy(f(x),f(x)) <Ee.
Since {x,},cy — x in X, then there exists N € N such that for all n > N, we have

dx (xp,x) <6 so dy(f(xn),f(x)) <e.

For the forward direction, suppose on the contrary that f is not continuous at x € X. Then,
there exists € > 0 such that

for any 6 > 0 there exists xo € X with dx (xp,x) <& and dy (f(x0),f(x)) > €.

For each n € N, we apply the above condition with 6 = }l > 0. We also choose

X, €X  with dy (xp,x) < % and dy (f (x,),f(x)) > €.

Then, {x,},cy is a sequence in X, and since (dx (X4,X)),cn — 0, we see that x, — x in
X. However, since for all n € N, we have dy (f (x,), f (x)) > &, then the sequence f (x,)
does not tend to f(x) in Y. O

Example 4.9 (Bartle and Sherbert p. 134 Question 12). A function f: R — R is said to
be additive if

fx+y)=f(x)+ f(y) forall x,y €R.

Prove that if f is continuous at some point xy, then it is continuous at every point of R.

Solution. By the given functional equation, we can let x =y =0so f(0) =2f(0). As
such, f(0) = 0. We shall prove that f is continuous at 0, so consider

f(h)=f(xo+h)—f(xo).

Letting 7 — 0, we have

lim £ () = lim [£ (x0+ ) — £ (30)] = 0.

So, f is continuous at 0. Lastly, we prove that f is continuous at any point of R. Let
a € R be arbitrary. Then,

f(h)=fla+h)—f(a).



4.2. MAPS BETWEEN METRIC SPACES 123

Since

;l,ig(l)f(h) =0 then }lli_%f(a—kh) = f(a)

and the result follows. Il

Example 4.10 (Bartle and Sherbert p. 134 Question 13). Suppose that f is a continuous
additive function on R. If ¢ = f(1), show that we have f(x) = cx for all x € R.
Hint: First show that if r is a rational number, then f(r) = cr.

Solution. Letr € Q. Then, there exist m,n € Z, with n # 0, such that » = **. So,
m
Flnr) = f (n-2) = f (m) = mf (1) = me.
By applying the additive property on nr, we have

f(nr)=nf(r) so nf(r)=mec.

As such, f(r) = cr. We then prove that f(x) = cx for all x € R. Since Q is dense in
IR, then there exists a sequence of rational numbers {r,},.y Which converges to x. By

continuity of f, we have
£ = (Jim) = fim £ 7).
Since f (r) = cr for any rational number r € {r,} . it follows that f (x) = cx. O
Proposition 4.8 (identity map is continuous). The identity map

idy : X - X where x+>x iscontinuous.
Proof. This is obvious — take 6 = € in the definition of continuity (Definition|4.7). [J

Proposition 4.9 (composition of continuous functions is continuous). Let
f:X—Y and g:Y —Z be mapsbetween metric spaces.

If f is continuous at x € X and g is continuous at f (x) € Y, then go f is continuous
at x € X. Thus, if

f and g are continuous then go f is also continuous.
Proof. Use sequential criterion for continuity (Proposition d.7)). O]

Proposition 4.10 (universal property of the product topology). Let X and Y be
metric spaces. Let f,g: X — Y be maps. Then, the map

(f,g): X =Y xY where x+— (f(x),g(x)) iscontinuous

if and only if both f and g are continuous (Figure §.1)).
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Proof. For the forward direction, from Figure note that the maps
m:YxY—=Y and m:YxY—>Y

are the canonical projection maps, and by definition of the metric product, they are con-
tinuous.

Since m; is continuous and the diagram commutes (i.e., ;o (f,g) = f), the composi-
tion f = m o (f,g) is continuous. Similarly, since 7, is continuous and m o (f,g) = g,

the composition g = m o (f, g) is continuous.

For the reverse direction, the universal property of the product (illustrated by Figure 4.1))
states that a map i : X — Y X Y is continuous if and only if the compositions with the
projection maps, 7; o h and 7, o h, are continuous. Here, set 1 = (f,g). We already know
that f and g are continuous by assumption. Hence, ;o (f,g) = f and m o (f,g) = g are
continuous, and the result follows.

4|

(f.8)

%)

Y

Figure 4.1: Universal property of the product topology

Example 4.11. Consider the metric spaces X = R and Y = R. Define
f(x)=x and g(x)=x°
Both f and g are continuous functions. According to Proposition4.10} the map

(f,8) :R—RxR where x> (x,x*) iscontinuous.

Proposition 4.11. Let X and Y be metric spaces. so that operations such as addition,
subtraction, multiplication and scalar multiplication are defined and continuous.
Suppose that

f,g:X — Y are functions that are continuous at a point a € X.

Then, we can rigorously define the following functions:
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(i) Sum and difference: Define

f+g:X—Y where x— f(x)+g(x) and
f—g:X—=Y where x— f(x)—g(X)

Since the addition (and subtraction) map + : Y X ¥ — Y is continuous, the

composition

x+—= (f(x),g(x)) — f(x)+g(x) iscontinuous at a.

(ii) Scalar multiplication: For any fixed scalar o € R, define
of :X =Y where x— af(x).

The continuity of the scalar multiplication operation on Y guarantees that o f

1s continuous at a.

(iii) Product: Define
fg:X—Y where x— f(x)g(x).

The continuity of the multiplication map ¥ x Y — Y implies that fg is con-

tinuous at a.

(iv) Quotient: If g (a) # 0, then there exists a neighbourhood of a where g(x) # 0.

Define f F00)
X
—:{xeX:g(x) #0} »Y where x+— —.
s (x) # 0} ()
Using the continuity of g, g is continuous at a.

Example 4.12 (Bartle and Sherbert p. 129 Question 3). Leta < b < c. Suppose that
f is continuous on [a,b] and that g is continuous on [b,c],

and that f (b) = g (b). Define h on [a,c]| by

f(x) ifxé€]a,b];

hix)=
®) g(x) ifxelb,c].

Prove that / is continuous on [a,c].

Solution. This is also known as the pasting lemma. We first note that because f is contin-
uous on [a, b], then it is continuous at every point x € [a,b]. The same claim can be made
for g. As such, h(x) = f(x) is continuous at every point x € [a,b), and h(x) = g (x) is

continuous at every point x € (b, c].

It now suffices to show that £ is continuous at x = b. Let € > 0 be arbitrary. Since f
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is continuous at x = b, then whenever € > 0, there exists §; > 0 such that
lx—b| <8 implies |f(x)—f(b)| <e.

Similarly, since g is continuous at x = b, then whenever € > 0, there exists &, > 0 such
that
|x—b| < & implies |g(x)—g(b)|<e.

Choose 0 = min{d;, & }. Then, whenever |x — b| < &, we have
h(x) =h(b)[=|f(x)=f(b)| <& ifx€la,b].
A similar argument holds for the case when x € [b, c], so the result follows. O

Example 4.13 (Bartle and Sherbert p. 134 Question 15). Let f,g: R — R be continuous

at a point ¢, and let
h(x)=sup{f(x),g(x)} forxeR.

Show that
fx)—gx)
2

f(x) +g(x)
2

for all x € R. Use this to show that % is continuous at c.

h(x) =

_|_

Solution. For the first part, first consider the case where f (x) > g (x). Then, sup{f (x),g(x)} =
f (x). This implies that

f@)+glx)  |fx)—g(x)
2 +‘ 2

= + = f(x) since f(x)>g(x).

This implies that & (x) = f (x).

We then consider the case where f(x) < g(x). Then, sup{f(x),g(x)} = g(x). This
implies that

f)+g()
2

_ =g(x) since f(x) <g(x).

This implies that 2 (x) = g (x).

For the second part, we note that because f,g: R — R are continuous at ¢, then their

sum and difference also continuous at c¢. That is to say,
f+g,f—g:R—R are continuous atc.

So,

f(X)4—g(X>and.f(X)—-g(X)

are continuous at c.
2 2

If a function f is continuous at ¢, then |f| is also continuous at ¢, so it follows that A is

continuous at c. O
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Definition 4.9 (&-neighbourhood of a point). Let a € R and € > 0. The &-
neighbourhood of a is

Ve(a)={xeR:|x—a|<e}.

Example 4.14 (Bartle and Sherbert p. 129 Question 6). LetA CRandlet f: A — R be
continuous at a point ¢ € A. Show that for any € > 0, there exists a neighbourhood Vj (¢)
of ¢ such that

ifx,yeANVs(c) then |[f(x)—f(y)|<e

Solution. Since f is continuous at ¢, then for every € > 0, there exists 6 > 0 such that

whenever |x — ¢| < §, we have

€

@ -F <.

Let x,y € ANVs(c), where Vg (c) consists of all x € R such that [x—c¢| < §. By the
triangle inequality, we have

Lﬂ@—f@ﬂ<VU#aﬂdHﬂﬂw—f@N<§+§

which is equal to €. The result follows. U

Example 4.15 (Bartle and Sherbert p. 129 Question 7). Let f : R — R be continuous
at ¢ and suppose f (c) > 0. Show that there exists a neighbourhood V5 (c) of ¢ such that
f(x) > 0forall x € Vg (c).

Solution. Since f is continuous at ¢, then for every € > 0, there exists 6 > 0 such that

whenever [x—c| <8 wehave |[f(x)—f(c)|<e.

In particular, choose € = @ SO
f(c) 3f(c)
5 < flx) < >
In particular, for every x in Vg (¢), we must have f (x) > 0. O

Definition 4.10 (floor function). The floor function of a number x, which is denoted
by |x], is defined to be the greatest integer less than or equal to x. Hence, for n € Z,

x| =n ifxenn+l).

Example 4.16. |7] =3 and |—4.8] = -5

Example 4.17 (Bartle and Sherbert p. 129 Question 4). If x € R, define [[x]] to be the
greatest integer n € Z such that n < x. (For example, [[8.3]] = 8 and [[—7]|] = —4.) The
function x — [[x]] is called the greatest integer function (also known as floor function).
Determine the points of continuity of each of the following functions:



128 CHAPTER 4. CONTINUITY

(@) f(x) = [[x]]; (©) /2 (x) = [[sinx]], x#0
(b) g(x)=x][[x]] (d) k(x) = [[1]]. where
Solution.

(a) Continuous for all x € (n,n+ 1), where n € Z.

(b) Continuous for all x € (n,n+ 1) U{0}, where n € Z. This is because

2 (0) = 0 by direct substitution and lim g(x) =0.

x—0~

(c) Continuous for all x € (nm,(n+ 1) w), where n € Z.

(d) Continuous for all

() Ny s

n=1

Definition 4.11 (fractional part). For any number x, the fractional part of it is de-

fined by {x}. So, for any x > 0, we have
{x} =x—1[x].

Example 4.18 (Bartle and Sherbert p. 134 Question 4). Letx — [[x]] denote the greatest
integer function. Determine the points of continuity of the function f (x) = x — [[x]].

Solution. We claim that f is continuous on all x € R\ Z. The function f in the question

is also known as the fractional part function, which returns the fractional part of x.

For any n € Z, on the interval (n,n+ 1), we note that [[x]] is constant and equal to n.
Hence, on (n,n+ 1) the function simplifies to f (x) = x — n, which is a linear function.

Linear functions are continuous, so f is continuous on each interval (n,n+ 1).

At the integer points, the behaviour of f(x) changes because the value of the greatest
integer function (or floor function) jumps. For any integer n, we have

lim f(x)= lim (x—n)=0 but lim f(x)= lim (x—(n—1))=1.

x—nt x—nt x—n~ x—n~

As the left-hand and right-hand limits at x = n are different, the function is discontinuous
atevery n € Z. U

Definition 4.12 (ceiling function). The ceiling function of a number x, which is
denoted by [x], is defined to be the least integer greater than or equal to x. Hence,
forn € Z,

[x] =n ifxe (n,n+1].
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Example 4.19. [6.1] =7 and [-7.8] = -7

Two important inequalities in relation to the floor and ceiling function respectively are
n<l|x|]<n+landn<|x] <n+1 fornecZ,

which can be used to solve equations, inequalities and limits involving them.

Example 4.20 (Bartle and Sherbert p. 129 Question 11). Let K >0Oandlet f : R - R

satisfy the condition
[f(x)=f <K[x—y| forallx,y€eR.

Show that f is continuous at every point ¢ € R.

Solution. The given condition is known as Lipschitz continuity. Let € > 0 be arbitrary.
Choose 6 = £ Then, whenever |x —¢| < 8, we have

f (x) = £ ()] <§|x—c| < g.azg

so f is continuous at every point ¢ € R. U

Example 4.21 (Bartle and Sherbert p. 129 Question 12). Suppose that f: R — R is
continuous at every point of R and that f (r) = O for every rational r. Prove that f (x) =0

for every x € R.

Solution. Suppose on the contrary that there exists x € R such that f(x) # 0. Without
loss of generality, say f (x) > 0. Since f is continuous at x, then there exists § > 0 such
that for any y satisfying |y — x| < 8, we have

)

0 -l <

This implies that for any y € (x— 0,x+ &), we have f(y) > 0. However, by the density
theorem (Theorem [I.1)), Q is dense in R so there exists at least one rational number r in
(x—6,x+0). By the hypothesis, f(r) = 0, which is a contradiction as we must have
f(r)>0. O

Example 4.22 (Bartle and Sherbert p. 130 Question 14). LetA=(0,1),andletk:A — R
be defined as follows. For x € A, if x is irrational, we define k(x) = 0; for x € A rational

and of the form x = °* with natural numbers m,n having no common factors except 1, we
define k(x) = n.

Prove that k£ is unbounded on every open interval in A. Conclude that k is not contin-

uous at any point of A.

Solution. Let I be an arbitrary open interval in (0, 1). We will prove that for any positive
integer N, there exists a rational number x € I of the form x = 7' in lowest terms with
n > N. One way to go about is to consider Farey sequences. For a given N, the Farey

sequence of order N (Figure4.2) contains all rationals in [0, 1] with denominators at most
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N. The gaps between these rationals become arbitrarily small as N increases. Since [ is
an open interval, it will eventually contain rationals that are not in the Farey sequence
of any fixed order N. In other words, there is a rational % € [ in lowest terms for which
n>N.

Wj—
ENTE
=
~IN
=
BT
2

[OSIE
(\o]

Figure 4.2: Visualising a Farey sequence

Since N € N was arbitrary, this shows that k is unbounded on /.

For the second point, suppose ¢ € A is irrational. At ¢, we have k(c) = 0. However,
in any open interval containing ¢, there exist rational numbers with arbitrarily large de-
nominators, hence with arbitrarily large values of g. As such, we can take a sequence x;,
of rational numbers converging to c. Then, the sequence k (x,) can be made to diverge to

infinity, contradicting the requirement for continuity.

On the other hand, suppose c is rational. At c, suppose ¢ = g in lowest terms, so k (¢) = g.
Again, any neighbourhood of ¢ contains irrational numbers x, for which & (x) = 0. Con-
sider a sequence of irrational numbers converging to c¢. Then, k (x,) = 0 for all n, so the
limit of & (x,) = 0, which is different from k (¢) = g. The result follows. O

Example 4.23 (Bartle and Sherbert p. 134 Question 7). Give an example of a function
f:10,1] — R that is discontinuous at every point of [0, 1] but such that | f| is continuous
on [0, 1].

Solution. Consider
1 ifxeQ

-1 ifxe@Q

fx) =

so that | f (x)| = 1, which holds for all x € R since R is the disjoint union of rationals and
irrationals. O

Example 4.24 (Bartle and Sherbert p. 134 Question 8). Let f, g be continuous from R
to R, and suppose f (r) = g (r) for all rational numbers r. Is it true that f (x) = g (x) for
all x € R?
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Solution. We claim that the statement is true. Suppose on the contrary that there exists
x € R such that f (x) # g (x). Define

As f:R — R is continuous at r, there exists §; > 0 such that whenever |x —r| < §;, we
have |f (x) — f(r)| < €. Similarly, as g : R — R is continuous at r, there exists &, > 0
such that whenever |x — r| < &, we have |g (x) — g (r)| < €. Take 8 = min{d;,,}. Then,

2e = |f(x) —g(x)]

=f @) =f )+ f(r)+g(r)—gx) -8

<) =f ()l +1gx) =g () +1f(r) —g(r)| by the triangle inequality
e+e+[f(y)—gW)

Choose y € (x—8,x+0) to be a rational number. Then, because f(y) = g(y) for all
y € Q, then f(y) —g(y) =0, so it follows that 2¢& < 2¢&, which is a contradiction. We
conclude that f (x) = g (x) for all x € R. O

Example 4.25 (Bartle and Sherbert p. 134 Question 9). Let &: R — R be continuous on
R satisfying h (4) = 0 for all m € Z and n € N. Show that

h(x)=0 forallxeR.

Solution. Suppose on the contrary that there exists x € R such that & (x) # 0. Without loss
of generality, say & (x) > 0. Since 4 : R — R is continuous at x, then there exists § > 0
such that for every y € R satisfying

ly—x| <& wehave |h(y)—h(x)]<—=.

In particular, we have
h(x
h(y) > % > 0.
Note that the set of "Z over all m € Z and n € N is dense in R. In particular, we
have A (yg) = 0, where yo = %; is some ratlonall Since yy was chosen such that yg €

(x— 8,x+ 9), then our continuity argument implies

h
h (y()) > % >0
which is a contradiction since we must have 4 (yg) = 0. We conclude that 4 (x) = 0 for all
xeR. U

4.3 Basic Results on Continuous Functions

ITo be precise, yg is said to be a dyadic rational. Look up dyadic partitioning.
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Theorem 4.1 (extreme value theorem). Let X = [a,b] C R be a closed and bounded
interval in R. Let f : X — R be a continuous function on X. Then,

there exists x € X suchthat f(x) =sup(f (X)) inR.

In the extreme value theorem (Theorem 4. 1)), sup f (X) € R is a finite real number, i.e. not
+oco. That is to say, f is bounded on X and is a value actually attained by f at the point
x € X. We make some remarks:

(i) The continuity of f is necessary. For example,

if x # 0;
ifx=0

f:[-1,1] =R where f(x)=

S ==

is not continuous, so sup (f[—1,1]) = +oe is not attained by f.

(i) Also, boundedness of X is necessary. For example,
f:]0,00) >R where f(x)=x

is unbounded so sup (f [0,0)) = oo is not attained by f.
(iii) The closedness of X is necessary. For example, we have

£:(0,1] =R where f(x) :)_16

is not closed so sup ((0, 1]) = +oo is not attained by f.

(iv) The least upper bound property of R is necessary. For example, we have

1
x2 =2

f£:00,2lNnQ—R where f(x)=

and we note the domain does not satisfy the least upper bound property of R so
sup (f[0,2]NQ) = +oo is not attained by f.

We now prove the extreme value theorem (Theorem [.1)).

Proof. Suppose f : X = [a,b] — R is continuous. We wish to show that there exists x € X
such that f (x) = sup f(X) in R. We already have f(X) C R since X # 0, so sup f (X)
exists in RU {+oeo}.

We claim that sup f (X) lies in R, i.e. not +eo. Suppose on the contrary that sup f (X) =
+o0. Then,

for all n € N there exists x, € X suchthat f(x,) >ninR.

Thus, we obtain a sequence {x,},.y in X C R such that f(x,) — oo in [—co,00]. By
the monotone subsequence theorem (Theorem [2.15), there exists a subsequence {x,, }



4.3. BASIC RESULTS ON CONTINUOUS FUNCTIONS 133

which is monotone. Since X is a bounded set and by the least upper bound property of R,

the monotone subsequence must converge in R, i.e.
there exists x € R such that x,, — x as k — oo.

Since X is a closed interval, then x € X. By continuity of f, we have f (x,,) = f(x) in R,
which is a contradiction because we earlier assumed that f (x,) — oo.

We then claim that
there exists x € X such thatf (x) = sup f (X) in R.

By definition of supremum,

1
foreachn € N we have supf(X)— — € R is not an upper bound of f(X).
n
So,
1
there exists x, € X suchthat supf(X)—— < f(x,) <supf(X)inR.
n

Thus, we obtain a sequence {x,},.y in X C R. By the Archimedean property of R,
f(x,) = supf(X) in R. By the monotone subsequence theorem (Theorem [2.15)), there
exists a subsequence {x, }, . Which is monotone. Since X is a bounded interval and by

the least upper bound property of R, this monotone subsequence converges in R, i.e.
there exists x € R such that  {x,, }, .y — xask — oo,

Since X is a closed interval, then x € X. By continuity of f, we have f(x,,) — f(x) in
R. By uniqueness of limits (Theorem [2.1)), we have f (p) = sup f (X) in R and the result
follows. [

Example 4.26 (Bartle and Sherbert p. 140 Question 1). Let/ = [a,b] and let f : I — R
be a continuous function such that f(x) > 0 for each x in 1. Prove that there exists

anumber @ >0 suchthat f(x)> aforallxel.

Solution. Since f is continuous on the closed interval [a,b], by the extreme value the-
orem, it attains both a maximum and a minimum on [a,b]. In other words, there exists
Xo € |a, D] such that

f(x0) =min{f (x):x € [a,b]}.
Since f(x) > 0 for all x € [a,b], then a = f (x9) > 0. Thus, for any x € [a,b]|, we have
fx)>o. O

Example 4.27 (Bartle and Sherbert p. 140 Question 13). Suppose that

f:R—Riscontinuouson R and lim f(x)=0and lim f(x) =0.
X—>—oo X—ro0

Prove that f is bounded on R and attains either a maximum or minimum on R. Give an

example to show that both a maximum and a minimum need not be attained.
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Solution. We first prove that f is bounded on R. By the formal definition of a limit,
for every € > 0, there exists M > 0 such that whenever x > M, we have |f (x)| < €. In
particular, we can choose € = 1. Next, since f is continuous on R, it is also continuous
on the compact interval [—M, M| (consider both limits). By the extreme value theorem
(Theorem , f is bounded on [—M, M], so f is bounded on R, and the result follows.

Indeed, both a maximum and a minimum need not be attained as seen from the func-

tion f (x) = ¢~*" which only has a maximum point at x = 0. d

Theorem 4.2 (intermediate value theorem). Let X C R be any interval in R. Let
f: X — R be a continuous function on X. Suppose

a,beX suchthat f(a)<f(b)inR.
Then, for all # € R (secretly connoting the intermediate value) with

f(a) <t < f(b) thereexists p € X such that f(p) =t in R (Figure 4.3).

Again, we make some remarks regarding the intermediate value theorem (Theorem [4.2)).

(i) The continuity of f is necessary. To see why, suppose

2 ifx>0;

f:[-1,1] =R where f(x)=
-2 ifx<0

which is not a continuous function. Then, f does not attain the intermediate values

between —2 and 2.

(ii) Next, X must be an interval. Suppose otherwise, then for example, we have
f:[=1,1]\{0} = R where f(x)=x

is not an interval so f does not attain the intermediate value 0.

(iii) Lastly, the least upper bound property of R is necessary. To see why, consider
£:00,2lNnQ =R where f(x)=x

which is a continuous function but it does not attain the intermediate value 2 be-

tween 0 and 4.
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/()

f1)=-2

Figure 4.3: Graphical interpretation of the intermediate value theorem

We now prove the intermediate value theorem (Theorem [4.2).

Proof. Suppose we have an interval X C R and a continuous function f : X — R. Fix
a,b € X and t € R such that f (a) <t < f(b). We wish to show that there exists p € X
such that f(x) = ¢ in R. Without loss of generality, one may assume thata < b in X C R.

Consider
E={x€lab]: f(x) <t} CR.

Since f(a) <t,thena € E, so E # 0. Also, E is bounded above by b. By the least upper
bound property of R, there exists p = supE in R. Then, a < p =sup (E) < b. Since X is

an interval, then we have [a,b] C X, so p € X.

We claim that f(p) =¢. For each n € N, note that p — % € R is not an upper bound
of E, so

1
there exists p, € E suchthat p——- <p,<pinR.
n

Thus, we obtain a sequence {x,},cy in E C [a,b] C X, which implies that for all n € N,
f(pn) <t. By the Archimedean property of R, we have x,, — x in X. By continuity of f,
we have f(x,) — f(x) in R. Hence, f(p) <tinR.

Suppose on the contrary that f (p) < t. Then, € = — f (p) > 0. By continuity of f,
there exists 8 > 0 such that for all x € [a,b] with [x—p| <0 then |[f(x)—f(p)|<e.

As such, f(x)+ f(p)+€. So,a < p <b.

Suppose on the contrary that p < b, then we can choose x € [a,b[ such that p < x < p+ 9.
Then, f (x) <t, so x € E by definition of E, but x > p = sup (E), which is a contradiction.
Also, if p = b, then

f(b)=f(p) <t < [f(b)

which again, is a contradiction. Hence, we must have f (p) =17 in R. ]
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Example 4.28 (Bartle and Sherbert p. 140 Question 4). Show that every polynomial of
odd degree with real coefficients has at least one real root.

Solution. Let
p(x)=ap+ aix+ax* + ... +a,x* where nis odd.
If a,, > 0, then

lim p(x) = since the leading term dominates the other expressions.
X—yo0

Also,

lim p(x) = —o since nisodd.
X——00

On the other hand, if a,, < 0,

lim p(x) = —ee and  lim p(x) = ee.

By the intermediate value theorem (Theorem , p (x) has at least one root in R. U

Example 4.29 (MA2108 AY19/20 Sem 1). Let f be continuous on [0, 1] and £(0) = f(1).
Prove that for any positive integer n, there exists a { € [0, 1] such that

r(¢+s) =@,

Solution. Define .
)= (x41) = 100

By the intermediate value theorem (Theorem [4.2)), g does not experience a change in its
polarity for all x € [0,1]. Suppose on the contrary that this claim is false. Then, by the
method of differences,

,-ig(l_%):f(b—f(o) 50 g(®)=f(%> — £(0).

Without a loss of generality, assume that g(x) > 0 for all x € [0, 1]. Then, setting n = 1, it
implies that f(1) — £(0) > 0, which is a contradiction! O

Example 4.30 (Bartle and Sherbert p. 140 Question 3). Let I = [a,b] and let f : I — R
be a continuous function on 7 such that for each x in / there exists y in I such that | f(y)| <
1£(x)|. Prove

there exists a point c € I such that f(c) =0.

Solution. Suppose on the contrary that no such ¢ exists. That is to say, without loss of
generality, f (c) > 0 for all ¢ € [a, D], otherwise it would contradict the continuity of f.

Choose an arbitrary point xo € [a,b]. By the hypothesis, there exists x; € [a,b] such
that

7] < 51 (o)l
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Similarly, there exists x; € [a, D] satisfying

1

()] < 51 ()] < 55 11 (o).

Inductively, we obtain a sequence {x,},.y C [a,b] such that

1
If (xn)] < ﬁ|f(xo)| for all n € Z>o.

By the Bolzano-Weierstrass theorenﬂ {Xn},en has a convergent subsequence. Let {x, }, o
be such that x,,, — ¢ for some ¢ € [a,b]. Since f is continuous, then

£(©) = Tim £ () < Tim = (x0) = 0.

k—yoo k—so0 21

It follows that f (¢) = 0. The existence of a point ¢ € I such that f(c) = 0 contradicts our

assumption that f(x) > O for all x € I. Therefore, our initial assumption is false. U

4.4 Special Functions

Definition 4.13 (Dirichlet function). Named after mathematician Peter Gustav
Lejeune Dirichlet, the Dirichlet function, f(x), is defined to be the following:

1 ifxeq
f(x)_{o ifxgQ

It is an example of a function that is nowhere continuous.

I Theorem 4.3. The Dirichlet function is nowhere continuous.

Proof. Suppose x € Q, so f(x) = 1. We show that f is discontinuous at x. Let § > 0 be
arbitrary and y € Q such that |x —y| < §. Choose € = 1/2. Without a loss of generality,
assume x < y. Since there exists z € Q' such that x < z < y (due to the density of the
irrationals in the reals), then

uwwﬁvn:u—m:1>§:a

In a similar fashion, we now consider the case where x > y. There exists 7/ € Q' such that
y <z <x, 50

If(x)—f(D)=]1-0|=1>1/2=¢.

Therefore, if x € Q, f is discontinuous at x. For the case where x € Q’, the proof is very

similar. OJ

I Lemma 4.3. The Dirichlet function can be constructed as the double limit of a

2This inherently uses the Heine-Borel theorem since I = [a, b] is a closed and bounded interval.
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sequence of continuous function. That is,

= lim i 2 (mx) =
f(x) nlll_rgo r}l_rgolo cos™"(m!mx)

1 ifxe@Q;
0 ifx¢ Q.

We then discuss Thomae’s function (Definition 4.14)), which is named after Carl Johannes
Thomae, and the function is also known as the popcorn function due to its nature.

Definition 4.14 (Thomae's function). Thomae’s function can be defined as follows:

0 if ;
FiR—[0,1] where f(x)= ¢ Q
1/g ifx=Z, p,g€Nand ged(p,q) =1

It is a well-known fact that Thomae’s function is not continuous at all rational points but

continuous at all irrational points.

4.5 Uniform Continuity

Definition 4.15 (uniform continuity). Let/ C R be an interval and f : I — R. f is

uniformly continuous on [ if for every € > 0, there exists 6 > 0 such that

forany x,y € I |x—y| < & implies |f(x) — f(y)| < €.

I Corollary 4.3. If a function is uniformly continuous on /, then it is continuous on /.

Example 4.31. We claim that f(x) = x? is uniformly continuous on [0, 1]. To see why, let
€ > 0 be arbitrary. Choose 6 = £/2. For x,y € [0, 1], suppose |x —y| < §. Then,

) = fO)l =12 = =[x +yllx—y <2-8=¢

and we are done.

Theorem 4.4. A function f is uniformly continuous on / if and only if f’ is
bounded.

2

It is worth noting that f(x) = x* is uniformly continuous on [a, b] in general, where a,b €

IR, but it is not uniformly continuous on R!

Example 4.32 (MA2108 AY19/20 Sem 1). Prove that the function f(x) = Vx> —x+ 1 is
uniformly continuous on |1, oo)ﬂ

Solution. Since

1, , ~1)2 2x—1
P == —xt1) a1y = —2
2 ( ) 2V —x+1’
3The original question had an error. It used f(x) = \/x(x — 1), which is undefined at x = 1. Confirmed

the change with one of the students.



4.5. UNIFORM CONTINUITY 139

and noting that x> —x +1 > 0 for all x € [1,), as well as |f'(x)| < 1, by Theorem
the result follows. O

Theorem 4.5 (sequential criterion for uniform continuity). f:I — R is uniformly

continuous on / if and only if for any two sequences x,,y, € I such that

if lim (x—ya) =0 then  lim [£ (xs) = f ()] = 0.

n—oo

Definition 4.16 (Lipschitz continuity). Let I be an interval and f : I — R satisfies
the Lipschitz condition on /. Then, there is K > 0 such that

lf(x)—f(y)| <Kl|x—y|, forallx,yel.

Theorem 4.6. If a function is Lipschitz continuous on /, then it is uniformly con-

tinuous on /.

Example 4.33. We verify that f(x) = x2, in the interval [0, 1], satisfies the Lipschitz con-

dition.
Solution. Since f(x) — f(y) = x> —y?, then

‘f(X) ) ‘ _
x—y

x2__y2

X —

=lx+y[ <2,

and since 2 > 0, f(x) = x%, in [0, 1], is said to satisfy the Lipschitz condition. In other
words, f is Lipschitz continuous. l

Theorem 4.7. If f:1 — R is uniformly continuous on / and x, is Cauchy, then
f(x,) is Cauchy.

If the function f : (a,b) — R is uniformly continuous on (a,b), then f(a) and f(b) can
be defined so that the extended function is continuous on [a, b].

Example 4.34. Let f: [1,00) — R be a uniformly continuous function. Prove that
there exists M > 0 such that for all x > 1 we have |f (x)| < Mx.

Solution. Since f is uniformly continuous, then for every €, there exists 0 > 0 such that
for every x,y > 1, whenever |x —y| < 8, we have |f (x) — f(y)| < €. Consider 1 <xj <

x3 < ..., so by uniform continuity, we have
|Xkr1 — x| <8 implies  |f (1) —f(xx)| <€ forall k € N.

Let x; = 1 and x,, = x. Then,

n—1 n—1
|f ()= f(D)]= kZ [ () = f ()| < ) |f (1) = f ()| < (n—1) e,
=1 =1
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where we used the triangle inequality. So,
f)=(-Ne<fx)<f(1)+(n—-1)e
Without loss of generality, suppose |f (1) — (n— 1) | < |f (1) + (n— 1) €] so0
)l <If () +m=1)el <[f(D)]+|(n—-1)g]|
We can choose € = 1 50
f )l <If(D)]+n-1

Note that the number of increments n — 1 is at most [(x—1) /8], so

(- 1)
9]

|f<x>|<|f<1>r+[ ]s|f<1>|+§.



CHAPTER

Topology

In this chapter, we take our first step into Topology. The main idea is simple: instead
of measuring distances, we describe how points and sets behave using open sets and
continuity. This allows us to study closeness in a very general setting. We begin by defin-
ing topological spaces and looking at basic examples. From there, we explore standard
constructions such as subspaces and product spaces, and we learn how properties like

connectedness and compactness arise naturally in this framework.

5.1 Introduction

Definition 5.1 (topology). A topology on a set X is a collection 7 of subsets of X
having the following properties:

i 0,XeT

(ii) The union of the elements of any subcollection of 7 is in T

(iii) The intersection of the elements of any finite subcollection of 7 is in T

Definition 5.2 (open set). Let X be a set. Then,

asubset U C X is an open set of X if U belongs to the collection 7.

Example 5.1 (discrete topology). Let X = {a,b} be a set. If a space has the discrete
topology, then every subset of a set is considered an open set, i.e. 7 = P (X), the power
set of X.

Example 5.2 (trivial topology). Again, let X = {a,b} be a set. If a space has the trivial
topology, then the only open sets are and the whole space, i.e. 7 = {0,X}.

Note that albeit uninteresting, if X = 0 or X = {a} a singleton, then X has a unique

topology, which is both discrete and trivial.

141
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Example 5.3 (finite complement topology). The finite complement topology, 77, is de-
fined as follows:

Ty = {all subsets U of X such that X \U is finite or all of X'} .

Example 5.4 (intersection of topologies). Let F = {7;},.; be a non-empty family of

topologies on X, where I is some indexing set. Then, their intersection, denoted by

ﬂ’ﬁ is also a topology on X.
icl

Let S C P (X) be any collection of subsets of X. Then, the family Fg consisting of all
topologies 7 on X with S C 7 is always non-empty, i.e.

Ts={all T CP(X):TisatopologyonX and SCT}.

The intersection over this family Fg is a topology 7 (S) on X, and it is known as the
topology generated by S. It is the smallest topology on X in which every member of S is
open.

Example 5.5. Forany S C {0,X} in P (X),

T(S) 1is the trivial topology and it is denoted by {0,X}.

Example 5.6. For
S = {all singletons {x} € P(X):x€ X},

we note that
T(S) is the discrete topology P (X).

Proposition 5.1 (basis for a topology). Let B3 be a collection of subsets of X such
that the following hold:

(i) For each x € X, there is at least one B € 5 such that x € B

(ii) If By,B> € B and x € B| N By, then

there exists B3 € B such that x € B3 C BiNB;.

Then, the topology 7 (B) generated by B is as follows: a subset U of X is open if
and only if

for every x € U there exists B€ 5 suchthat x&€ Band BCU.

We then say that B is a basis for the topology T (5).

Proof. Let Ty denote the set of all subsets U C X such that for each x € U, there exists
B € Bwithx € Band B C U. Then, given U € 7, choose B = B, € B, so

U=JB.

xeU
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Hence, if T is any topology on X with B C T, then Ty C T, which shows that 7o C 7 (B).

We then prove the reverse inclusion, i.e. 7o 2 T (B). It suffices to show that Ty is a
topology on X and B C 7. Suppose {Uq } o, is a family of elements in 7y and

U=|JUa.
act

Given x € U, there exists an index a € J such that x € Uy. Since Uy € Tg, then there
exists B € B such that x € B C Uy which is C U. Hence, U € 7. By (i) of Proposition
for all x € X, there exists B, € B such that x € B, C X, SO X € 7.

Next, suppose Uy,U; € Tp. So,

givenx € UyNU, choose Bj € Bsuchthatxe B; C U,
choose B, € Bsuchthatx e B, C U,

By (ii) of Proposition 5.1}
there exists B3 € B suchthat x & B3 C BiN By whichis C U; NU,.

Hence, U; NU; € 7. By induction, for any finite family {Uq },; of elements of 7o, we
have

() U« € To.

ac
By (iii) of Definition it follows that 7 is a topology on X. As such, given B € B, it
is clear that for any x € B, one has x € B C B, so B € 7y. We conclude that B C 7, so
To2 T (B). O

Corollary 5.1. Let X be a set and B be a basis for a topology 7 on X. Then,

T is equal to the collection of all unions of elements of B.

Definition 5.3 (metric topology). Let (X,d) be a metric space. The metric topology
of X with respect to the metric d is

Ta={U; € P(X) :forall p € U there exists r > 0 such that B(p,r) CU}.

That is to say, a subset U C X is open with respect to the metric topology of X if
and only if for all p € U, there exists r > 0 such that B (p,r) C U.

Proposition 5.2. The metric topology (Definition is indeed a topology on the

metric space X.

Proof. 1tis clear that 0,X € 7;. Next, suppose {U;},.; is any collection in 7. Define

U=JU.

iel
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We wish to prove that U € 7. If p € U, then there exists i € I such that p € U; is open, so
there exists r > 0 such that B(p,r) C U; C U. It follows that U € 7; (i.e. arbitrary union

is contained in the topology).

Then, suppose {U;},-;-, is a finite collection in 7;. We wish to show that this finite
union is also contained in the topology 7;. Define

If pe U, then forall 1 <i<n, one has p € U; being open in the metric topology, so there
exists r; > 0 such that B(p,r;) C U;. Define r = min{r; : 1 <i <n} > 0 since I is finite.
Then, for all i € I, one has B (p,r) C U; so B(p,r) CU. It follows that U € 7. O

Lemma 5.1. For all p € X and r > 0, the open ball B(p,r) is indeed open with

respect to the metric topology.

Proof. We wish to show that for every g € B(p,r), there exists d > 0 such that B(q,d) C
B(p,r). Since g € B(p,r), thend (q,p) <rsod =r—d(q,p) > 0. We claim that for this
d > 0, we indeed have B(q,d) C B(p,r).

To see why the above claim holds, let x € B(q,d) so d (x,q) < d. By the triangle inequal-
ity, we have
d(x,p) <d(x,q)+d(q,p) <d+(r—d)=r.

By the hypothesis, we mentioned that d (x,q) < d, and by definition, d (g, p) =r—d so
indeed, d (x, p) < r. We conclude that x € B(p,r). O

Example 5.7 (basis for metric topology). Let (X,d) be a metric space (here, X is a set

and d is a metric). A basis for the metric topology of X with respect to d is

B ={all openballsin X} = {B(p,r) e P(X):p€X,r>0}.
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The notation B (p, r) here refers to an open ball of radius r centred at p.

We now relate to statements (i) and (ii) in Proposition [5.1} For (i), it is clear that for
all x € X, there exists B € BB such that x € B. Namely, we can choose B = B(x, 1). In fact,

the number 1 can be replaced by any positive number.

As for (ii), we need to show that if B;,B, € BB and x € B; N B», then there exists By € B
such that x € B3 C B| N B,. Here, we can take B; = B(p1,r1) and B = B(p3,r2). Then,

we can set

r=min{r; —d(x,p1),r»—d(x,p2)} >0 and B3 =B(x,r).

p2 2

r={n—dp),rd(x.p2))

» =B(p2,n)

X

8

By =B(p1,n)

If y € B3, then for all i = 1,2, by the triangle inequality, we have

d(y7pl) S d<y7x>+d(x7pi) < r+d(xapi) S ri.

As such, x € B3 C B{NB;,.

From Example we say that a subset U C X is open with respect to the metric topol-
ogy of d if and only if for each x € U, there exists B € B such that x € Band B C U.

Equivalently, U can be written as a union of open balls.
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5.2 The Topological Notion of Continuity

Definition 5.4 (continuity). Let X and Y be topological spaces. A function f : X —
Y is said to be continuous if for each open subset V of Y, the set f~! (V) is an open
subset of X.

Proposition 5.3. Let X be a topological space. The identity map idy : X — X is

continuous.
Proof. For any open V C X, note that id)}1 (V) =V isopeninX, soidy is continuous. []
Proposition 5.4. Let X,Y,Z be topological spaces, if
if f:X —Yandg:Y — Z are continuous then go f:X — Z is continuous.
Proof. For any open W C Z, we have (go f) ™' (W) = f~! (¢~' (W)). Note that g~ (W)

is open in Y by continuity of g; ! (-) is open in X by continuity of f. We conclude that

go f is also continuous. u

Example 5.8 (trivial topology). Suppose the topology of Y is trivial, i.e. 7y = {0,Y}.
Then, for any topological space X, any map f : X — Y from X to Y is continuous. As a

consequence,
for any topological space X  the unique map X — {-} to a singleton is continuous.

This is because we can set f~1 (0) =@ and £~ (Y) = X.

Example 5.9 (discrete topology). Suppose the topology of X is discrete, i.e. Tx =P (X).
Then, for any topological space Y, any map f: X — Y from X to Y is continuous be-
cause for any open V C Y, f~!(V) C X. This implies that f~! (V) is open in X. As a

consequence,
for any topological space Y any map {-} — Y from a singleton is continuous.

That is to say, the unique map @ — Y from the empty set is continuous.

Proposition 5.5. Suppose (X,dx) and (Y,dy) are metric spaces given with the met-
ric topology. Then, by the open set criterion for continuity,

amap f: X —Y is continuous with respect to the metric topologies dxy and dy if and only if

it is continuous with respect to the metrics dx and dy

Proof. For the reverse direction, suppose f : X — Y is continuous with repsect to the
metrics dy and dy, i.e. for all p € X and € > 0, there exists 0 > 0 such that

forall x € X withdy (x,p) <6 wehave dy(f(x),f(p)) <e.
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We wish to show that for any open set V C Y, the set f’1 (V) C X isopen. LetV CY be
an open set in Y. Let p € f~! (V) be arbitrary, so f(p) € V. Since V C Y is open, then
there exists € > 0 such that B(F (p),€) C V. By continuity with respect to the metrics dx
and dy, it implies that

£ (Bx (p,8)) C By (f(p),€) whichis C V.

That is to say, Bx (p,8) C f~! (V) as desired.

As for the forward direction, suppose f : X — Y is continuous with respect to the metric
topologies dx and dy, i.e.

forany open V CY the set ! (V) C X is open.

We wish to show that for any p € X and € > 0, there exists 0 > 0 such that for all x € X
with dy (x,p) < 8, one has dy (f (x),f(p)) < €. Let p € X and € > 0 be given. Then,
f(p)€eYandV =By (f(p),€) is open in Y. As mentioned, by the open set crtierion for
continuity, the set £~ (V) C X is open and p € f~! (V) by definition of V.

Hence, there exists § > 0 such that Bx (p,s) C f~! (V). That is to say, f (Bx (p,8)) CV,
i.e. for any x € X with dx (x,p) < 8, one has f(x) € V =By (f(p),€). In other words,
dy (f (x),f(p)) < &, and the result follows. O

Example 5.10 (Munkres p. 112 Question 2). Let F : X xY — Z. We say that F is

continuous in each variable separately if

foreachyp €Y themaph:X — Z defined by h(x) = F (x,yo) is continuous and
for each xg € X the map k: Y — Z defined by k (y) = F (xo,y) is continuous

Show that if F is continuous, then F is continuous in each variable separately.

Solution. We first show continuity in the x-variable. Fix yg € Y. Consider the map
h(x) = F (x,yo). Take an arbitrary point xo in X. We must show that % is continuous
at xo. Let U C Z be an open set containing h(xo) = F(xo,y0). Since F is continuous, for
the open set U containing F(xg,Yp), there exists an open neighbourhood V C X x Y of
(x0,¥0) such that F (V) C U.

As such, there exist open sets A C X and B C Y withxg € A and yp € BsuchthatAxBCY.
Since yg € B, for any x € A we have (x,y9) € AXxB CV,so F(x,yg) =h(x) € U. This
shows that 4 is continuous at xo. Similarly, one can prove continuity in the y-variable. [l

Example 5.11 (Munkres p. 112 Question 12). Let F : R x R — R be defined by the
equation
xy .
- if (xvy) 7£ (an)’
Flxy) =+ +y?

0 if (x,y) = (0,0).
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(a) Show that F is continuous in each variable separately.
(b) Compute the function g : R — R defined by g(x) = F(x,x).

(¢) Show that F is not continuous.
Solution.

(a) Recall the definition in Example [5.10] As F is symmetric, it suffices to show that
for each yy € R,

h:R—R definedby h(x)= % is continuous.
+Y
Since yo # 0, then & can be regarded as a quotient of polynomials (i.e. / is a rational
function). Hence, / is a continuous function.

2

(b) g(x) =35 =73

(c) We have
) X-Xx 1 i x-0
lim T3 =5 but lim =5 = 0
(x,x)—(0,0) X~ 4+ X 2 (x,0)—(0,0) X~ +0
so F is not continuous at (0,0). O

5.3 Homeomorphisms

Definition 5.5 (homeomorphism). LetX and Y be topological spaces. A continuous

map f: X — Y is a homeomorphism if and only if
there exists a continuous map g: Y — X suchthat gof =idy and fog =1dy.

If g exists, it is unique and called the inverse map of f, denoted by f~'. The
topological spaces X and Y are homeomorphic if and only if there exists a homeo-

morphism f: X —7Y.

Properties of topological spaces which are invariant under homeomorphisms are called

topological spaces.

Example 5.12. Let X =Y =R, a € R\ {0}, and b € R. Then,
f:X —Ygivenby f(x) =ax+b is ahomeomorphism.

The inverse map

f_1 :Y — X s given by f_1 (y) :E()’—b)-
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Similarly, if X = [0,1] and Y = [b,a + b], where a > 0, X and Y are homeomorphic.
Example 5.13. Let X = (—1,1) and Y = R. Then,

f:X—=Y givenby f(x)= ILH is a homeomorphism.
—|x

The inverse map

f iy X isgivenby f1(y) )

=Dl
So, (—1,1) and R are homeomorphic.

At this juncture, we know that a homeomorphism is bijective, so cardinality is a topo-
logical property. However, there are bijective continuous maps which are not homeomor-
phisms! For example, let S' denote the unit circle in R?. That is,

S'={(x,y) eR*: x> +y* =1}.
Then, define
f:0,1) »S! where f(t) = (cos2nt,sin2nr).

y

f(t) = (cos2mt,sin2mt)

The topology of [0, 1) is very different from that of S' — S! is compact (Deﬁnition
and connected (Definition but [0, 1) is not compact! Alternatively, one can consider
the discontinuity of the inverse function f~!' : S! — [0, 1) which tries to unwrap the circle
into a line segment. But imagine what happens near the point f(0) = (1,0). On the circle,
if one goes slightly clockwise or slightly counter-clockwise from (1,0), the -values near
those points are near 0 and 1 respectively. However, 1 is not in the domain! So, f~! has
a discontinuity at (1,0). Therefore, the inverse is not continuous, which implies f is not
a homeomorphism.
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Example 5.14 (Munkres p. 157 Question 1). Show that no two of the spaces (0, 1), (0, 1],
and [0, 1] are homeomorphic.

Hint: What happens if you remove a point from each of these spaces?

Solution. We can distinguish these spaces by examining their cut-points. These refer to
points whose removal disconnects the space. This is a topological property preserved by

homeomorphisms.

For (0,1), take x € (0, 1). Removing x from (0, 1) yields

(0, 1)\ {x} = (0,x)U(x,1).

Both (0,x) and (x, 1) are open and non-empty, and they are disjoint. Hence, the space is

disconnected. In other words, every point of (0, 1) is a cut point.

Next, for (0,1], consider the point 1. Removing 1 yields (0,1]\ {1} = (0,1), which
as an interval in R is connected. So, 1 is not a cut-point. As such, in (0, 1], at least one

point is not a cut-point.

Lastly, we deal with the closed interval [0,1]. Consider one of the endpoints, say 0.
Removing 0 yields [0, 1]\ {0} = (0, 1] which is still connected. So, 0 is not a cut-point.
The same holds for the point 1.

In conclusion, in (0, 1), every point is a cut-point; in (0, 1], there is at least one point
that is not a cut-point; in [0, 1], there are at least two points that are not cut-points. Since
the property of ‘every point being a cut point’ is a topological invariant (it must be pre-
served by any homeomorphism), no homeomorphism can exist between (0, 1) and either
(0,1] or [0,1]. Similarly, because the number of non-cut points differs, (0, 1] and [0, 1]
cannot be homeomorphic. The result follows. U

Example 5.15 (Munkres p. 157 Question 1). Show R" and R are not homeomorphic if
n>l.

Solution. If we remove a single point x € R”, then the remaining set is still connected.

However, if we remove a single point x € R, then the remaining set is disconnected. [J

Example 5.16 (Munkres p. 158 Question 2). Let f: S' — R be a continuous map. Show
there exists a point x of S! such that f(x) = f (—x)ﬂ

Solution. Here, S! denotes the unit circle in R?. Define g(x) = f(x) — f(—x). Then,

g(—x) = —g(x) so g is an odd function on the circle.

We then parametrise S! using 0 so that every point on the circle can be written as

x(0) = (cosB,sinf) where 0 <6 <2m.

I"This is the Borsuk-Ulsam theorem for n = 1.
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In particular, x (6 + ) = —x(6). Define h(0) = g(x(6)). Since & is a composition of

continuous functions, then it is also continuous. We see that

and
h(m) = f(x(7))—f(x(27)) = f(x(7)) — £ (x(0)) = —h(0).

Since 4 (0) and i () are negatives of each other, either 4 (0) = 0 (for which the result
follows) or 4 (0) = k(). For the latter case, by the intermediate value theorem, there
exists 6y € (0,7) such that #(6p) = 0. As such, f(x(6y)) = f(—x(6p)). That is to say,
there exists a point x € S! such that f (x) = f (—x). O

Example 5.17 (Munkres p. 158 Question 3). Let f : X — X be continuous. Show that if
X = [0, 1], there is a point x such that f(x) = x.

Solution. Define g (x) = f (x) —x. Then, g is continuous. Since 0 < f(0), f (1) < 1, then
g(0) >0and g(1) <0, so by the intermediate value theorem, there exists k € (0,1) such
that g (k) =0, i.e. f(k) =k. O

5.4 The Subspace Topology

Definition 5.6 (subspace topology). Let X be a topological space with topology 7 .
Ify CX,

Ty={YNU:UeT} is atopologyonY

and it is called the subspace topology of Y induced by X.

We shall prove that the subsapce topology is indeed a topology.

Proof. We have
uiny)n...(U,nY)= U N...0nU,)NY

so the finite intersection Uy N...NU, is contained in the topology. Moreover, the arbitrary

union
U (UanY) = (U Ua) ny
ael ael
is contained in the topology as well. [

Unless otherwise stated, any subset of a topological space is given the subspace topology.

Lemma 5.2. If A is a subspace of X,

the inclusion function j: A — X is continuous.
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Proof. For any open U C X, one has j~! (U) = U NA. By the definition of the subspace
topology (Definition [5.6), U NA is open in A. O

Example 5.18. If f: X — Y is continuous and if A C X is a subspace of X, then the

restriction map f|4 : A — Y is continuous because

A fla .y
\ / commutes.
J S
X

Here, j: A — X is the inclusion map, which is continuous by the definition of the subspace

topology. Since f = f|4 o j, and both f and j are continuous, it follows that f|4 is
continuous.

Example 5.19. Let f: X — Y be continuous. If Z is a space having Y as a subspace, then

the function 4 : X — Z obtained by expanding the range of f is continuous because

Y
% \ commutes.
X P > 7

Proposition 5.6 (universal property of the subspace topology). Let X be a subspace
topology and let A C X be a subset given with the subspace topology. For any
topological space T and any map fo: 7T — A,

fo: T — Aiscontinuous if and only if jo fy: 7 — X is continuous.

Proof. Since A is given the subspace topology and j is continuous, then fj is continuous.

So, jo fo is continuous as the composition of continuous maps is also continuous.

A%X

>
T jofo

J

Conversely, if jo fj is continuous, then by definition of the subspace topology of A,
for all open V C A there exists open U C X suchthat V=ANU = j ' (V).

Hence,

ot wv)y =gt (J'fl 0)) =Y (U) is openinT,

so we conclude that fy is continuous. ]

5.5 Connectedness
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Definition 5.7 (separation). Let X be a topological space. A separation of X is a
pair U,V of disjoint non-empty open subsets of X whose union is X.

Definition 5.8 (connectedness). Let X be a topological space. Then, the space X is

said to be connected if and only if there does not exist a separation of X. That is to

say,

forallopen U,V of X suchthat UNV=0and UUV =X either U=0o0rV =0.

In other words, the only subsets of X that are both open and closed in X are 0 and
X.

Example 5.20. Suppose the topology of X is trivial. Then, X is connected implies that
any topological space X such that X is empty or a singleton is connected.

Example 5.21. Suppose the topology of X is discrete. Then,
X is connected if and only if X is empty or a singleton.

From Examples [5.20|and [5.21] we see that connectedness for a topological space X gen-

eralises the notion of ‘being empty or a singleton’ for a set.

Also, note that subspaces of a connected space need not be connected (Examples

and[5.23).
Example 5.22. For example, R\ {0} with the subspace topology is not connected. To see
why, take (—e0,0) and (0,0) to be disjoint non-empty open sets whose union is R\ {0}.

Example 5.23. Also, Q C R with the subspace topology is not connected. To see why,
for any irrational o € R\ Q,

(—oo,a@)NQ and (a,0)NQ are disjoint non-empty open sets whose union is Q.

Theorem 5.1 (image of connected space under continuous map is connected).
If f:X — Y is a continuous map and X is connected, then f(X) given with the
subspace topology from Y is connected.

Proof. Consider the map

fo:X — f(X) where fo(x)=f(x).

Here, — means that f is surjective. By the universal property of the subspace topology
(Proposition , fo is continuous and surjective so one may replace Y and f by f(X)
and fy respectively.

fX) =¥

y

X
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Without loss of generality, one may assume that f : X — Y is continuous and surjective.
So, it suffices to show that X connected implies Y connected. We shall prove this result.

Let U and V be open subsets of ¥ such that
UNV=0 and UUV =Y.

We wish to prove that one of U,V is empty. Since f is continuous, then f~! (U) and
f~1(V) are open subsets of X and

frour V)=o) =fr1)=x ad )N (V)=r@UnV)=r"0) =0

Since X is connected, either f~! (U) =0 or f~! (V) = 0. Next, since f is surjective, then
U=f(f1U))orV=r(f1(v)), where either U or V is empty. O

Corollary 5.2 (connectedness is a topological property). If X and Y are homeomor-

phic topological spaces, then

X is connected if and only if Y is connected.

of R. Then, the following are equivalent:

(i) I is connected
(ii) 7 is convex, i.e. for all x,y € I such that x <y, we have [x,y] C [

(iii) 7 is an interval, i.e. one of he following:

(a,b),(a,b],[a,b),|a,b],(—o0,b),(—c0,b],(a,o),[a,0) or @ or R=(—o0,00).

Definition 5.9 (convexity). A subset of the Euclidean plane E C RF is
convex if and only if for any X,y € E one has [x,y] CE.

Here, [x,y] = {Ax+ (1—-A)y € R*: 1 € [0,1]}.

| Theorem 5.2 (classification of connected subspaces of R). Let/ C R be any subset
I Proposition 5.7. Convex subsets of Euclidean spaces are connected.

5.6 Compactness

Definition 5.10 (cover and open cover). Let X be a topological space. A collection
A of subsets of a space X is said to cover X or a covering of X if and only if the
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union of the elements of A is equal to X. That is to say
x=Ju.
UcA

It is called an open covering if and only if its elements are open subsets of X.

Definition 5.11 (compactness). A topological space X is said to be compact if and
only if every open covering A of X reduces to a finite subcollection that also covers
X. That is to say, for any family {Uq}, 4 of open subsets of X such that

X=|J Uq,
ocA

there exists a finite subset Ay C A such that

X=|J Us=UgyU...UUy,.
OCGA()

Example 5.24. If the topology of X is trivial, then X is compact.
Example 5.25. If the topology of X is discrete, then

X is compact if and only if X is finite.

To see why, for the forward direction, suppose X is compact and has the discrete topology.
Recall Example [5.1] which states that every subset of X is open. In particular, for every

x € X, the singleton {x} is open. Now, consider the open cover
A={{x}:xeX}
which is an open cover of X because

U & =x.

xeX

Since X is compact, there exists a finite subcover {{x;},{x2},...,{x,}} such that
n
U {xi} =X.
i=1
Hence, X = {x1,...,x,}, implying that X is a finite set.

Next, suppose X is finite and has the discrete topology. Let A be any open cover of
X. Since every subset of X is open and X has finitely many elements, we can write
X ={x1,...,x,}. For every x;, there exists some A; € A such that x; € A;. So, the finite
subcollection {Ay,...,A,} C A covers X since every point is covered. Hence, every open
cover has a finite subcover, and X is compact.

Example 5.26. Any finite topological space X is compact.
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In essence, compactness for a topological space X generalises the notion of finiteness for
a set.

We will see in due course that the compact subsets of R are the closed and bounded sub-
sets of R. That is, the closed and bounded interval [a,b], where a < b, is compact. How-
ever, R is not compact. The reason is as follows. Consider the open cover {(—n,n)},cy
of R, which does not reduce to a finite subcover.

Also, note that a subspace of a compact space need not be compact. For example, con-
sider (0, 1] with the subspace topology from [0, 1]. We claim that (0, 1] is not compact.
Let {(5,1]}, .y be an open cover of (0, 1], which does not reduce to a finite subcover.

Also, QN 0, 1] with subspace topology from [0, 1] is not compact. To see why, let o
be an irrational contained in [0,1]. Then, {QN[0,1]\ [ —1 a+1]}
cover of QN [0, 1] but it does not reduce to a finite subcover.

neN 1S an open

Theorem 5.3 (image of compact space under continuous map is compact). If
f:X —Y is acontinuous map and X is compact, then f (X) given with the subspace
topology from Y is compact.

Proof. Consider the map

Jo: X — f(X)  where fo(x)=f(x).

By the universal property of the subspace topology (Proposition [5.6), fp is continuous
and surjective so one may replace Y and f by f(X) and fj respectively.

f(X) >y

y

X 7

Without loss of generality, we may assume that f : X — Y is continuous and surjective,
and show that X compact implies ¥ compact. To see why this holds, let {V},. 4 be an

open cover of Y, so
Y= Ve
acA

Then, { f! (Va) } ac.4 1s an open cover of X because f is continuous, i.e.

x= f1<va>=fl<u Voc)-

acA acA

Since X is compact, there exists a finite subset .4y C A such that

X= (Vo).

acAy
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Since f is surjective, then

Y:UVa

OCE.A()

which implies that Y admits a finite subcover as well. We conclude that Y is compact. [

Corollary 5.3 (compactness is a topological property). If X and ¥ are homeomor-

phic topological spaces, then

X is compact if and only if Y is compact.

Example 5.27 (Munkres p. 171 Question 3). Show that a finite union of compact subsets
of X is compact.

Solution. LetY,...,Y, be compact subsets of X. That is to say, for every 1 <i <n and
every collection C of open sets covering Y}, i.e.

vi=Us,

SeC
there exists a finite subcollection F; C C such that
Yi=Js.

SeF;

We wish to show that (J;_, Y; is compact. Consider an arbitrary open cover of the afore-
mentioned union. Since C covers Ji_, Vi, it covers each ¥; individually. Define

Since there are finitely many i and each F; is a finite set, then F is a finite collection of
open sets. It follows that F is a finite subcover of [ Ji_; V. |

Example 5.28 (Bartle and Sherbert p. 337 Question 7). Find an infinite collection
{Ky : n € N} of compact sets in R such that

the union U K,, is not compact.

n=1
Solution. Define K,, = [—n,n|, where n € N. Then, K, is compact for all n € N. However,
oo N
which is not compact. U

Example 5.29 (Bartle and Sherbert p. 337 Question 9). Let {K,},cy be a sequence of
non-empty compact sets in R such that

KiD2K,DOK3D ...,
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Prove that there exists at least one point x € R such that x € K, for all n € N; that is,
() K» # 0.
n=1

Solution. For each n € N, choose x, € K,,. Then, x, € K;. Since K; is compact, by
the Bolzano-Weierstrass theorem, there exists a convergent subsequence {xy, },. that
converges to some limit x € K. Fix any m € N. For large k (i.e. such that n; > m), we
have

Xn, € Ky, € Kipy.

As K, is compact (thus closed by the Heine-Borel theorem), it contains the limit of every
convergent sequence of its points. Hence, the limit x must lie in K,,,. Since m was arbitrary,

then x € K, for every m € N. That is to say
X € ﬂ K.
m=1

Therefore, the intersection

[e]

Nx

n=1

is non-empty. U

Example 5.30 (Munkres p. 171 Question 4). Show that every compact subspace of a

metric space is bounded in that metric and is closed.

Solution. Let (X,d) be a metric space, and let K C X be a compact subspace. We wish to
prove that K is bounded and closed.

We first prove that K is bounded. That is, we need to find some point xop € X and R > 0
such that
K CB(xo,R) ={xe X :d(x,x0) <R}.

Pick any point xy € X. Consider the collection of open balls
{B(xg,n) :n €N},

which form an open cover of X, and hence of K. Since K is compact, there exists a finite

subcover

K C | ) B(xo,ni).

s

1

1

Let R = max{ny,...,ny,}. Then K C B(xp,R), showing that K is bounded.

To show that K is closed, it suffices to show that X \ K is open. Let x € X \ K. Note
that K is compact and X is a metric space and hence Hausdorff. Recall that compact sets
in Hausdorff spaces are closed. For each y € K, since x # y, we have d(x,y) > 0. The
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function d(x,-) : K — R is continuous, and since K is compact, the function achieves a
minimum distance, denoted by

0 =inf{d(x,y) :y € K} > 0.

Then B (x, %) C X \ K, so every point of X \ K is an interior point, and X \ K is open.
Thus, K is closed. O

Definition 5.12. A subset Y of a topological space X is compact if and only if ¥

given with the subspace topology is compact.

I Theorem 5.4. Every closed subspace of a compact space is compact.

5.7 Closed Sets

Definition 5.13 (closed set). A subset A of a topological space X is closed if the set
X \ A is open.

Theorem 5.5. Let X be a topological space. Then, the following conditions hold:

(i) 0 and X are closed
(i) Arbitrary intersections of closed sets are closed

(iii) Finite unions of closed sets are closed

In (ii) of Theorem let Uy and Cy be an open set and a closed set of X respectively.
Then,

ﬂ Co = ﬂ (X\Ua) =X\ U Uq,

acA acA acA

where we used de Morgan’s law in the second equality.

Example 5.31 (Bartle and Sherbert p. 332 Question 5). Show that the set N of natural
numbers is a closed set in R.

Solution. Tt suffices to show that R\ N is an open set in R. Let a € R\ N be arbitrary.
Choose

€= %min{fa} —a,a—|al} >0.

Then, consider the e-neighbourhood (a — €,a + €) which is strictly frapped between two

integers. As such V¢ (a) is an open in R O

Example 5.32 (Bartle and Sherbert p. 332 Question 7). Show that the set QQ of rational

numbers is neither open nor closed in R.
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Solution. Suppose on the contrary that QQ is open in R. Then, there exists € > 0 such that
for any a € Q, V¢ (a) only contains rational numbers. However, no such € exists because
the irrational numbers Q' are dense in R. So, every open interval in R contains at least

one irrational number, contradicting Ve (a) C Q. Hence, Q is not open in R.

We then prove that Q is not closed in R. Suppose on the contrary that Q is closed in
R, i.e. R\ Q is open in R. In a similar fashion, by using the fact that Q is dense in R,
then every open interval of R contains some rational numbers. Hence, R\ Q is not open
in R, so Q is not closed in R. Il

Example 5.33 (Bartle and Sherbert p. 332 Question 6). Show that

1
A= {— ‘n € N} isnotaclosed set but AU{0} is aclosed setin R.
n

Solution. For the first part, we note that a set is closed in R if it contains all its limit
points. As such, we shall prove that A has a limit point which is not an element of A. Let

x, = + and consider the sequence {x, },cy in A. As

. .1
lim x, = lim — =0,
n—soo n—oon

then it implies that every open interval around O contains points of A. As such, 0 is a limit
point of A. However, 0 ¢€ A because every element of A is of the form %, where n € N, so

% > 0. Hence, A does not contain all its limit points, so A is not closed.

We then prove that B =AU {0} is a closed set in R. Previously, we mentioned that 0
is a limit point of A. We claim that no other point in R is a limit point of B. To see why,
for any rll € R, there exists € > 0 such that

1 1 1
(——8,—+8) ﬂA:{—}.
n n n

This implies that for any n € N, % is isolated in A. Since B contains all its limit points,
then B is closed in R. U

Example 5.34 (Bartle and Sherbert p. 333 Question 18). Show that if F C R is a closed
non-empty set that is bounded above, then supF € F.

Solution. Let s =supF. Since F is non-empty and bounded above, by the completeness

of R, s exists. For each n € N, consider the interval (s — %,s] . By definition of supremum,
1

s is the least upper bound, so s — - cannot be an upper bound for F'. Hence, for every n,

there exists an element x,, € F such that
§—— < x; <s.
n

This produces a sequence {x,},y in F. The inequality

1
0<s—x,< -
n
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implies that

lim (s—x,) =0 so limx,=s.
N—yoo N—yoo

Since F is closed, it contains all its limit points. The sequence {x,}, .y is contained in F

and converges to s. Therefore, the limit s must belong to F. U

Definition 5.14 (interior point). A point x € R is said to be an interior point of
A C R in case there is a neighbourhood V of x such that V C A.

Definition 5.15 (boundary point). A point x € R is said to be a boundary point of

A C R in case every neighbourhood V of x contains points in A and points in A”.

Example 5.35 (Bartle and Sherbert p. 332 Question 11). Show that a set
G CRisopen ifandonlyif itdoes notcontain any of its boundary points.

Solution. For the forward direction, suppose G C R is open. Since G is open, then for
every x € G, there exists € > 0 such that (x — &,x+ &) C G. Suppose on the contrary that
there exists a point x € G that is also a boundary point of G. Then, every neighbourhood
of x must intersect R\ G. However, (x — €,x+ €) does not intersect G, contradicting the

assumption that x is a boundary point.

For the reverse direction, suppose G does not contain any of its boundary points. That
is, GNJG = 0, where dG denotes the boundary of G. We wish to show that G is open.
Suppose on the contrary that G is not open. Then, there exists at least one point x € G for

which no open interval around x is entirely contained in G. That is to say, for every € > 0,
(x—¢&,x+¢€) contains points that are not in G.

Hence, (x—¢&,x+€)NR\ G # 0. It follows that x is a boundary point of G, i.e. x €
dG. This contradicts our assumption that G contains no boundary points, and the result
follows. U

Similar to Example one can show that a set ' C IR is closed if and only if it contains
all of its boundary points.

Definition 5.16 (interior). Let X be a topological space. If A C X, let
Int(A) or A° be the union of all open sets that are contained in A.

The set A° is called the interior of A.

Example 5.36 (Bartle and Sherbert p. 332 Question 13). If A C R, show that A° is an
open set, that it is the largest open set contained in A, and that a point z belongs to A° if

and only if z is an interior point of A.
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Solution. We first prove that A° is an open set, i.e. the union of all open sets that are
contained in A is also open in A. Let x € A°. Then there exists an open set U C A such
that x € U. Since U is open, there exists € > 0 such that V; (x) CU. But U C A° (since A°
is the union of all such open sets), hence V¢ (x) C A°. This shows that every point x € A°

has an open neighbourhood in A°, so A° is open.

We then show that A° is the largest open set contained in A. Let U C A be an arbi-
trary open set. Since A° by definition is the union of all open sets that are contained in A,

then U C A°, so A° contains every open set contained in A.

Lastly, we prove that
z€A® ifandonlyif zis an interior point of A.

Suppose z € A°. Then, z € A;, where A; C A is some open set. In fact, the forward and

backward direction follow immediately from the definition of an interior point (Definition
[5.14). O

Example 5.37 (Bartle and Sherbert p. 333 Question 14). Using the notation of Example
[5.36] let A, B be sets in R. Show that

A°CA and (A°)°=A° and (ANB)°=A°NB°.

Show also that A° UB° C (AUB)°, and give an example to show that the inclusion may
be proper.

Solution. We first prove that A° C A. Let x € A° be arbitrary. Then, x € A;, where A; is an

open set contained in A. Hence, x € A, so it follows that A° C A.

We then prove that (A°)° = A°. Let x € (A°)°. Suppose x € (A°)°. By definition of
the interior, there exists an open set U such that

xeU and U CA°.

Since U C A°, then x € A°, so the forward inclusion holds. As for the reverse inclusion,
suppose y € A°. Then, there exists an open set V such thaty € V C A°. So, y € (A°)°, and
the result follows.

We then prove that (AN B)° = A° N B°. For the forward inclusion, suppose x € (ANB)°.
Then, x 1s in the union of all open sets contained in A N B. In particular, there exists an
open set U such that x € U C ANB. Since x € ANB, then x € A and x € B. Since

x €A then x & some open setcontained in A.

In particular, x € A°. Similarly, one can deduce that x € B°. It follows that x € A° N B°.

One can prove the reverse inclusion in a similar manner.



5.7. CLOSED SETS 163

Lastly, we prove that A°UB° C (AUB)°. Suppose x € A°UB°. Then, x € A° or x € B°.
If x € A°, then x € U for some open set contained in A. Hence, x € A. One can then show
that x € A orx € B, sox € AUB. Hence, x € (AUB)".

In fact, the inclusion can be proper. Let A = [0, 1] and B = [1,2]. Then,
A°=(0,1) and B° = (1,2) so A°UB°=(0,1)U(1,2).

However,
AUB=[0,2] so (AUB)°=(0,2).

This shows that 1 € (AUB)° but 1 &€ A°UB°. O

Similar to Definition[5.16] we give the definition of the closure of a set (Definition [5.17).

Definition 5.17 (closure). Let X be a topological space. If A C X, let
ClI(A) orA” orA be the intersection of all closed sets containing A.
The set A~ 1is called the closure of A.

Similar to Example we have the following example (Example [5.38)).
Example 5.38 (Bartle and Sherbert p. 333 Question 16). Let A and B be sets in R. Show

that we have
ACA™ and (A7) =A" and (AUB) =A"UB.

Show that (ANB)” C A~ NB~, and give an example to show that the inclusion may be

proper.

Solution. We first prove that A C A~. By definition, the closure refers to the intersection
of all closed sets containing A. Since A is included in this intersection, it follows that
ACA™.

We then prove that (A~) = A~. Recall that a set A is said to be closed if it contains
all its limit points, i.e. A =A~. The closure A~ of any set A is by definition closed.
Taking the closure of A~ does not add any new points, so (A7) =A".

We then prove that (AUB)” = A~ UB~. For the forward inclusion, let x € (AUB) ™.
By definition, every open neighbourhood U of x intersects A UB. Hence, for every open
neighbourhood U containing x, either U NA # @ or U N B # 0. This implies that x is
either a pointof A~ or B, sox €A™ orx € B™. Hence, x € A~ UB ™. As for the reverse
inclusion, let x € A~ UB~. Then, either x € A~ or x € B™. In either case, every open
neighbourhood U of x intersects A (or B, respectively). Therefore, U intersects A U B.
Hence, x € AUB. It follows that (AUB)” = A~ UB™.



164 CHAPTER 5. TOPOLOGY

Lastly, we prove that (ANB)” CA~NB~. Let x € (ANB)~. Then, every open neigh-
bourhood U of x intersects A M B, which means that there is some point y € U such that

y €A andy € B. Hence, U also intersects A and intersects B separately. Therefore, x is in
both A~ and B~, implying that x € A~ N B~. It follows that (ANB)” CA”NB".

However, the inclusion may be proper. To see why, let A = (0,1) and B = (1,2). Then,
ANB=0so (ANB)—=0but A~ =[0,1] and B~ = [1,2], for which A" NB~ = {1}.

This shows that the inclusion can be proper. U
Example 5.39 (Bartle and Sherbert p. 333 Question 17). Give an example of
aset ACR suchthat A°=0and A~ =R.

Solution. We claim that A = QQ works. To see why, A° consists of all points where there
is an open interval around them completely contained in A. However, any open interval in
R contains irrational numbers. Thus, no open interval can lie entirely within QQ, implying
that Q° = 0.

We then prove that Q~ = R. Since Q is dense in R (every real number is the limit of

a sequence of rationals), the closure of Q is R. ]

Definition 5.18 (dense subset). Let X be a topological space. We say that

Aisdensein X ifandonlyif A=X.
I Proposition 5.8. Int(A) CACA

Proposition 5.9. The following hold:

(i) Int(A) = A if and only if A is open
(ii) A = A if and only if A is closed

Theorem 5.6. Let A be a subset of a topological space X. Then,

x €A ifandonlyif every open setU containing x intersects A.

Proof. We shall prove the contrapositive statement instead. That is,
x¢ZA ifandonlyif there exists an open set U containing x that does not intersect A.

For the forward direction, suppose x & A. Then, the set X \ A is an open set containing
x that does not intersect A. For the reverse direction, suppose there exists an open set
U containing x that does not intersect A. Then, X \ U is a closed set containing A and
x & X \U. Hence, A C X \ U, which implies that x ¢ A. O
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Definition 5.19 (neighbourhood). Let X be a topological space and let x € X. A
neighbourhood of x is an open set containing set. More generally,

a neighbourhood of any subset A C X is an open set U of X such that A C U.

Definition 5.20 (limit point). Let X be a topological space. Let A C X. A point
x € X is a limit point of A if and only if every open neighbourhood of x intersects A
in some point other than x itself. That is to say,

for any open U C X withx € U oen has (U \ {x})NA # 0.

Let A’ denote the set of all limit points of A.

Example 5.40. If A = (0,1], then A" = [0, 1].

Example 5.41. If B= {1 :n € N}, then B' = {0}.

Example 5.42. IfC ={0}U(1,2), then C" = [1,2].

Example 5.43. Other basic examples include Q' =R and N’ = 0.

I Theorem 5.7. A=AUA’

Proof. For the reverse inclusion, we have A C A by Proposition If x € A’, then every
open neighbourhood of x intersects A, so x € A. Hence, A’ C A.

For the forward inclusion, suppose x € A. Then, x € AUA’. If x € A\ A, then every
open neighbourhood U of x intersects A necessarily in a point different from x because
x¢ZA.So,x €A’ and hence x e AUA’. O

Corollary 5.4 (limit point criterion). A set A is closed if and only if it contains all
its limit points. That is, A’ C A.

Example 5.44 (Bartle and Sherbert p. 337 Question 10). Let K # 0 be a compact set in
R. Show that infK and supK exist and belong to K.

Solution. Since K is a non-empty compact subset of R, by the Heine-Borel theorem, K
is closed and bounded. It suffices to prove that sup K exists and supK € K (a similar
argument can be applied to infK). Because K is bounded, by the completeness property
of R, supK exists.

We then prove that supK € K. Let o = supK. Suppose on the contrary that o ¢ K.
Since K is closed, then it contains all of its limit points. By the definition of supremum,
since o = sup K, then

for every € there exists x € K suchthat a—¢& <x <.
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As such, we can construct a sequence {x, }, . such that

1
Xp > 00— —.
n

By compactness, every sequence x,, has a convergent subsequence whose limit is in K. In
particular, by the construction of x,,, the limit must satisfy x = «, which contradicts our
earlier assumption that @ ¢ K. The result follows. U

Example 5.45 (Bartle and Sherbert p. 337 Question 11). Let K # @ be compact in R
and let ¢ € R. Prove that there exists a point a € K such that

lc —a| =inf{|c— x| : x € K}.
Solution. Consider
f:R—R definedby f(x)=|c—x|.

This function is continuous because the absolute value function and subtraction are con-
tinuous operations. Since K C R is compact, then K is closed and bounded by the Heine-
Borel theorem. Moreover, the restriction of f to K is also continuous. For continuous
functions on compact sets, they attain their minimum and maximum values by the ex-

treme value theorem. So, there exists a € K such that
f(a) =min{f(x) :x € K}.
This minimum value is exactly
lc—a| =inf{|c—x| : x € K},
and the result follows. u

Similar to Example|5.45] one can show that for any subset K # () compact in R and ¢ € R,
there exists a point b € K such that

lc —b| = sup{|c—x|: x € K}.
Example 5.46 (Bartle and Sherbert p. 337 Question 14). If K} and K, are disjoint
non-empty compact sets, show that there exist k; € K; such that
0< |k1 —k2| = inf{|x1 —)C2| 1Xi € Ki}.
Solution. Let
d—= inf{]xl —XQ| x1 €Ky, x € Kz}.

Define
f 1Ky x Ky — codomainy where f(x1,x2) = |x1 —x2|

Since K| and K, are compact, K| x K, is also compact. f is continuous, so it attains its
minimum by the extreme value theorem. As such, there exist k| € K| and k; € K3 such
that

flki,ko) = ki —ko| =d.

Since K; N K, = @, there is no point that is common to both sets, so d > 0. The result
follows. O
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Example 5.47 (Bartle and Sherbert p. 337 Question 15). Give an example of disjoint
closed sets Fi, F> such that

inf{|x; —xz| : x; € F;} =0.
Solution. Let F; = N which is closed in R, and

1
h= {rH— n ne N} which is also closed in R.
n

Note that F; N F, = @ but the infimum of the mentioned set is inf | ﬁ | over all n € N, which
s 0. =

Definition 5.21 (Hausdorff space). A topological space X is said to be Hausdorff
if and only if for each pair x1,x, of distinct points of X, there exist disjoint open
neighbourhoods U and U; of x| and x; respectively (Figure @

Figure 5.1: A Hausdorff space X

Example 5.48. Suppose the topology of X is trivial. Then,
X is Hausdorff if and only if X is empty or X is a singleton.

Example 5.49. Suppose the topology of X is discrete. Then X is Hausdorff. To see why,
given distinct points x1,x; € X, take U; = {x } and U, = {x,}, where both U; and U, are
open in the discrete topology and Uy N U, = 0.

Example 5.50. Suppose X is a metric space (with the metric topology). Then, X is Haus-
dorff. To see why, given distinct points xj,x, € X, we have r = d (x,x2) > 0. Then, take
open balls U; = B (x1,%) and U, = B (x2, 5) in X which are both open. Lastly, we need
to show that U; N U, = 0. Note that there exists y € U; N U,, then

ror
r= d(X],Xz) < d(X1,y)—|—d(y,X2) < E—i_i -
which leads to a contradiction.

I Proposition 5.10. A subspace of a Hausdorff space is also Hausdorff.
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Proof. Let X be a Hausdorff space. Then, for all distinct points x,y € X, we can construct
two open balls U and V centred at x and y respectively such that x ¢ V and y ¢ U. Suppose

Y is a subspace of X. Then, consider two points x',y’ € Y. Consider the sets

U=YNU and V'=YNV which are open in the subspace topology on Y.

So,

unvi=unvnycunv =0.

So, there exists an open set U’ C Y such that if x' € U’, then x’ ¢ V'. The same symmetric
argument holds for y’, i.e. there exists an open set V/ C Y such thatif y’ € V', theny ¢ U’.
We conclude that Y is also Hausdorff. O

Definition 5.22. Let X be a topological space. Let {x, }, be a sequence in X. We
say that {x,}, . converges to x in X and that x is a limit of the sequence if and only
if

for all open neighbourhoods U of x there exists N € N such that for all n > N we have x,, € U.

Example 5.51. If the topology of X is trivial, then for any sequence {x, },. in X, for any
x € X, one has {x,},.x — x in X, so the limit of a sequence is not unique in a general

topological space.

Example 5.52. Suppose the topology of X is discrete. Then, for any sequence {x, },. in
X, for any x € X, one has {x,},.y — x in X if and only if {x,},.y is eventually constant
of value x.

Example 5.53. Suppose X is a metric space. Then, for any sequence {x,},.y in X, for
any x € X, one has {x,},cn — x in X if and only if for every & > 0, there exists N € N
such that for all n > N, one has d (x,,x) < €.

Example 5.54 (Munkres p. 171 Question 5). Let A and B be disjoint compact subspaces
of the Hausdorff space X. Show that there exist disjoint open sets U and V containing A

and B, respectively.
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Solution. Let A and B be disjoint compact subspaces of X. Letx € A. Since x ¢ B (because
A and B are disjoint), there exist disjoint open sets U, and V, such that

xeU, and BCV,.

The collection {U, : x € A} is an open cover of A. Since A is compact, there exists a finite
subcover {Uy,,Uy,, ..., Uy, } that covers A. That is,

ACU,UU,U---UU,,

Define
U=U,,UU,U---UU,,.

Then U is an open set containing A. Similarly, define
V=V, NV,N--NVy.

Since each V), is open and contains B, the set V' is an open set containing B. Moreover,
U NV = 0 because for each 1 <i <n, Uy, NV,, = 0. The result follows. l

I Lemma 5.3. Let K be a compact set in a Hausdorff space X. Then, K is closed.

Proof. Fix x € X \ K. Since X is Hausdorff, then for each y € K, there exist disjoint open
sets Uy and V), such that x € Uy and y € V). Let {Vy yekK } be an open cover of K. Since
K is compact, then this open cover admits a finite subcover, say {Vy yeF } for some
finite subset of K. Let

U= U

yer

which is an open neighbourhood of x disjoint from K. Since x was an arbitrary point of
X \ K, then K is closed. O

Example 5.55 (MA2108 AY24/25 Sem 2 Problem Set 5 Question 21). Show that if
f:X —Yiscontinuous where X iscompactandY is Hausdorff,
then f is a closed map (that is, f carries closed sets to closed sets).

Solution. Let A C X be a closed set. Since X is compact, the closed subset A is also
compact. Because f is continuous, the image f(A) is compact in Y. Since Y is Hausdorff,
then f (A) is closed since every compact set in a Hausdorff space is closed (Lemma .
Hence, f(A) is closed in Y. This shows that f carries closed sets to closed sets, and thus
f is a closed map. O

Theorem 5.8. Let X be a Hausdorff space and let {x,},.y be a sequence in X.
Then, {x,}, converges to at most one point in x.



170 CHAPTER 5. TOPOLOGY

Proof. Suppose there exist distinct x,x’ € X such that x, — xand x, — x'. If x # X’ in X,
because X is Hausdorff, then there exist U, U’ open in X such that

xeU and X €U and UNU =0.

Since x, — x, there exists N; € N such that for all n > Ny, we have x,, € U. Similarly,
since x, — X, there exists N> € N such that for all n > N,, we have x,, € U’. Let N =
max{Nj,N,}. Then for all n > N, we must have x, € U NU’. But this contradicts the fact
that U NU’ = 0. So, our assumption that a sequence can converge to two distinct points

must be false. OJ

Theorem 5.9 (Heine-Borel theorem). Let K C R” be a subset of R”. Then,

K is compact if and only if K is closed and bounded in R".

Proof. Suppose on the contrary that Iy = [a, b] is not compact. Then, there exists an open
cover {Uq } 44 of Ip which does not reduce to a finite subcover. Consider the subintervals
1§ = |a, #} and IR = [%b,b} of Iy. Then, {Uqg},c4 as an open cover of I§ and I,

cannot both reduce to finite subcovers. This is because if

there exist AL,AR CA such that Ié C U Uy and I(I)e C U Ug,
ocAL ocAR

then Ag = AL UAR is finite and C A such that

h)g; LJ L&h

acAg

which is a contradiction. Denote by /; the subinterval (either Ié or I(If) that does not admit
a finite subcover. Split /] into two halves, which are If and If . By the same reasoning, at
least one of these halves, call it /;, must also have the property that no finite subcollection
of {Uq},, covers it. Repeating this process indefinitely produces a nested sequence of
closed intervals

L2L2DhD...,

where the length of 1, is |I,| = bz_,f’. Note that

lim |I,| = 0.
n—soo

By the nested interval property in R (Theorem [2.11]), the intersection

[}

ﬂ I, is non-empty.
n=0

In fact, the intersection consists of exactly one point. Let

Xg € ﬂ I,.
n=0
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Since {Uq }aca is an open cover of Iy, there exists some index o such that xg € Ug,.
Because Uy, is open, there exists € > 0 such that

Since the lengths |I,;| tend to zero, there exists N € N such that the interval Iy is completely
contained in the e-neighbourhood of xj. That is,

Iy C ()C()—S,Xo-l-&') C Ug,-

The interval Iy is a member of our nested sequence and, by construction, it was assumed
to have no finite subcover by the members of {Uy }. However, we have just shown that
Iy is entirely contained in the single open set Uy,. This means that the single set Uy,
alone covers Iy, providing a finite subcover for Iy. This contradicts our assumption that

no finite subcover exists for Iy.

Thus, our original assumption that [a,b] is not compact must be false. Therefore, ev-
ery closed and bounded interval in R is compact.

The argument above establishes the compactness of closed and bounded intervals in R.
To extend this result to R", observe that any closed and bounded subset K C R" is con-
tained within a closed n-dimensional box, that is, a Cartesian product of closed bounded

intervals:
K Clay,b1] X [a2,b3] X ... X [ap,by].

Since the finite product of compact spaces is compact (a fact that follows from the Ty-
chonoff theorenﬂ or can be seen directly in R” via a similar argument to the one-dimensional
case), the box is compact. Moreover, K is closed as assumed, and a closed subset of a

compact set is compact. Hence, K is compact. ]

Theorem 5.10 (topological generalisation of the extreme value theorem). Let X

be a non-empty compact topological space, and let
f:X —R be acontinuous function on X.

Then, there exist p,q € X such that f (p) =sup f(X) and f(¢) =inf f(X) in R.

Proof. Since X is non-empty and compact, and f is continuous, then f (X) is a non-empty
compact subset of R. By the Heine-Borel theorem (Theorem , f(X) is non-empty,
closed and bounded. Since f(X) is non-empty and bounded, by the least upper bound
property of R, sup f (X) and inf f (X) exist in R. Also, since f (X) is closed, they belong

to f(X). ]

2Will encounter in MA3209. Tychonoff’s theorem states that the arbitrary product of compact spaces
is also compact.
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Theorem 5.11 (topological generalisation of the intermediate value theorem). Let

X be any connected topological space, and let

f:X—R be acontinuous function on X.

Suppose a,b € X such that f (a) < f(b) in R. Then, for all € R with f(a) <t <
f (D), there exists p € X such that f (p) =7 in R.

Proof. Since X is connected and f is continuous, then f(X) is a connected subset of
R by Theorem [5.1} Hence, f(X) is convex, i.e. f(a) < f(b) in f(X), which implies
[f (), f (B)] € £ (X). 0
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